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I. PREREQUISITES

In order to successfully complete this Engineering Mathematics course you must be competent with the following material. If you are unfamiliar with
the any of the following material it is recommended that you attempt some practice questions before undertaking the main course material.

1) Logarithms

log, (m - n) = log, (m) + log,
log,, ( ) log, (m) —log,
log, (m") =n-log, (m

2) Indices

a™ . a® = a(m+n)
m
a” _ m—n)

(a )n — a(mn)

3) Trigonometric Identities
y=sin"'z =arcsinz < x =siny
Yy = cos'z = arccosr = z = cosy
Y= tan 'z = arctanz <= x = tany

1
cosec T = —
sin
1
secT =
cosx
1
cotr =
tanx
_ 1
Y = COSec 't —= z= COSeC Y = —
siny
-1 1
Yy=sec T < T =secy =
cosy
-1 1
y=cot ¥ <= xr=coty=
tany
sin (x)
tan (z) =
cos ()

sin® (z) + cos® (z) = 1

sec® (z) = 1 + tan® (z)

sin (A + B) = sin (A) cos (B) £ cos (A) sin (B)
cos (A £ B) = cos(A)cos(B) F s1nj£1 ) sin (B)

tan A +tan B

tan (A + B) = 1F tan Atan B

sin (2A) = 2sin (A) cos (A)
cos (24) = cos® (A) — sin” (A)

=2cos® (A) — 1

=1—2sin” (4)

tan (24) = %

2sin (A) cos (B) =sin (A + B) +sin (A — B)
2cos (A)sin (B) =sin (A + B) —sin (A — B)
2cos (A) cos (B) = cos (A + B) + cos (A — B)
—2sin (A) sin (B) = cos (A + B) — cos (A — B)



4) Hyperbolic Identities

tanh (z) = (¢" — ¢ 7)) /(" +¢77)
cosh? (A) —sinh® (4) = 1

When you need z which satisfies cosh(z) = o where « is a real number,

e e N

2
e e T =2
e 41 =20

e 20" 4+1=0
e =at Va2 -1
sr=In(laxva?-1)

When you need z which satisfies sinh(z) = o where « is a real number,

st —e T =2a
¥ 1 = 2ae”
e 20" —1=0
e =atVaz+1
sr=In(laxva?+1)
sr=In(a+vVa2+1)(-A>0for InA)
5) Completing the Square
42 — 22 —5=0

We can solve the above equation by completing the square as follows

U R
4) ~ 4 16
Lo 2t

4) 16
1 21
. _*i =
Ty 16

6) Quadratic Equation
We can use completing the square to derive the quadratic equation.

az’ +br+c=0

az® 4+ bxr = —c

2 b C

T+ —r=—-
a



(H b>2 _ ¥ e
2a 44> @
(H)Z _ b dac
2a 40> 4d®

m—}—i 2_ b — 4ac
2a)  4d’

b b — 4ac

B TN ot
T 2a 4q>

++/b2 — 4ac

T — =

2a 2a
- b " Vb2 — 4dac
=gt

2a
—b+ b —4ac
2a
7) Polynomial Long Division
If we know one factor of a polynomial equation, in order to find out the other factor we perform a division. In this example we know that 22 — 9z — 10
has a factor of = 4 1. Therefore
x—10
z+1)27 —92—10
—)a? 4z
—102—10
—-) —10z—10

0 0
Thus, we find the other factor to be
xz — 10

In order to confirm this is correct we can multiply this factor by the known factor to find the original polynomial.
(x —10)(x 4+ 1) = 2° + z — 10z — 10
=2 —92-10

8) Area of a Triangle in Vector Form
When a triangle is defined with two sides |p| and |q| and the angle between these two sides is 0, the area of triangle is

21l -lal -sin
9) Inequalities
Symbol Meaning
< is less than
> is greater than
< is less than or equal to
> is greater than or equal to

The one rule for inequalities is if you multiply or divide by a negative number the inequality sign is reversed as follows

—ax+c<d

—ar<d-—c¢

(d—¢)
a

T > —

x
——f>y
—€
i>g+f
—€

r < —e(g+f)

10) Modulus
The modulus symbol is ||. Anything that is enclosed within this can not evaluate to a negative number. For example | — 4 + 2| = 2.






II. KEY POINTS ON VECTORS

Key Points
%, 7, and k are unit vector in x, y, and z directions respectively. 7 is v/—1.

1) A vector has a x component, y component, and z component
« A vector is expressed as ¢ when it has only a z component and its modulus is 1.
o A vector is expressed as j when it has only a y component and its modulus is 1.
o A vector is expressed as k when it has only a z component and its modulus is 1.

Z
Y
12
1 %2
X

_Z>

>
1

2) When a vector has an amount of @ in  component, an amount of b in y component, and an amount of ¢ in z component, the vector can be expressed

as

n =at+ bj + ck

= b (D

at
3) A unit vector can be found by dividing a vector by its modulus.
h= )
n|
a
where |n|is va? + b2+ c2 whenn =ai+bj+ck=1| b
c

4) Vector addition

X
When there are two vectors
ai
a=ait+ azxj + ask = as
as



and

the addition of the vectors is

5) The position vector of P with coordinates (a, b, ¢) is

6) When there are two vectors

and

and these two vectors subtend an angle 6,

the scalar product of @ and b is

7) When there are two vectors

and

b1
b=>bit+ b2j + bsk = bo
b3
al bl
at+b= as + ba
as b3
a1+ b
= a2+b
as + bz
OP = ai + bj + ck
ai
a = ait+ a2j + ask = a2
as
b1
b="b1i+ b2j + bsk = b
b3
b
0
a

-b=ai b1+ a2 b2+ a3 -bs =|a||b|cosh

and these two vectors subtend an angle 6, the vector product of a and b is

ai
a=ait+ axj + ask = as
as
b1
b="0bii+ b3+ bsk = ba
b3
al bl
( a b ) = az b2
as b3
axbz‘a2 ba |
as bg
as b3 .
|
+ al b1 k
a2 b2

= (a2b3 — agbz)i
+(asbr — a1bs)j
+(a1b2 — agbl)k

= |al|b|sin6n

where 7 is a unit vector and the direction of 7 is the same as a x b in Fig.

3

@

&)

©)



aXb

b
0

a

Fig. 1. a X b is perpendicular to the plane containing a and b

8) The vector equation of the line which goes through a point A and is parallel to a vector c is

r=a+tc 7
where ¢ is the real number. Please note that ’z’,’y’,’2’ are not involved in the vector equation. The cartesian form of Equation (/) is obtained as
follows:

X al C1
Y = a2 +t| c2
z as C3
X al C1
Y — az =t C2
z as Cc3
r — ai C1
Y — az =1 c2
zZ — as C3

This can be expressed in the scalar manner as

r—a; =tc
T — ap
.. :t
C1
Yy — a2 = tca
LYy —a
o
z— a3 =tcs
z — as

=t

Cc3
By getting rid of ¢ in these three equations, we get the cartesian equation:

xr — al Yy —az zZ — as

= = 8)
c1 C2 C3
9) The vector equation of the line through points A and B with position vectors a, b is
r=a+1tb—a) ©))

where ¢ is the real number. Please note that *z’,’y’,’ 2’ are not involved in the vector equation. When 0 < ¢ < 1, then 7 is in-between A and B. The
cartesian form of Equation (9) is obtained as follows:

xT al b1 ai
y = az +t b2 - az
z as bs as

x al b1 —ax

y | =1 a2 | +t| b2—a2

z as b3 — as

x al b1 —ax

Yy — a2 =1t b2 — a9

z as b3 — as

T — a1 b1 — a1

Yy —az =1t b2 — az

z—as b3 — as



This can be expressed in the scalar manner as

X — a1 o
bl — ai -
Yy —az2 = t(b2 — CLQ)
y—a2
. =t
b2 — as
z—as3 = t(b3 — a3)
zZ — as
c =t
b3 — as
By getting rid of ¢ in these three equations, we get the cartesian equation:
X — a1 . Yy —az o zZ — as

bi—a1  ba—ax bz—as

10) A plane perpendicular to the vector n and passing through the point with position vector a, has equation

r-n=an

11) A plane with unit normal 72, which has a perpendicular distance d from the origin is given by

r-n=d

r-n=d

R

d
12) A plane which goes through A(a), B(b) and C(c) is given by
r— OA+ sAB + tAC
If the point R(7) is inside of the triangle ABC then 0 < s, 0 <t¢,and s +¢ < 1.
r = OA+ sAB + tAC

>
¢ AC
toa

13) A point R(7) which is inside the tetrahedron O, A(a), B(b) and g(c) is given by
r=aa+ b+ ye
where «, 3, v are real numbers and satisty
a+f8+7<1,0<a 0<pB, 0<y

r =aa + b+ e

10)

D

12)

13)

(14)

15)
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O X

Fig. 2. The relashionship between polar and Cartesian coordinates

ITI. KEY POINTS ON COORDINATES
Key Points

1) If the Cartesian coordinates of a point P are (x,y) then P can be located on a Cartesian plane as indicated in Fig. [2| r is the distance of P from
the origin and 0 is the angle, measured anti-clockwise, which the line OP makes when measured from the positive x—direction. If (x,y) are the
Cartesian coordinates and [r, 8] the polar coordinates of a point P, then

x=rcosf, y=rsinf (16)

r=+/x2+y?% tanf=y/x a7

2) If the Cartesian coordinates (x,y) are any point P on a circle of radius » whose centre is at the origin. Then since /22 + y? is the distance of P

from the origin, the equation of the circle is,
N g R R (s)

3) If the Cartesian coordinates (x,y) are any point P on a circle of radius r whose centre is (zo,yo). Then since \/(z — 2,)2 + (y — y0)? is the
distance of P from the origin, the equation of the circle is,

r=V(@ -+ y—9)? (z—z)"+(y—w) =71’ (19)
Note that if 2o = yo = 0 (i.e. the circle is at the origin) then Equation reduces to Equation (T8).

