IX. EXERCISES ON VECTORS
vectorall.tex

A. DAYI
1) Evaluate

(—6)? + 52
V(=6)%2 4+ 52 = /36 + 25
=61
2) Evaluate

8-(=4)+12-(2) - (=1)-(3)

8-(—4)+12-(2) = (-1)- (3)
= —32+24+3
— -5

3) Draw the vectors a = 62 and b = 23.

‘y
f b =25
—————————
a =61
Then find and draw
a) a+b
‘.u
b) a—b>b
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4) If p=92— 77 + 5k and q = —82 + 37 — 2k express
a) p+ q in terms of 2,7, and k
9 -8
p+tgq=| -7 | + 3
5 —2
9-8 1
=| —7+3 | = —4
5—2 3
Therefore p +q =1 — 45 + 3k
b) p — q in terms of 2,7, and k
9 -8
p—g=| -7 |- 3
5 -2
9—(-8) 9+38 17
=| -7—-(+3) | = -7-3 | =] —-10
5—(-2) o+2 7

Therefore p — q = 174 — 105 + 7k
5) Sketch the position vectors

p=3t+4)
and
qg=-—-21+5)
and
r=-31—2j3
and find the modulus of each of the vectors.
(_Qa 5) 5
(3,4)
q D
X
r
<_37 _2)

pl=V3+42=19+16=v25=5
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gl = /(—2)2 +52 = V1+25 = V29
7l = V(=32 + (-2 = V9 +4="13

6) Draw the vectors 42 and 57 and, by translating the vectors so that they lie head to tail, the vector sum 47+ 53.

42
X X

7) Answer the following set of problems

a) Draw an xy plane and show the vectors
p=21+33

and
q=>5+7]

-
ul/f =
2

i
—

b) Express p and g using column vector notation.

p=(5) = ()

c) By translating one of the vectors, show the sum p 4+ q on an zy plane.

d) Express the resultant p 4 g in terms of ¢ and j

pra=(5)+ (1) (337) - (7)

Therefore p+q =T7i + 43
8) State the position vectors of the points with the coordinates
a) P(2,4.,5)
p=O0P =2 + 45 + 5k
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Y
Y p=0P=2i+4j+5k
5 4
X
b) P(-1,5,3
p=0OFP=—i+5j+3k
p=O0P=—i+5j+ 3k
c) P(-2,-1,4)
p=0P=—-2—j+1k
d) P(8,-4,-1)
p=0P =8 —45 — k
Z
R Y
¢
_4 ]\
P

p=0OP=81—-43 —k
9) Consider the points R = (4,7) and S = (3, —3).
Find
a) and draw the position vector of point R.

b) the vector ]ﬁ expressed in column notation
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B Ed 6
oo
=-7r+s

SONEY
)
()

10) Consider the vectors ¢ = 42 — 57 + 10k and d = —62 + 73 — Tk together with the scalar A\ = 3.
Find
a) ¢ — A\d expressed in terms of ¢, 7 and k

4 —6

c—Xd=| -5 | —3- 1
10 -7

4 3-

= =5 | — 3-1

10 3-(=7)

4— (—18)
= —5-3
10 — (=21)
22
= -8
31
— 22i — 85 + 31k
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b) the magnitude of ¢

el = VE £ (=) + 107

=16 + 25+ 100
=141
¢) a unit vector parallel to c
c 1
n=—=——(41 — 535 + 10k
el \/141< ¢ )

11) Point P has coordinates (7, —4, —2). Point ) has coordinates (—2, —5, —1)
a) State the position vectors of P and ()

p="Tt—43 — 2k
q=-21—-5)—k
b) Find an expression for @

73
_ 73400
_ 5B +00

=-pPt+tq

7 —2

=—| 4 |+ -5
—2 —1

72

— 4-5
21

-9

— | -1

1

- 9i—j+k

Or alternatively,

PG

~PO+0

_ 0P+ 00

=-P+tgq

= (75 — 45 — 2k) + (—=2i — 55 — k)
= —Ti4+4j+2k—2i—5j —k
=(=7-2)i+(4-5)j+(2-1k
=(=7-2)i+(-1)j+(1)k
=-9i—-j+k
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¢) Find ‘1@‘

Since
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B. DAY?
12) Simplify

28 .98

28 .98
— 28+8

— 216

13) Simplify
3x+2y—z+t(Tx + 5y + 2z — 3z + 2y — 2))

3r+2y—z+t(Tx + 5y + z — 3z + 2y — 2))
=3 +2y —z+t(Tx +5y+ 2 — 30 — 2y + 2)
=3z +2y —z+t(dx + 3y + 22)

= 3v + 2y — 2z + 4tx + 3ty + 2tz

=x(4t +3) + y(3t +2) + z(2t — 1)

14) Evaluate
9 —7(12 — 5%

9—7(12 —5%)
=9 —7(12 — 25)
=9—7(—13)
—947-13
=9+91

= 100

15) Find the angle between the vectors
p=—3t—73+2k

and
q=2i+3j+k
-3 2
p=| -1 ],gq=13
2 1
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On the other hand

Therefore

16) Findz-2and 2-j and 2 - k

p-q=|p| |q|-cosd
S.—=7=+v14-+/14cos@
. —7=14cos0
=T 14 cos 0

14 14

©. —— = COS

2

21
L 0=120° = —
3
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-k

= || - |k| - cos 90°
=1-1-0
=0
17) 1If
p=T1+87 —k
and

q=—1+2j5+3k
find the scalar product p - g

p=7t4+87 — k

()

=7 (=1)+8-(2) + (~1) - (3)
=-T74+16—-3=6

18) If p and g are perpendicular, simplify (p — 2q) - (3p + 5q)
q
A

(p-q=0)

B

>p
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(p —29) - 3p + 59)
=3p-p+5q-p—2q-3p—2q-59
= 3|p|* + 5¢ - p — 6¢ - p — 10|q/”
=3[p|” —q-p—10/q?
= 3|p|* — 10/g/”
(p-q=0)
19) Points R, S, and T have coordinates (—4,0,—1), (5,3, —5) and (2, -7, —3) respectively.