Y

10



4) An ellipse with centre (zo,yo) satifies the equation

2 2
(z —a;’O) + (v —beO) -1 (20)
Y
—
or
2 2
(z —62560) LW _G,QyO) _1 @1

—

—

The parameter b is called the semiminor axis by analogy with the parameter a, which is called the semimajor axis (assuming a > b). When the
major axis is horizontal use Equation (20). If on the other hand the major axis is vertical use Equation (ZT).

5) The minimum distance between a point Q(«, 8) and a line ax + by + ¢ = 0 is expressed as

lac + b + ¢

(22)

ar +by+c=10
Proof: The line ax + by + ¢ = 0 goes through the point R(7) where

rz(—()%)

and it is parallel to

A point P(p) on the line can be written as
p=7r+itl

where ¢ is a real value. Since

QP 11

11
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Fig. 3.  The relashionship between Cylindrical and Cartesian coordinates
we can express this as the following equation:
QP -1
=(P—-q) !
=(r+tl—qv)-l
=(r—gq)- l+t|l| =0
Lo la=7)-1
B U
Now we need to get Q? as follows:
QP = |p—qf*
=|r4+tl—q?

> + |q|” + |1)> + 2trl — 2tlq — 2rq

=|r®+lq* + % 11)? + 2%(71 —1q) — 2rq

1] ||
—7)-1)? —r)-l
:\r|2+|q|2+((q |l|2) ) _2(q |l|2) (g—7r)l —2rq
—7)-1)? —r)l)?
— )12
= IrP* +Jaf* = (=00 org
_ |aoz+bﬂ+c|2
- a? + b2
Gpy et bi el
ORI = e

6) 3D Cylindrical polar coordinate (p, ¢, z) in Fig. [3| can be obtained from

p=12+y*¢=tan"' (%)
x=pcosp,y = psing

You need to draw a diagram to determine the correct ¢

12

(23)
(24)
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Fig. 4.  The relashionship between Spherical and Cartesian coordinates

7) 3D Spherical polar coordinate (r, 6, ¢) in Fig. E] can be obtained from

r=+/22+y%+ 22,0 = cos” " (E);qﬁztan*l (y) (25)
r T
‘rx=rsinfcos¢;y = rsinfsin¢; z = rcosf (26)

You need to draw a diagram to determine the correct ¢. 6 should satisfy 0 < 6 < 7 without a diagram

13



IV. KEY POINTS ON COMPLEX NUMBERS
Key Points

1) The symbol j is such that
F=-1 7=+v—1 27

Imaginary

standard a + 70 = rel? modul s/argument
9b = 9rsin 6

1
. 0+ o 6](2n+§)7r — <:7é 1

n 1s an integer
ﬁe]@n_%)” = —)<—+# —1

2) In Argand diagram, the complex number a + 7b (the standard form) can be expressed as

a+gb=re’’ =r(cosf + jsinf) (28)
,which is the modulus/argument form,where
r=la+ jb| = Va?+ b tan@:é (29
a
a=rcosf b=rsinf (30)
Be careful: a? — b? + 2aby = (a + 3b)* # |a + sb|* = a® + b°.
a)  a . a)
—~ =—,le, — F#a—0b
bJ] b by
7wty _ (a=b)
by
3) Igrom the figure, -7 can be expressed as
g=eil = ¥ 31)

4) If a + 3b is any complex number then its complex conjugate is
a—gb (32)
5) In the Argand diagram, the argument can be 27n rotated to have an identical value:

2]9 _ e](9+27m) (33)

14



where n is an integer.
6) De Moivre’s theorem

(re”)™ = [r(cos 0 + 7sin0)]" = r"(cosnf + jsinnd) = r"e’™’ (34)

7) n*" roots of complex numbers

If
2" =re’’ = r(cos + sin )
then
2= Y02/ 0, 41,42, .. (35)
In other words, if
ae’’ = ce?
then
a=c
b=d+2nn
8) If a+ jb =c+ 3d , where a, b, ¢, and d, are real, then we can say
a=c,b=d (36)
Ifa+)b=0,thena=b=0
9) coshz and sinh x are defined as
coshz = ¥7 sinhz = % 37

x = cosh™" (%) .,z =sinh™* (%)

tanh (z) = (¢ —e¢ 7)) /(" +¢77)
cosh? (A) —sinh® (4) = 1

10

15



—x
When you need = which satisfies cosh(z) = o where « is a real number, using z = cosh™* ($> we get

2
e e o
— =
et =2a
e = 200"

ezz—Qae”+1:0
I—aﬂ:\/
*.x = cosh™ =In(a+Va

. . . . . L
When you need = which satisfies sinh(z) = o where « is a real number, using z = sinh ! <7) we get

2

¥ —e® W
2

et —e ¥ =2

e o1 =200

e —2ae" —1=0
et =atVaz+1
'mzlnoc:i:\/oz2 1)

. x =sinh™ =In(a+va?2+1)(.-A>0for InA)
10) cos@ and sin @ are defined as
90 —260 20 —30
cos@zﬁ,sinez ¢
2 27
Proof: We know that
20

¢’ = cosf + 7sinf @
By replacing 7 in ©® with —) we get

¢’ = cosf — gsinf @
® + @ gives us
1% 4 e7% = 2cos 0
¢ e
—g — =cos
® - @ gives us
¢’ — ¢ = 25sin6
20 _ ,—30
. ¢ ¢ =sinf
2y

11) The expression of sinh(z), cosh(z), sin(z), cos(z) in in standard form.

sinh(a + yb) = sinh(a) cos(b) + jcosh(a) sin(b)
cosh(a + jb) = cosh( ) cos(b) —l—]smh( ) sin(b)
sin(a £ yb) = sin(a) cosh(b) + jcos(a) sinh(b)
cos(a £ yb) = cos(a) cosh(b) F ysin(a) sinh(b)

® 0o

(3%

They are useful but in most cases you need to prove these before you can use them. Therefore you should go through the following proof and

practice the proof.
o The proof of ®
ea+]b _ e*(a+]b) ea+]b _ efafjb

sinh(a 4 yb) = 3 = 5 = 5
e?(cosb+ gsinb) — e “(cos(—b) + gsin(—b))  e*(cosb+ gsinb) — e *(cosb — ysinb)

2 2
__cosbe® 4 gsinbe®  cosbe™* — ysinbe”*  cosbe” + jsin be” | Tcos be™* 4 ysinbe

e’ — ¢TI

—a

2 2 2 2

cosbe” — cosbe™® sin be” 4 sinbe™ e —e ¢ . e 4e
= 3 7 5 = cos(b)T + jsm(b)T
= sinh(a) cos(b) + 7 cosh(a) sin(b)

16



o The proof of @
ea+gb +e7(a+Jb) ea+]b + efafjb eaejb + efaefjb
cosh(a + jb) = 3 = 3 = 5
_e%(cos(b) + ysin(b)) + e~ *(cos(—b) + gsin(—b)) _ e*(cos(b) + ysin(b)) + ¢~ *(cos(b) — gsin(b))
B 2 B 2
¢? cos(b) 4 g¢“ sin(b) 4 ¢~ cos(b) — g¢~*sin(b) ¢ cos(b) + ¢~ * cos(b) — g¢”“ sin(b) + ge” sin(b)

- 2 2
e® cos(b) + e~ * cos(b) + y(—e *sin(b) + ¢*sin(b)) ¢ cos(b) + ¢~ “ cos(b) N J(—e”*sin(b)) + ¢” sin(b))

- 2 2 2
a —a _ —a + a

= cos(b)% + sin(d) 5

= cosh(a) cos(b) + jsinh(a) sin(b)

e The pI'OOf of ®
_ 2 _ 2 _ _
e](c:,:t]b) ¢ j(ai]b) ea]i] b ¢ ajFib ea]:Fb ¢ ajtb e]aelFb ¢ Jaeib

sin(a + 7b) = 5 = o = % = 5
_ (cos(a) + gsin(a))eT’ — (cos(a) — gsin(a))e*®  cos(a)e™’ + sin(a)e™’ — cos(a)e®? + ysin(a)e*?
a 2 a 2
cos(a) (e — e*) + gsin(a) (e T 4 ¢F0) B cos(a)(eF® — e*?) + gsin(a) (e T + e*?)
- 29 - 2
~—gcos(a) (e’ — e*P) — s%sin(a) (¢ F* +¢*?)  —jcos(a)(eT’ — e*?) 4 sin(a)(e T’ + *P)
= 5 =
_ —gcos(a)(eT’ —et?) sin(a)(eTP 4+ e jcos(a)(—eTP +e) | sin(a)(eT + e t?)
B 2 2 B 2 2
__,Fb +b Fb +b
= ]COS(CI,)i + sin(a) L L. +7cos(a) sinh(b) + sin(a) cosh(b)

2 2

o The proof of @

_ 2 _ 2 _ _
e](a:t]b) te 7(atgb) _ ea]i] b+e ajFi“db _ ea]:Fb+e ajtb _ e]aelFb+e jaeib

cos(a + gb) = 5 = 5 = 5 = 5
_ (cos(a) + gsin(a))eT’ + (cos(a) — gsin(a))e*®  cos(a)eT’ + ysin(a)e™’ + cos(a)e®? — ysin(a)e*?
B 2 B 2
~cos(a) (e 4 ¢*¥) + gsin(a)(eT? —e*?)  cos(a)(eT’ + ) | gsin(a)(eT — e?)
B 2 B 2 2
Fb +b Fb _ ,+tb _,Fb +b
= cos(a) ¢ ;— © 4 7sin(a) ¢ 5 = cos(a) cosh(b) — ]sin(a)%

= cos(a) cosh(b) — gsin(a) (L sinh(b)) = cos(a) cosh(b) F ysin(a) sinh(b)

17



V. KEY POINTS ON DIFFERENTIATION
Key points

}( Differentiation }x/ Integral

the area =
r X (27)
S

)
(@N|

l = [2xdx
- PX

— 1 — |

1) Product rule

d{f(=)g(=)} _

d{g(z)}  d{f(=)}
dx = f(z) dr + d g(x) (39)
2) Chain rule
a) When y = f(u) and u = g(x),
d{y} _ d{u} 9{y}
dv ~ dr = Ou (40)

It is important that you know the fundamental differentiable functions of Equation (46) ~ Equation @nso that a complicated function can be
simplified to one of the fundamental functions of Equation @ ~ Equation @ For example, if you know that 5% can be differentiable, you

zt—
G4 G BTG 4
can change to p where X =z~ — 2.
b) Function and varlaalgbles v

18



Equation
\

Number of letters > 2 7

Yes No
such as such as
flz,y) == 3==xy

of .
—— and —— exist <= f is a function of & and y. y is the fuction of . @ is the function of y.
O Oy 4 y y
x and y are variables.  f is not a variable. x is a variable. y is a variable.
\
5] 17} .
Can apply and —.  Can not apply — Can apply — and —— to the equation
ox oy of ox oy
x and y are independent of each other x and y are dependent of each other
) U
oxr Oy ox Yy
—=—2=0 —— and —= exist
Jdy Oz oy ox
¢) When W is a function of z, y and z and z, y, z are the function of s and ¢, d {C;;V} and d {dI:/} can not be directly calculated but can be

calculated as follows:

diw} _ d{W} diz} d{W} diy} d{W} diz}

dt dx dt + dy dt dz dt
diw} _ d{W} diz} d{W} diy} d{W} diz}
ds dx ds dy ds dz ds

d) When W is a function of z, y and z, the total differential dW can be obtained by
dW = d{W}der d{W}der d{W}dz
dx dy dz
e) When W is a function of z, y and z, the gradient VW is defined as

d{wW}
dx

_d{w},  d{w}. d{w}, d{w}
T dx th dy I+ dy k= dy

vw

d{w}
dz

3) Quotient rule

f(z) d{f(x d{g(x
d{g(w)} _ {di o) — 1 {figc . @)
dx (9(x))*

Check if g(z) is really a function. If g(x) is a constant, you do not have to use the quatient rule. If f(z) and g(z) are polynomial, check the order

of f(x) and g(z). If the order of f(x) is higher than that of g(z) then modify g Ei)) so that the order of the numerator of the resultant function is

always lower than the order of denominator.

19



4) When z and y are the function of ¢,

d{y} _d{y} d{t} _d{y} (d{x})*
dx dt dx dt dt

@_d{dii}}_d{t}d{diz}}_ a{z} ‘1d{d§i}}
dz? dz T dw dt _< dt ) dt

and

5) Let F(x) and G(y) the function of z and y, respectively.
a) % for F'(z) + G(y) = 0 is obtained as
x

F(z)+ G(y) =0
. d{F( )+ Gy} _ d{0}
’ dx dzx
Cd{F(z)} d{G y)} —0
Py g }d{gf )
o d T y .
o dx + dx dy =0
d{F(x)}
. d{y} _ __ dz
dx d{G(y)}
dy

b) di«;!} for F'(z) - G(y) = 0 is obtained as

L AFG )}G( N (T
dx
UFE )4 iy LD UEWE
PP a1 7

. Yy _ _ dx

.d{F()
T dr

2

y > 0, then

. . o d
6) When a graph has a local minimum and local maximum at (Zm, Ym), {—y}\(zm:(lmyym) = 0. Furthermore, if d—z\wy):(,m,ym
x

dx
: i, : d? . , :
(m,ym) is the local minimum point. If d—gkw,y):(%n,ym) < 0, then (Zm, yYm) is the local maximum point.
x

7) L’Hopital’s Rule
Let’s assume we have a function of

IR €2
If we want li_r)n f(x) but we find out P(a) = Q(a) = 0 then we can still find f(a) b
im = P'(a)
m /@) = Gy
P(x)
Please do not mix up with %;) here. % = P (Z)Q(mc)gg(x];(x) Q@) . # g,gzg
o Pla)

You are NOT finding a gradient but you are trying to obtain the value of f(a) = Oa)

Proof: When we use Equation (82) we can write
d{P
P(a—i—h):P(a)—&-h%‘ +

and

LT

r=a

Qla+h)=Q(a)+h
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y = f(zo)(z — x0) + f(x0)

y = flx1)(z — z1) + f(x1)

The true place we would like to get

_—

\ 2nd guess

1st guess

X
o
Oth guess

_ ! _
y = f(z) 0= fl(z1)(xg — x1) + flz1) 0= fizo)(1 — z0) @({)W
. _ .\ therefore x1 = xg —
therefore x9 = Flay) #(x0)
Fig. 5.  Estimation of the crossing point between y = f(z) and X axis.
Then we can get the limit as
d{r}
lim P(z) = lim M = lim rleen ¢ lyza
T—a Q(.T) h—0 Q(a =+ h) h—0 Q(a) n hdf{f}
a{P) a(P) apy|
_ lim O+h dr |,_, — lim h dr |,._, B dr |,_,
70 d{Q} ~ oo d{Q} - d{Q}
O + h d r=a h dx Tr=a dx r=a

8) Newton-Raphson method The crossing point between y = f(x) and X axis can_be estimated in an iterative manner as is shown in Fig. [5| The

(n + 1)th guess of the crossing point is obtained using nth guess as in Equation (@)

Tn+1 = Tn — ff,((zn))
9) Multivariable higher order differentiation
d{f(z,y)}
flz,y) _ da
dz2 dx
PYEARICH);
?f(z,y) _ da
oyoxr dy
Please pay attention
& f(x,y) 4 W@y} dif(z.y)}
Oyox dy dz ’

21
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10)

Please also be aware the following difference: Let

f(z,y) = axy + ba + cy.

When we need W, then you assume z and y are independent and we obtain
x
LA PACE))
dx
but if we need diy} for f(z,y) = 0, then f(z,y) = 0 tells you that = and y are dependent of each other and zy can be regarded as the multiplication

of two function x and y and then we obtain

d{f(z.y)} _ d{0}

dx dx
d{azy + bz + cy}
= =0
dx
. dfz} di{y} , ,d{z} = d{y} _
4 dx yt+oax dx +b dx te dx =0
..‘aeraxd{y} R (7] S
dx dx
d{y}
. — —au—b
co(az +¢) o ay
Cdfyy _ —ay—b
T odx ar +c

Local minimum and local maximum
When f(z,y) has a local minimum or a local maximum at z = a and y = b, then f(x,y) satisfies:

d{f(z y)} d{f(z,y)}

=0, =0 (45)
dx r=a,y=b dy r=a,y=b
This does NOT mean that if d {fc(icxb’ b)} =0 ,d {fc(;yl’ o)} = 0, then f(a,b) is a local minimum or a local maximum.
When d{f(a,b)} =0 ’d{f(a, b)} = 0 is satisfied;
dx dy

a) f(a,b) is the local maximum when

d*f(a,b) 8*f(a,b) Wf@m)2>0
dx? Oy? dyox
d*f(a,b)

a2 <0

and

480
470
460
450
440
430
420

b) f(a,b) is the local minimum when

& (a,b) () (62f<a, b>)2 =0

dxz? 0y? Oyox

d*f(a,b)

a2 >0

and

22



-410
-420
-430
-440
-450
-460
-470

;
¢) f(a,b) is a saddle point when

d*f(a,b) 8*f(a,b) [ 8*f(a,b)”
_( Oyozx ) <0

dx? Oy?

2
1% 05 i 15
xr

d) We do not know whether or not f(a,b) is a local maximum or minimum when

d*f(a,b) 8*f(a,b) (32f(a, b))2 .

dx? Oy? Oyox
2
Attention: 8(?; 8fx is different from % . %ZJ:}
Basic derivative:
d{da; } — axafl
Attention: When you see a fraction, get rid of a fraction such as m% immediately by changing it to z~“.
d kx
{e } —k kx
dx
d{ln(kz)} 1
dx Tz
d{log,(kx)} 1
dx " zlna
d g; } =a"lna
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d{sinkx}

= kcoskx
dx
d{coskz} = —ksinkx
dx
d{tankz}  k
dz cos® kx

24
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VI. KEY POINTS ON INTEGRATION
Key points

1) Integral by Parts

[ @) gty
o ] - [ (52 e

Hint: Let f(x) equate the polynomial part or logarithmic part of the intergral.

/ sin” zdz and / cos” zdz can be obtained using “Integral by Parts” in order to reduce the power as follows

/cos" xdr = /cos”_1x~cos xdz
— 1@ [ oo [ (LD [ g@)a0) ao

d n—1
=cos”1m~/cosxd:c—/< {COS x} /cosxd:c)

=cos" 'z -sinx — / ((n —1)cos" *(—sinz) - sinz) do
n—1 . n—2 .2
= cos a:-smer(nfl)/(cos - sin” z) dw
=cos" 'z sinz+ (n—1) / (cos"?z - (1 —cos’x)) dz
=cos" 'z -sinz+ (n—1) / (cos"72 z — cos" z) d
=cos" 'z sinz + (n— 1)/(:05"_2 zdr — (n — 1)/(:05" xdz
/cos” zdx + (n — 1)/cos” xdx = cos" 'z - sinz + (n — 1)/(;0s”72 zdx

1 . _9
,'.n/cos" xdr = cos" "z -sinz + (n — 1)/cos" xdz

/sm” xdr = /sin"_lx-sinmda:: f(x)-/g(w)da: /(d{f )} / dm) da
:sinnfla:-/sina:dx—/ <d{Sirg;1m}-/sinwdm> dz
)

=sin" 'z (—cosx) — / ((n— 1)sin™ ?z(cosz) - (— cosx

=—sin" 'z -cosz+ / ((n —1)sin" ?z(cos’ z)) da

= —sin" 'z cosz+ (n—1) / (sin"f2 z)dz — (n—1) / (sin" z) dz
/sinn zdx + (n — 1) / (sin” z)dx = —sin" "'z - cosz + (n — 1)/ (sin"? ) dx
n/(sinn z)de = —sin" 'z cosz 4 (n— 1) / (sin"72 x) dx

2) Integral by substitution
When a function f(x) can be written as h(g(x))

d{ty _ digl@)}

dx dx

d{g(z)}
dx

/f dx_/h ECCI
:/h(t)%dx:/h(t)dt

25
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2m—+1

o For /sm xdx , set t = cos .