Find
a) the scalar product ]@ . R? .

RS = RO+ 03

— —OR+0$

o (i)

4-21+8=41
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b) the vector product ]?5' X Pﬁ

+{(=4)-6-9-(-2)}s
+{9-(=7)—3-6}k

— {—6—28}4

+{—24 - (-18)}j
+{—63 — 18)}k

= —34i — 65 — 81k

c) the angle between the vectors }% and R? .

’}ﬁ‘ = /92 4+ 32 + (—4)2

— \BI+9+16
— V10
}ﬁ‘ = &+ (=72 + (-2)2

=V36+49+14
= V89

.'.ﬁ-ﬁz‘ﬁ)-‘ﬁ)-cos@
.'.41—\/@'\/@'(3089

(o}

;. ———— =cosf
V106 - V89
41
5.0 = cos™! ———= = 1.12363radians
V106 - V89
20) Find a vector which is perpendicular to both of the vectors
c=5+7—3k
and
d=1—437 — 6k.

A vector which is orthogonal to cand d is ¢ x d.
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Thus

={1-(=6) = (=3) - (-4)}4
+{=3-(1)=5-(-6)}j
{5 (—4)—1-1}k

= {—6— 12}
+{-3+30}5

+{—20 — 1}k

= —18i + 27 — 21k

21) Points P, ), and R have coordinates (9,1, —2), (3,1,3), and (1,0, —1) respectively. Find @ X ﬁ%

0
_ 53+ 50
_ op 100

(1)1
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Thus

PG « P
23

5
5 1 |.
|
H e

={0-(1 —(—) 5}
+{5-(=8) = (1) - (=6)}J
+{=6-(=1) = (=8) - (0)}k
={0+5}1
+{—40+6}J

+{6+ 0}k
=51 — 345 + 6k

22) Evaluate the vector product p x q if

and

p=3i—2j+5k

q="Ti+4j — 8k
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Thus

23) Find the vector product of

and

Thus

88

pPxq
-2 4
|5 -8
5 —8 .

3 7

3 7

+' —2 4
— {~2-(~8) —4-5}i
H5 - (7) = (=8) - 3}j
H3-(4) = (1) - (=2)}k
— {16 - 20}i

+{35 + 24}

+{12 + 14}k

= —4i + 505 + 26k

i

e

p=—2t—3)

q=41+7j3




24y If

and

find pxqgand g xp

Thus

+0}s
+H{—14+ 12}k

89

|2
3

i

+|
={2-(2)
+{3-(4) = (

3.3}

3
1
1
2
1)-(2)}3



+H{1-(3)=(2)- )}k
={4-9}

+{12 — 2}j

+{3 -8}k

= —5i+ 105 — 5k

Thus
b Xq

2

9

3

3.

1 ‘J
1

L

—{3-(3) —2-2}

+H2-(1) - (4)-(3)}5

+4-(2) - (1)- (3)}k

={9—4}4

+{2 - 12}j

+{8 -3}k

= 55 — 107 + 5k

25) Find a vector which is perpendicular to both of the vectors
p=1+23+7k

and
qg=1+7 —2k.

Hence find a unit vector which is perpendicular to both p and q.
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Thus

p=t+2) £k

qg=t+3 2k

A vector which is orthogonal to p and g is p x q.

H7- (1) = (=2)-(D}g
H1L- (1) = (1) - (2)}k
—{—4—T}i
+{7+2}j

+{1 -2}k

= —11i+9j — k
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In order to get the unit vector, we need the modulus of —11z + 95 — k. The modulus is

V112 492 4 (—1)2
=121+ 81 +1
= /203

Thus the uni tor is
us the unit vector i 116495 — k

V203

26) For the vectors
p=41+25+k
q=i-2+k,

and
r =3t — 33 + 4k,

evaluate both p x (¢ x ) and (p X q) X 7.

Thus
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Thus

px(gxr)
2 —11.
:’1 3 |°

1 3
o1 s

4 -5
+‘2 1‘/4:
={2-(3)—(-1) - 1}s
+H1-(=5)—-03)-4)}j
+{4-(-1) = (=5) - (2)}k
={6+1}s
+{=5—12}j
+{—4+ 10}k
— 7i — 17 + 6k

4 1
(p q)(2 2)
1 1
bXxq

2 =2

BN '

1 1
i

4 1
+‘2 _2’k:
={2-(1) = (-2)-1}s
+H1-(1) - (1) - 4)}s
+4-(-2) - (1) (2)}tk
— {242}
+{1—4}j
+{-8—2}k
— 45— 35 — 10k



(pxq)xr

| -3 -3].
“l-10 4 |*
~10 4| .
+\ ; 3|J
4 3
+'_3 _3‘kz

={=3-(4) = (=3)- (-10)}2
+{-10-(3) = (4)- (4)}3
+{4-(=3) =) - (=3)}k

= {-12-30}4

+{—30 — 16}5

+{—-12+ 9}k

= —424 — 4675 — 3k

Thus, in general, the vector product is not associative.
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