2 .
sin“" xdzx , set t = sin z.

o For
o For /cos2m+1 xdr , set t = sin .

o For /cos ™ xdx , set t = cos .

where m is an integer. But in case of even power such as 2m, it is better to decrease the power such as

Sin4x*(sin2m)2* 1 — cos2x 27 1—2cos2x +cos’2x 1—2cos2z 1
B B 2 B 4 4

_1—2cos2x 11+ cosdx 2 — 4 cos2x 1+cosdr 3 —4cos2x + cosdx

2
= — 2
+ 4cos x

4 i 2 T 8 L 8
If the power is higher than 4, then use “Integral by Parts” as shown above.
TH

When we carry out / f(z)dz, the procedure of “integral by substitution’ is as follows
TL

0 —6
a) set the new variable 6 for substitution such as x = ¢ 22
0, —6
b) find the relationship between dz and df such as dx = %d&
c) find the range for the new variable 6
ef —e?
xLZT—)QLZIH(xL—l— xi—f—l)
6 _ . —6

"
xH:T%QHzln(azHﬁ—\/wf{—i—l)

d) manipulate the original function f(z) to remove x . f ( ) = g(@)
on

e) calculate the final modified integral such as g(G)%dG

3) Integral of f(z)" {f( i for k = —1, ie., /f

LA e
/f(@ do = In|f(2)] +

dx
Proof:
d{ln|f(z)[} _ d{In|A[} =, & _d{Ayd{n|Al} _d{f(x)} 1 _ f'(z)
i aw AT = T T AT Jw
, f’(x) _ d{ln[f(z)[}
(z) dz
[ L@y, - [ atnls@) ) e
o[ e [ /81|f = /()|
4) Integral of f(x)k% for k # —1
/f )E d{f )}d:v kilf(x)k+1+c

5) P(z) and Q(x) are the mth and nth order polynomials, respectively.

e When m > n, / SE‘B

a) Find the answer of A(x) and the remainer R(z) of

dx can be obtained as follows:

P(z)
" (x)
z) which satisfy R(z) =C - Q'(z) + E

c) /ggi;dx:/<A(x)+CQQl((§))—I—%) 7A Ydz + CIn |Q(z |—|—/Q

P(z)
e When m < n, /Q(m)

a) Find the answer of C and the remainder of E of

which satisfy P(z) = Q(z)A(z) + R(x)

b) Find the answer of C and the remainder of E of

dx can be obtained as follows:

Pa) .
@) which satisfy P(z) =C-Q'(z) + F

b) /ggz;dx:/(cg((;)) +%> dx:Cln\Q(x)|+/%dx
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6) Calculation of Area(A), Arc-length (L), Surface area(S), Volume(V")
Example:

y:(x—l)3+1<:> m:(y—l)%—kl

d{y} s d{z} 1 _2
——= =3(x —-1)%; =—-(y—1)"3
2=se-n = e
Using a parameter ¢, y = (z — 1)3 + 1 can be expressed as
r=t+1
y=1t+1

In this case

d{z}
dt 1
d {y} 2
dt 3

27



o Area (A)

y=(z—1P+1—*
- A
Y- A= dA8: [|dyf]

B : - | T

W y = et 5rd _ %\ t 0

_:; :;: I = [ ] 2 ) T
1 5 I Y O e ey 3 -
a=raa=tplae Mo rerdd r-r 00 ¥
= Iyt 0oy jrord o

o dA = |z|dy 9 8t

Area bounded by the X-axis

1.8
A= /dA:/ ydz
0.8

:/1‘8{(93— 1) + 1} de

Area bounded by the Y -axis

A:/dAz/jmdy
:/12{(y—1)%+1}dy

Area in polar coordlnates

A:/dA

A:/dA

[ v = [[s0 W

= 0'8{t3+1}~1~dt :/1{t+1}~3t~dt

:/0'8 (£ +1} dt :/1 {3¢% + 3%} dt
—0.2 0

28



o Arc-length (L)

Idaljl | | | |
s s
L=/dL
= [\(dz)? + (dy)?
dy2
—1+|%Ya
/ +d:1: T
dr\?
— % 14
/ d + 1dy
dr\? dy2
— — | dt
Il +(dt)

29

L:/dL

[ () e

:/o_ljmdx
= [ e

d
0
/ (1)% + (3¢2)2dt
—0.2
0.8
= / V14 9t4dt
—0.2



o Surface area (S) of solid of revolution

S = 2 ly|dL

N
18~

dS = 2r|z|d —

S—[dS
= J2m|y|dL \

= [ 27|y|\(dzx)? + (dy)?

2
= [2m|y| 1+ [dy) dx

dx

dz\? dy2
= [2nly(@)] |~ | + || dt
rtyo ) + )

Rotation about the X -axis

1.8 /
Sz/dS’:/ 21y 1+(d£>dx
0.8 dx

- /1'8277{(95 —1)? +1} 1+ 3 — 1)2d

S = / s =
e (452) = (42)
— /_0:2 2m(t® 4+ 1)1/ (1)% + (3t2)%dt

0.8
= / 21 (t® + 1)V/1 + 9t4dt

0.2

30

e
S =/dS
= [ 27|x|dL
= | 2] \(dw)2 + (dy)?

2
= [ 27|x| da:j + 1dy
dy
dz\? dy 2
— (2 i -7
/ w|x(t)|J = +(dt) dt

Rotation about the Y -axis

S:/dSz/j%m:Wdy
:/122w{(y—1)%+1}mdy

S = /dS -
[ 5 )
:/01 2 (t + 1)1/ (1) + (3t2)2dt

1
= / 2m(t + 1)V/1 + 9t4dt
0




e Volume (V) of solid of revolution

dV = my’dx /
Idm
o
V=[dV
:‘/ﬂdel‘ ; \
2 X
= t))” —dt
)P

Rotation about the X -axis

1.8
V= /dV:/ myide
0.8

V:/dV:

>~

2dy
dt

V = [dV = [rxidy
= |7 (x(t))

dt

Rotation about the Y -axis

2
V:/dV:/m:Qdy
1
2 N 2
= my(y—1)3 +1; dy
[ m{w-n}+1}

V:/dV:

0.8 d{ZC} 1 d{ }
™ (1) St | weor S ar
/—0.2 dt ) m (2(t)) dt
8 s ) 1
:/ (P +1)"1-dt :/w(t+1)2~3t2~dt
—0.2 0
0.8 . ) ! 5 2
:/ m(t"+1)" dt :/37r(t+t) -dt
—0.2 0
7) Line integrals of a function which has dx,dy, and dz such as [ = | (Fydx + Fydy + F.dz) .

. . . c .
Consider a curve C'. The position vector of a point on the curve C' is written as

Denote

and its derivative with respect to ¢ as

When a vector function is expressed as

x z(t)
y | = v®
z z(t)

a<t<b

31



a line integral of F(7) over a curve C' is defined by

Fy

t=b
/F~dr:/ Fo| Ay
C t=a Fz dt
d{z}
t=b Fa: t
= / F, || “ut %/} dt
=) | ay
dt
t=b
d{z} d{y} d{z}
= Fy F F, dt 59
/t:a( a v T dt) (59)
= /(dea:—FFydy—&—dez) (60)
z=b
dy dz
= Fo+F,—+F.— 1
/I:&( + ydx+ dx)dm D)
Thus the procedure to solve the line integral is
a) Express z,y, z on the curve C using ¢ and set the range of ¢
b) Express F as the function of ¢
d{z}
t
d
c) Express %} = df[l;y} using ¢
afsy
dt
d) Put all of them into [ F - d;{i:} dt
8) Line integrals of a function (which does not have dz, dy or dz explicitly) with respect to arc length such as / f(z,y, 2)ds.
Consider a curve C'. The position vector of a point on the curve C' is written as “
x x(t)
y | =1 v@®
z z(t)
a<t<b
Denoting
x
r=| vy
z
and its derivative with respect to t as
d{z}
t
atry _ | afyy
dt t
afs)
dt

the line integral of a function with respect to arc length is defined by
[ f@v.2as
c

[ enan () () (%)
o= () () ()

The procedure to solve this type of the line integral is

a) Express x,y, z on the curve C' using ¢ and set the range of ¢
b) Express f(x,y,z) as the function of ¢

where

d{z}
t
c) Express dc{i:} = d%/} using ¢
d{z}
dt

32



d) Put all of them into

[ s (442 (40 (457

9) Multiple integration

b opd pf
I:///f(m,y,z)dwdydz

has the following range:

e<z < f
c<y<d
a<z<b

The procedure for the calculation is
a)
f
A= [ s
b)
b pd
B = / / Ady
<)

I:/adez
/ab/cd/effdmdydz#/abfdxx/Cdfdyx/effdz

10) Reversing the order of multiple integration

d(y) 10
I—// f(z,y)dzdy I—/ / f(z,y)dzdy where c(y) =
e(y) i3

Please be aware that

2
)

= C(a:)

33




=C

move 1t 5

onstant
line
and

§

/ [tdydx
)

Draw
x =C

= onstant
line
and

move it

012 3 5 501‘2‘3X'5 01
£ fa fdydx [ fdydx 5 Brdydx

a) Find the original range of integration

N@
IN
SIES

cly) <z

|/\N\>~

<z
y<1

o

< d(y)
a<y<b 6
b) Sketch the range of integration
¢) If necessary, manipulate the equation of x = c(y) to make y the subject of the equation such as y = C(x).

For example = = LANREN changed to y = 42 + 2 and = = ¥ is changed to y = 2z
d) Find out the range of y when z is fixed such as
a<y<C(z) for a<z<f 6<y<dxr+2 for 1<x<2
a<y<b for B<z<xy 6<y<10 for 2<x<3
Dx)<y<b for y<z<( 2z <y <10 for 3<x2<5

e) Rewrite the integral such as

I= /j /aC(x) f(z,y)dydx + /[: /ab f(aﬂ,y)clydoﬂJr/wC Db(z) f(z,y)dydx
1:/12 /64z+2f(:c,y)dyd:c+/23/610f(m,y)dydx+/: L:Of(m,y)dyda:

2 3 5
X

d(z) 4z+2
I —/ / (z,y)dydx 1 —/ / f(z,y)dydz where c(z) = 2z, d(z) =4z + 2

c(z)
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/ Bdydx
A2
Draw
X :Constcmt line
and move it
10
Y
6
4 =
2
1 X
10
Y
6
s
2
1 X
[/ ded:y
AT
Draw
l :Constant line

and move it

36
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3 g fdxdy

P
1 D% 2
_|_
1§ ja fdxdy
1 D% 2
_I_
10 ™
6 fg fdxdy
P




a) Find the original range of integration
) 20 <y <4dx+2
a<zxz<b 1<z<2

b) Sketch the range of integration
c¢) If necessary, manipulate the question of y = ¢(x) to make z the subject of the equation such as x = C(y).

For example y = 2z is changed to x = % and y = 4z + 2 is changed to =z = % — 5
d) Find out the range of x when y is constant such as

a<zx<C(y) for a<y<p 1<z <y for 2<y <4
a<z<b for f<y<~y 1<z<2 for 4<y<6
D(y)<xz<b for y<y<( 42 <x<2 for 6<y<10

e) Rewrite the integral such as

B rC(y) v b ¢ b
I= / / f (@, y)dedy + / / F (@, y)dedy + / f(z,y)dedy
@ a B a ¥ D(y)

]:/:/1g f(:c,y)d:cdy—&-AG /12f(x,y)dxdy+/610/; F(z, y)dwdy

1
2

11) Implicit multiple integration I = / / f(z,y)dA
D

a) Sketch the integral region
b) Set the range for z and y
The range of either x or y should be fixed without any variables.
c) Set the variable with fixed limits as the second integral variable and the other one as the first integral variable.
d) Do the first integral
e) Do the second integral
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Function given

I:// x2+2y2dA
D

I:// z? 4+ 2y°dA
D

Ingegral region
given

D is the region bounded by —1 <z <2and 1 <y < 3.

D is the region bounded by 1 <z <3 and vz <y < z.

Sketch the inte-
gral region

5

Set the range of

z and y
Set  Set the
variable
with fixed

limits as the
second integral
variable and
the other
one as the
first  integral
variable

3 p2 2 3
I = // 2+ 2y2dzdy = // w2+ 2y2dydx
1J-1 V1

Do the first in-
tegral

3 2
I:// z* + 2y dady
1/-1
3

z3 2 12
:/ [3‘*’221 x]Z1dy
1
38 1
:/ [§+4y27§+2y2]dy
1

3.7
:/ [~ +6y°]dy
13

3 rx
I:// z? + 2y dydz
1JVx
5, 2 5.
:/[xy—l—gy]f/;dx
1
3
3,2 3 25 2 15
= -z — - = d
/l[x +3x T 3ZE |dx

[§x3 _ 25
3

Do the second
integral

3 - ,
I:/[f—|—6y}dy
.3
7

:[§y+2y31?

7 170

744 L o
* 3 3

3
1
3

2
I = /1 [ng 25 ga:l‘s]dm

_ 31’4 _ fo‘f’ o lx2‘5]3
2 3.5 75 !
_ 805 + 1733.5 +2173245
12 35 7.5

What you got
is the volume ;
the red curve is
z=a%+2y°

Integrals of common functions.
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Some are very similar to the fundamental functions for differentiation. So please do not mix up!, especially signs such as 4 or —.

_ n _ . n+1
n # —1 and /km dx T kx +c (63)
n=-1 and /kx”dx:/gdx:klnm—!—c (64)
/cos kxdr = % sinkx + ¢ (65)
/sin kxdx = —% coskxr + ¢ (66)
/tan kxdr = —% In|coskx| + ¢ 67)
/ *dr = %e’” +c (68)
. ak:v
/a dx:klna+c(a>0) (69)
/0052 (kx)dx = i (kx + sin(kz) cos(kx)) (70)
1 tan kx
= 71
/ cos?(kx) de k b
1 1
= — 72
/ sin?(kx) de ktan kx (72)
/sin2 (kx)dx = i(kx — sin(kx) cos(kx)) (73)
/ln kxdr = xlnkx — x (74)
dx . 1 /x
/\/ﬁ = cosh (E) (75)
dx _ 1 /T
/ﬁ = ginh (E) (76)
dx (T
/ T = (E) )
dr 1 /(T
/x2 e (3) 78
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Proof of Equation

S U SN T 0% S 3 SN SR T YL 03
" tan(kx) | Tt dx T dx “cos?(kx) dr dt
) k o lad{ty k 1 ., cos’(kx)

“cos?(kx) 2 dx 7 cos?(kx) de = ﬁdt pode= kt? dt

L L cos® (k) 1 1 1, .4, 1 1 1 tan(kz)
2 = - dt | = —— —dt) = —=(—t7TH==.2 == .tan(kz) =
/ cos?(kz) " / cos? (k) ( kt? ) k (t? ) R ) =g tanke) k
Proof of Equation (72)

d{i d{i
2 1 ;o tan(kz) = 1 — d{tan(kz)} _ {:} . k _ dfty d{¢}
tan(kz) t dz dz cos?(kx) de dt
ok 1dadfty k 1. cos’(kz) , 1
“cos?(kz) 2 dxr cos?(kx) de = ﬁdt podr= kt2 dt s / cos? (kx) de

- e ()~ S )= sy )
()=~ i)~ e
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VII. KEY POINTS ON SEQUENCES AND SERIES
Key points

1) Sequences and Series

a) Arithmetic progressions. Consider a sequence that starts at  and we add d each time. This forms the Arithemtic series as follows.

ay =rT
as=71r+d
a3 =1+ 2d

as =71+ 3d

an =7+ (n—1)d

Here d is the difference or common difference between successive terms. The sum of an arthimetic progression is as follows.

Sn=a1+a2+a3+as+as+an
Sp=r+@r+d)+@r+2d+---+r+(n—-1)d

n(n —1)d

Sp =1rn-+ 3

b) Geometric progressions. Suppose we let the first term equal a and times each successive term by r then we get.

a;y =a
as = ar
2
asz = ar
3
as = ar
4
as = ar

n—1
anp = ar

To find the sum of this progression to n terms, we sum all the terms up until n.
S, =a+ar+ar’+ar® +ar*,+ - +ar"!
Since r - S, is written as
rSn = ar +ar’ + ar® + ar’, + -+ ar" " 4 ar”
Using these two equations, we calculate S,, — r.S,, as follows:
Sn —1rSp =a—ar”

This leads to :
a(r” —1)  a(l—r")

r—1  1—r
If —1 < r < 1 therefore the sum to infinity of an geomteric series is given by the following

Sn =

a

S =
o 1—r

(719)

(80)

(81)

2) Taylor polynomial with one variable,e.g., . This is the example of one-dimensional Taylor series expansion as there is only one variable in the

equation.
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T location of
center of approximation
expansion

More information at https://www.scss.tcd.ie/Rozenn.Dahyot/CS1BA1/T2007_04_10_CS1BA1.pdf
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sin(z) Linear approximation at x = T

4
degree one

3)

—1 %1

X
Quadratic approximation at x = 7 Cubic approximation at z = 7
degree two degree three

A Taylor series is a series expansion of a function about a point. The Taylor polynomial approximates/expresses the part of the function around
x = a using several polynomials.
A one-dimensional Taylor series is an expansion of a real function f(x) about the point at x = a up to degree n (|z — a| < 1) which is given by

o5 oo | e |, eea o
e TR == 2 R R ol

r=a

f(@) = f(a) + (z—a)

(82)

a

If @ = 0, the expansion is known as a Maclaurin series.
In the end, in order to obtain the taylor series

. af  9%f anf
a) Obtain 37 , 55, .-+ = , .
b) Substitute x = a into f(x), % , %, 375

c) Put all of them into Equation @

Taylor polynomial with two variable,e.g., x and y. This is the example of two-dimensional Taylor series expansion as there are two variables in the
equation.
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uadratic approximation Cubic approximation
Pp! pp

The taylor series for two variables is very similar to that of one variable. The same method is used to find the series.
The Taylor polynomial approximates/expresses the part of the function around (z,y) = (a, b) using several polynomials.

The Taylor series expansion about the point at (z,y) = (a,b), where a and b are known constants, up to and including terms of degree three in
x—aand y —b (|z —a| € 1 and |y — b] < 1) is expressed as

flz,y) = (83)
O RRCRALALLC 1) M LA (A7) T
y==> y=b
1 2d2 , 82 ’
+5 ( —a)%x:a +2($—a)(y—b)%x:a
y="> Y=
2
+(y—b)wx:a
Y
y=>o
1 83 , 83 7
+a (m—a)3%x:a +3(m‘“)2(y‘b)$m:a
y==> Y=
83 s 83 ,
y=b b

In the end, in order to obtain the taylor series
a) Obtain d {fil? v)} ,d{fgl:m v)} and if you need the second degree, then obtain

Y
Pf(x,y) 8 f(x,y) f(z,y) *f(z,y)
Ox®  ° Oydx? ’ Oy20x = Oy3

d{f(z,9)} d{f(z,y)} &f(x,y) 8*f(z,y)
dz ’ dy odx? 0 Oydr

P fla,y) Of(xy) 0°f(xy) 8 f(z,y) & f(x,y)

83{2 T 9z3 7 Qydx2  Oy?20r T Oyd
c) Put all of them into Equation @)

d*f(z,y) 8 f(z,y) 9°f(z,y)

a2 oydr | 0P as well, and if you need the

third degree, then obtain as well.

b) Substitute z = a and y = b into
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VIII. KEY POINTS ON ORDINARY DIFFERENTIAL EQUATIONS
Key points

1) The solution of the equation % = f(z)g(y) may be found from separating the variables and integrating

[ sitn= [ sy (84

/ﬁdy:/f(az)dw

Procedure:

a) Allocate f(x) and g(z)
b) Calculate

2) When the differential equation can be written as % + P(x)y = Q(x) then the answer is
x
1
= P
y (@) {/ (x)Q(z)dxr + c} (85)

where

B(z) = ¢f (@) (86)
Procedure:

a) Allocate P(z) and Q(z)

b) Calculate A = /P(as)dac

¢) Obtain ®(z) = ¢*

d) Calculate B = [ ®(z)Q(x)dz

1
e) Obtain the general solution y = —— [B + (]

®(z)

f) Apply the condition to y = [B + ¢] in order to find out ¢ and thus the particular solution

Proof:

e
When we multiply % + P(x)y = Q(z) with ®(z), we get:
<I>(x)% + ®(z)P(x)y = ®(x)Q(x). Since,

ago@y _ L0

dx dx
dx

—¢ P(I)dﬂﬂp(m)

= ®(z)P(z),

2(2)Q(x) = o)1} 1 o(@)P()y
EPRCIC BIUE S

dx
_ d{y®(@)}
dx
because % + P(z)y = Q(z) and % = ¢(z)P(x).
When we integrate w = ®(x)Q(x) with respect to z,

/dez/@(w)@(m)dm
. y¢

(z) = /@(x)Q(m)dw +e

@(13:) V@(@Q(x)dm + c]
d

Sy =

{y} _
g =1

/%z/idw:lnx—!—c (87)
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3) When f can be written as a function of y/x £ 2, the solution of the equation y/x) may be found as



Procedure:
a) Find f(%)
b) Calculate

¢) Set In(z) + ¢ = g(z)

/% £9(2)

d) Replace z with Y 50 that In(z) 4+ c = g(%) is the answer
T

Proof: y/x £ z can be written as y = zx. Thus

diy} _ diz} d{fv} d{z}
de ~  dz dz + 2. Thus
d{z}+2—f(Z)
xM =f(z)—=
L —dx = _ z
2= =5

/ dzf/fd:vzlnx+c
f(z)—=z x

4) When the differential equation can be written as f(z,y)dz + g(x,y)dy = 0 and if

d{f(z,y)} _ dig(z,y)}
dy dz ’

then there is a function U(x,y) which satisfies

dU (z,y) = 0 gives

dU(z,y) = d{Uéjy)}dx-i- d{UC(l;z:/,y)}dy

= f(x,y)dz + g(z,y)dy =0

Uz,y) =

which is the answer. In order to find U(z,y), we first perform

then we find h(y) from

The alternative approach to obtain U(z,y) is

Ulz,y) = / f(z,y)dz + h(y)

d{U(z,y)} _ d{J (@ y)dz +h(y)}
dy dy
= g(x,y)

Ule,y) = / " fy)da + / 9(z0,y)dy

where zo and yo are arbitrary constants. Please be aware of g(zo,y) which is not g(z,y)
zo and yo can be added into ¢ in Equation (90) as they are arbitrary constants.

Procedure:

a) Allocate f(x,y) and g(z,y)
b) Confirm

x Yy

d{f(z,y)} _ d{g(z,y)}
dy dx

c) Apply / f(z,y)dx +/ 9(@o,y)dy = c
d) Merge all’the terms which have zo and yo

Proof: Let’s assume there is a function

When you calculate f;o f(z,y)dx, you assume y is a constant and let it be yo. Thus we can write

In the similar way we can write

V) = [ fwde+ [ gGeo, )iy =

/f(wyy)dwE/f(%yo)dwéF(%yo) @

/ o(@o,v)dy £ Glzoy) O
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diy}
dx

=fly/z)=f

(2) can be written as

(88)

(89)

(90)

on

92)

93)



5)

By putting @ and ® into @, we get

U(z,y)
= F(z,y0) — F(z0,%0) + G(20,y) — G(z0,90) =¢c @

Since U(z,y) = c from @, we can write

dx dy
Using @, we obtain A{U(,y)} and d{U(z,y)} as follows:
dx dy
d{U(z,
0] SR
d{U(z,
d{U(wy)} ((iz v} =g(zo,y) @
By putting ® and @ into ®, we get
AUyt ,, , d@y},
dx dy

= f(z,yo0)dx + g(xo,y)dy =0  ©

Now since

d{f(l',yo)} _ d{g(ﬁﬂmy)} _
dy - dx (=0) @

we can conclude that @ satisfies ® and @. In other words, when ® and @ are given, we can say @ is valid.
The solution of Jean Bernoulli equation

d a
Wy =gy @0 94)
is obtained by solving
Y
Y 41— ap@)y = (1 - a)gla) ©5)

where

Yy =47 (96)
In other words, Y ( = yl’a, be aware that this is not y but Y'!!) is obtained from
Y = ﬁ [[ ®(z)Q(z)dx + c] where ®(z) = o/ P2 and P(z) = (1 — a)p(z) and Q(x) = (1 — a)g(x). The steps to the solution are:

a) allocate p(z) and q(z)
b) identify the value of «
¢) allocate P(z) = (1 — a)p(x) and Q(z) = (1 — a)q(z)

d) calculate | P(x)dx
e) calculate ®(z) = ¢/ P(@d®

f) calculate '~ = L [/(I)(x)Q(x)dx +d

®(z)
Proof:
% +r()y = q()y”
y*“% +p@)y-y " =q(x)
y’“%g} +p(z)y' " = q(x)
Since

d{y'™*} _d{y'"""} d{y}
dx dy dx
gy
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we can manipulate the equation as follows:

Wy eyt = 4t

1 - o . {Zx " px)y' ™" = q(=)
W - ('™

= (1 - )a(x)

. %5{;} + (1 —a)p(2)Y = (1 - a)q(z)

The answer can be obtained from Equation (83) where

6) Clairaut type

A d{y}
i T\
can be solved as follows
a) Allocate f ( })
b) Write down tge general solution of
=az+ f(a)
which is the answer!. State a is a constant value.
c) Differentiate
y =az + f(a)

d)
e

with respect to a
Express a as a function of z, let’s say a = g(x)
Insert a = g(z) into the general solution to get a particular solution of

y=x-g(z)+ f(g9(z))

Proof:

dz dx .
oty V)

d{y}

oy U i)y {5
=—F+x5+

da da? { d{y} } da

d{y}+ dx2+ d{y} | da?
i,
0=a57+ a{diy}} o
o (CE )}

0=|a+ e 2y

Thus we obtain

or

en)
98)

99)



7

d2
From ¢y _ 0 we obtain
dx?

where a and b are the arbitrary constants. Substituting y = ax + b and

Therefore

is a general solution with an arbitrary constant of a. Furthermore, when we take the differentiation of the equation with respect to a, we get

We solve the equation for a. Let’s assume a = A(z) satisfies = +

d?y

Sy
d{y}
S
’ dz -
B [CAL] SR

.'./d(%):/ﬂdx

cd{y} _
L =a
Sdy=a-dz

,’,/dy:/a»dx
SLy=axr+b

d{y} d{ax+b} u
Cde dx -
d{y}
dx

Lax+b=z-a+ f(a)
sb= f(a)

y=az+ f(a)

Oy} _ dfas+ fla)}
da da
o= 2o 0/}
0{f(a)}
0

0=+ —
a

9{f(a)}
0

y = ax + f(a) to obtain a particular solution of Equation (101).

In order to solve second order differential equations

where v, w are the constant values,

y=A(x) -z + f(A(z))

Py Ay}

In2 1 Twy=r@),

a) Production of an auxiliary equation by forcing r(z) to 0

By substituting

dzy 2 d{y} 0
S92 24Wr =\=1
dz? A dx Ay =A

into the original original equation, forcing r(x) to zero, we solve the auxiliary equation of

and we obtain the answers A = « and f.
b) Set complementary function as follows:
i) « and (3 are real and «a # 3
Set the complementary function Y7 (z) as

M+od+w=0

Yi(x) = ae™ + be’®

where a, b are constant value which is found from the initial condition.

i) a and (3 are real and o = 3
Set the complementary function Y7 (z) as

Yi(z) = ae™ + bxe®”
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= a into the original equation, we get

(100)

= 0. The resultant expression of a using x, which is A(x) is put into

(101)

(102)

(103)

(104)

(105)

(106)



iii) « and 8 are complex numbers and p & 3q (where p, g are real)
Set the complementary function Y7 (z) as

Yi(z) = ¢’*(acos gz + bsin qx)

¢) Check the characteristics of r(z) and set the particular integral
i) r(z) is proportional to ¢°®, where c is a constant value

A) a#cand f#c

Set the particular integral Y>(zx) as

Ya(x) = ge™*
where g is a constant value which is found from Equation (T02).
B) a=c
Set the particular integral Y>(x) as
Ya(z) = gae”

where kis 1or2or3 ...
ii) r(zx) is nth order polynomial
A) a#0and 5 #0
Set the particular integral Ya(x) as

Va(@) = 3 gma™
m=0

where g, is a constant value which is found from Equation (T02).
B) a=0
Set the particular integral Y>(x) as

where kis 1 or2or3 ...
iii) r(x) is in the form of P(x)e” where P(z) is the nth order polynomial.

A) a#cand 8 #¢c
Set the particular integral Y2(x) as

Ya(w) = ¢ (Z gmmm>

where g, is a constant value which is found from Equation (T02).
B) a=c
Set the particular integral Y>(x) as

Ya(z) = ¢Sk <Z gmxm>
m=0

where kis 1or2or3 ...
iv) r(x) is the combination of cos wz and sinwz

A) a# t+jw and 8 # tyw

Set the particular integral Y>(x) as
Ys(z) = gcoswx + hsinwz

where g and h are constant values which is found from Equation (T02).

B) a=+jw
Set the particular integral Y2(x) as

Ya(z) = ¥ (g coswa + hsinwz)

where kis 1or2or3 ...
v) r(z) is the combination of ¢” coswz and ¢°® sin wx

A) a#ctjywand f#ct jw

Set the particular integral Y2(x) as
Ya(x) = (g coswz + hsinwz)

where g and h are constant values which is found from Equation (102).

B) a=ctw
Set the particular integral Y2(x) as

Ya(z) = ¢ (g coswa + hsinwz)

where kis 1 or 2 or 3 ...
d) Find the constant values g and h by

EYo(w) | d{Ya(z)}

e . + wYa(x) = r(z)
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(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)

117)

(118)



e) Get the general solution of The general solution is y = Y1(x) + Y2(z) leaving a and b unknown.

f) Find the constant values a and b
d
Usually there are initial conditions for y(0) and Mh:o- Using these conditions, a and b are found.

g) The particular solution is y = Yi(z) + Ya2(x).
Summary Procedure of 2nd order ODE ﬁ +v {y} + wy = r(x)
a) Produce and solve an auxiliary equatlon by setting r(z) =0

b) Set the complementary function Y7 (x) with the unknown variables a and b
c) Set particular integral2Y2(:c) with the unknown variables g and h
d) Find g and h from d Y2§x) + vd{YQ(x)} + wYs(z) = r(z)
x T
e) Get the general solution y = Y1(z) + Y2(z) with unknown a and b
f) Find a and b using the initial conditions
g) Get the particular solution y = Y7 () 4+ Y2(z) with known a and b

8) Lookup table for 2nd order ODE

r(z) particular integral Y5(z)
a7 CPEC 5
e““La=c grFec”
mea: L # 0,640 > g™
m=0
S = # (32 g
m=0
“mex atcftc ¢ g™
m=0
cxzpmx a=c xkeczzgmwm
m=0
plcoswx+p2s1nwx aF#F Hw, B # Fw gcoswx + hsinwx
p1COSWT + po sinwr, o = +jw 2% (g coswr + hsinwz)
“prcoswr + pesinwzr),a # c+ gw, f# cE jw | e (gcoswx + hsinwz)
“I(p1coSwT + posinwe), @ = ¢ £ Jw 7%e (g coswr + hsinwz)
TABLE T

PARTICULAR INTEGRAL FOR THE SECOND ORDER ODE
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9) Summary for 2nd order ODE

, :@ Solution: Y =Y] + Y5

(1) Solve A2 + oA +w = 0 (2) Set Y5
1 Set Y1 r= ma Yy = gr+h
A= a,a =Y = ae“’ + bre™’ r=_ me — Yo = ge
A= a,f =Y = ae®T 4 pePr r= msnwr — Y= gsinwr+ hcoswr
A=ptyg =Y, = el(acosqr +bsingr) T'= me“sinwr — Yy = e“(gsinwx + hcoswr)
r=  mze’ —Yy= e“(gx + h)

3) Compafe Y7 and Y5
s/Are one or more terms in Y] the same a
one Oor more terms in

‘Yes No

Set Yo = x - ( any one of the values of Y5
stated above ) .
If the multiplication of z still doesn’t
differenciate the terms in Y7 and Y5 then use

22 instead of 2.

\ 4
(6) Find out a and b from initial conditions of (4) Find out g and h from
dy Yy dYs
(z,Y) aﬂf (ﬁ@) T U +wYy=r
{
(7) Get the particular solution of Y = Y] + Y5 he general solution of Y = Y| + Y5
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10) Summary for 1st order ODE

Equation type Procedure to follow

a) Allocate f(x) and g(z)
b) Calculate

d{y} _
g = J@9) /le)dy: /f(m)dx

a) Find f(%)
b) Calculate

dz N
by 7=

¢) Set In(z) + ¢ = g(z)
d) Replace z with % so that In(z) + ¢ = g(¥) is the answer

a) Allocate f(x,y) and g(z,y)

b) Confirm
d{f(z,y)} _ d{g(z,y)}
dy dx

g(z,y) « y
V) Apply/ f(w,y)der/ g(zo,y)dy = ¢

d) Merge aﬁothe terms whicﬁohave o and yo

a) Allocate P(x) and Q(x)
() b) Calculate /P(a:)d:v
Y
de —P(z)y + Q(z) ¢) Calculate ®(z) = ¢/ F(®d

d) Calculate y = ﬁ {/d)(w)Q(m)dm + c}

a) allocate p(z) and q(z)
b) identify the value of «
¢) allocate P(z) = (1 — a)p(x) and Q(z) = (1 — a)q(x)

d a
% = —p(q;)y+q(x)y d) calculate /P(lf)dflf
e) calculate ®(z) = ¢/ P(@)de
11—« 1
= P
f) calculate y () [/ (2)Q(z)dz + (]
a) Allocate f(&;{})
b) Write down tflle general solution of
y = az + f(a)
which is the answer!. State a is a constant value.
d{y} _Yy + lf <d{y}> c) Differentiate
dx x x dx y =az+ f(a)

with respect to a
d) Express a as a function of z, let’s say a = g(z)
e) Insert a = g(z) into the general solution to get a particular solution of

=z -g(x)+ f(9(x))
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A. DAYI

1) DAY1
2) Evaluate

3) Evaluate

4) Draw the vectors @ = 6% and b = 2j.

Then find and draw
a) a+b

b) a—b

5) f p=9i— 75+ 5k and g = —8¢ + 35 — 2k express

IX. EXERCISES ON VECTORS
vectorall.tex

(67 + 5

V(=6)2 +52 = /36 + 25
=61

8- (-9 +12-(2) - (=1)-(3)

8- (—4)+12-(2) = (=1)- (3)
= 3242443
=5
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a) p+ q in terms of 4,5, and k

9 -8
p+tg=| -7 |+ 3
5 -2
9-8 1
= —-7+3 | = —4
5—-2 3
Therefore p+q =1 — 45 + 3k
b) p — q in terms of 2,7, and k
9 -8
p—q=| -7 |—| 3
5 -2
9—(-8) 9+38 17
5—(-2) 5+2 7
Therefore p — q = 17¢ — 105 + 7k
6) Sketch the position vectors
p=3i+4j5
and
q=—-21+5j
and
r=-31—2j
and find the modulus of each of the vectors.
(_27 5)
(3,4)
q p
T
r
(_37 _2>

pl= V3 +42=10116=v25=5
lal = /(=2)? + 52 = V4 + 25 = V29
Ir|=(=3)2+(-2)2=v9+4=+13

7) Draw the vectors 42 and 55 and, by translating the vectors so that they lie head to tail, the vector sum 42 + 5.
Y Y

4
x x

8) Answer the following set of problems

a) Draw an xy plane and show the vectors
p=2i+ 33

and
q=>5i+j
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YH

b) Express p and g using column vector notation.

- (3) (1)

c) By translating one of the vectors, show the sum p + g on an zy plane.

d) Express the resultant p + g in terms of ¢ and j

(2 5\ (245 (7
pra=(3)+(1)-(325)- (1)
Therefore p+ q = 7i + 45

9) State the position vectors of the points with the coordinates
a) P(24.5)
p=0P =2 +4j + 5k

Z
Y
YV p=0P=2i+4j+5k
g
0 4
X
b) P(-1,5,3
p=0P=—i+5j+3k
¢) P(:2,-1,.4)
p=0P=—2i—j+4k
d) P(8,-4,-1)

p=0P=8i—4j—k
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>

PLox

\

p

— . .
p=0P =8t —473 —k
10) Consider the points R = (4,7) and S = (3, —3).
Find
a) and draw the position vector of point R.

‘l/ 43
e —

X
RN NI

—
b) the vector }% expressed in column notation
‘y
R
T
-
(0]
S

wn

RS = RO+ 08

— —OR+0$

() (4
()
()

11) Consider the vectors ¢ = 4¢ — 53 + 10k and d = —6% + j — Tk together with the scalar A = 3.
Find

a) ¢ — Ad expressed in terms of ¢, j and k

4 —6
c—\d = -5 -3 1
10 -7



b) the magnitude of c

¢) a unit vector parallel to ¢

4 3. (—6)

- =5 || 31
10 3.(=7)
4 ~18

= =5 |- 3

10 —21

|
6
()
)

10 — (—21)
22

=| -8

31
=22 — 85 + 3

le| = /42 + (=5)? + 102

= V16 + 25 + 100
= V141
A= =1 455410k
le| V141

12) Point P has coordinates (7, —4, —2). Point @ has coordinates (—2, —5, —1)

a) State the position vectors of P and @

b) Find an expression for ]@

Or alternatively,

¢) Find ‘@’

Since

p="Ti—4j — 2k
g=-2i—5j—k

PO
—PO+0
= -0P+00

=-p+q

~(2)+(2)
()

=-9%—j+k

PO
—PO+0O
= -0P+00

=-p+gq

= —(7i — 45 — 2k) + (—2i — 55 — k)
= _Ti+4j+2k—2i—5j—k
=(=T—2)i+(A-57+ 21k
= (=7T=2)i+ (-1)j+ (k
=-9i—j+k

PO = -9 —j+k,
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PG

=92+ (-1)2+12
=V8l+1+1
= V83
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B. DAY2
13) Simplify

28 .98
— 28+8

_ 216
14) Simplify

3z +2y—z+t(Te+5y+ 2z — 3z + 2y — 2))

3x+2y—z+t(Te+5y+2— (3 + 2y — 2))
=3z+2y—z+t(Te+5y+2—3x— 2y + 2)
=3z 42y — z+t(4x + 3y + 22)

=3z + 2y — z + 4tz + 3ty + 2tz

= z(4t +3) + y(3t +2) + z(2t — 1)

15) Evaluate

9—7(12 — 5%)

9—17(12 — 5%)
=9 —7(12 — 25)
=9-17(-13)
=9+7-13
=9+091

=100

16) Find the angle between the vectors
p=-3t—J+2k

and
gq=21+3j+k
-3 2
p = —1 7q = 3
2
-3 2
-1 . 3
2 1
=(=3)-2+(-1)-3)+(2)-(1)
=—6-3+2=-7
On the other hand
p|
= V(=3P + (-1 +2°
=vV9+1+4
=14
gl
= VP B2+ 1
=vV4+9+1
=14
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Therefore

p-q=1p|-lg| cosf

s —T7=+14-V14dcos®

o —T7=14cos@
. =7 _ l4cosf
14T 14
.'._7:(:059
2r
S0 =120° = —
3
17) Find¢-¢2and ¢-3 and ¢ - k
Z
Y
A
1“
kLI, | X
. 1

|| - |2] - cos 0°
—1-1-1
=1

i-j
= |¢| - |j] - cos 90°
=1-1-0

=0

i-k

= |3| - |k| - cos 90°
=1-1-0

=0

18) If
p=Ti+8j—k

and
qg=—-1+25+3k

find the scalar product p - q

p=Ti+8j — k

qg=—1+27 +3 k
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7T-(=1)+8-(2)+ (-1 3)
=-74+16-3=6
g
(p-q=0)
L
P
D

(p—2q) (3p+5q)

=3p-p+5q-p—29-3p—29-5q
=3lp|* +5¢-p — 64 - p — 10/g’

20) Points R, S, and T have coordinates (—4,0,—1), (5,3,
Find
a) the scalar product }% . R?‘ .

=3lp|> —q-p—10/q|
=3|p|* — 10|q|®
("p-q=0)

—5) and (2, —7, —3) respectively.

62



.ﬁﬁﬁ_<i)<%>

=9.6+3-(=7)+(—4) - (-2)
=54 21 +8=41

b) the vector product }@ X }ﬁ"}

-4 -2
3 -7,
wwwt=| 8 T
4 -2
|
9 6
+‘ 5 o ‘k
={3:-(-2) = (-4)- (-7}
+{(=4)-6-9-(-2)}j
+{9-(-7)—3-6}k
= {—6—28}i
{24 - (-18)}5
+{—63—18)}k
= —34i — 65 — 81k

c) the angle between the vectors ﬁ and ﬁ

.'.ﬁ-ﬁz‘ﬁ’~‘ﬁ‘-cos€
.41 = /106 - V/89 - cos 0

: 471 = cos @
" V106 - V89
_ 41 .
0 =cos ' ———— = 1.12363radians
. V106 - /89

21) Find a vector which is perpendicular to both of the vectors
c=>5i+j—3k

and
d=1—4j5 — 6k.

A vector which is orthogonal to cand d is ¢ x d.

63



Thus

ecxd

o4,
| -3 -6
-3 -6

T
5 1

+\ 0 4‘;@

={1-(=6) = (=3) - (-4)}i
+{-3-(1)=5-(-6)}j
+{5-(—4)—1-1}k
={-6—12}
+{-3+30}j

+{-20 -1}k

= —18i+27j — 21k

22) Points P, @, and R have coordinates (9,1, —2), (3,1,3), and (1,0, —1) respectively. Find @ X ﬁ

PG
=PO+0
~ 0P +0Q

~()(0)
(1)
(7)

5 1
Thus

PG x PE
o =1,
‘5 1|

5 1
| % Ll

-6 -8
ST e
={0-(1) —(=1)-5}2
{5 (=8) = (1) - (6)}3
+{=6-(=1) = (=8)- (0)}k



={0+5}i
+{—40 + 6}j
+{6+ 0}k

= 5i — 345 + 6k

23) Evaluate the vector product p X q if
p =3t — 25+ 5k

and
q="Ti+45 — 8k

Thus

37

‘ —2 4
={-2-(-8)—4-54
+{5-(7) = (-8)-3}j
+H3-(4) = (1) (-2)}k
= {16 — 20}i
+{35 + 24}
+{12 + 14}k

= —4i + 595 + 26k

24) Find the vector product of

p=-21—33
and
q=41+ 73
—2 4
P = -3 4 = 7
0 0

—
b~}
Q
S—
Il
/N
|
S v
o =
\_/
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Thus

25) If
and

find p x g and g X p

Thus

P Xq
_ ‘ =3 7,
0 0
0 0
+' o ’.7
9 4
+ 57x
— {-3-(0)—7-0}i
+{0-(4) = (0)- (=2)}5
H=2-(7) = (4)- (=3)}k
— {0}i
+{0}5
{14+ 12}k
— ok

p=i+2j+3k

q = 4i + 35 + 2k,

p=t+2 7 +3k

4

pXxXq
_|2 3],
T3 2
3 2.
|1
1 4
| sl
={2-(2)-3 3}



{3 ()~ (1) ()}
+H1-(3) — (2)- (4)}k
={4-9}

+{12 — 2}j

+{3 -8}k

= -5t + 105 — bk

Thus

_l’_

={3-(3)—2-2}i
2 (1)~ (@) (3))
+H4-(2) = (1) 3}k
={9—4}
+{2 —12}j
+{8 -3}k
=5i — 105 + 5k

26) Find a vector which is perpendicular to both of the vectors
p=1+25+7k

and
qg=1+7 —2k.

Hence find a unit vector which is perpendicular to both p and q.

p=t+27 £/ k

qg=t+3 2k

A vector which is orthogonal to p and g is p x q.



Thus

In order to get the unit vector, we need the modulus of

Thus the unit vector is

27) For the vectors

and

evaluate both p x (¢ X r) and (p X q)

Thus

X r.

pxq
21|,
_'7 -2 |"

7T -2
aH
NERL
—{2-(~2) - 17h
H7- (1) = (=2)-(V}d
H1-(1) = (1) - (2)}k
={-4- T}
+H{7+2}j
+{1 -2}k
= 115 + 95 — k

112 492 4 (—1)2
=v121+81+1
=203

—11i+95 — k
v/203 ’

p=4i+2j+k
q=1i-2j+k,

r=3i—3j + 4k,

[\3

S (4) -
(3)— ()1}
3) — (3) (~2)}k
={-8+3}i
+H3-4}j
+{-3+6}k

{1
+H1- (=

68

—114% + 95 — k. The modulus is



Thus

= —5i—j+3k

()

1 3
px(gxr)
2 -1,
11 3 |t
1 3 |.
+'4_5]g
4 =5
+‘2 _1‘14

={2-3)—(-1) 1}
+H1-(=5)=(3)-(9)}j
4 (-1) = (=5) - (2)}k
={6+1}i

+{-5—12}j

+{—4+ 10}k
=7i—17j + 6k

4
tlo
={2-(1) —(-2)-1}¢
H1-(1)=(1)-(4}s
+4-(=2)-(1)-(2)}k
={2+2}:
+{1—4}j

+{-8 -2}k

=4i— 35 — 10k

()

+
\_2

L
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+{-10-

+{4- (-3

(3)—(4)-4}i
)= (3) - (=3)}k
= {-12-30}i
+{—30 — 16}
+{-12 49}k

= —424 — 46 — 3k

Thus, in general, the vector product is not associative.
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C. DAY3
28) Solve the following equation for 6.

6 = 12cosf
6 = 12cos @
: E—cos@

12

1

.'.§:cost9
1 T
-0 = -1( = ———
oL cos 2) 3

29) Expand and simplify
(p—3q) - (2p — 8q)

(p—3q) - (2p — 8q) = 2p” — 8pq — 6pq + 24¢°
= 2p° — 14pq + 24¢°

30) Calculate the area of a triangle which has a base of 12\ and a height of 8.

1
A=)

— Laar.sy

[\]

_ %(9@2)

96X
)
= 48)\°

31) Evaluate
(=2)* 4+ 4|7 —4(4 - 7)|

(=2)* + 4|7 — 44 -7)]
=16 + 4|7 — 4(=3)|
=16+ 4|7 + 12

= 16+ 4[19]

=16+ 76

=92

32) Simplify
(CSdS)(CSd4)
—5c°d°

(CSdS)(CSd4)
—5c%d?
ST+

- —5td?
Ad”
- 5847
A673
-5
Adt
-5

33) Simplify
15p — 2(6p® — 15p + 24) + 8p° + 20
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15p — 2(6p” — 15p + 24) + 8p* + 20
= 15p — 12p° + 30p — 48 + 8p* + 20
= 45p — 4p* — 28

34) Solve the following equation for t.

(4—6t)- (—2) +21s-0+4t-6 =0

(4—6t)- (—2)+21s-0+4t-6 =0
8412t 424t =0

.36t —8=0
.36t =28

8

St= o

36

_2

)

35) Simplify

/N /N
= = =] =
cn‘w m‘w
S~ —
nN [ V)
+ +
/N VRS
&l oo Gl oo
S~ —
N [ V]

T
152 15°
12% + 82

Il
—
W~
— =
| | <y
D
=~

[\)
o
[o%9]

N[ —
(el NG
o] w

36) Simplify

1 —-1+4 1 3s 1+ 3s
= 4 +s —4+42 = 4 +s 72 = + —2s = 4 — 2s
—2 2—-3 —2 —1 -2 —S —2—s

4

+ 2

2 -3
1
4

37) Find the vector equation of the line passing through P(9, 1,2) and which is parallel to the vector (1,2, 3). Furthermore find the Cartesian equation

of this line.
We assume t is a variable number. When » is on the line in question, » goes through p with the direction of (1, 2, 3).

9 1
r= 1 +t| 2
2 3



T

In Cartesian coordinates, r can be expressed as | vy |. By substituting
z

X
r= Y
z
into the equation above,
T 9 1
y | =1 ]+t
z 2 3
This can be re-written as
T 9 1
y | - 1 =t
z 2 3
Thus we obtain
r—9=t
y—1=2t
z—2=23t
These can be re-written as
r—9=1t
y—1
z = t
2
z2—2 .
5 =
By removing ¢ from these equations,
0= y—1 =2z-2
2 3

38) Write down the vector equation of the line which passes through the points with position vectors
p=3i+2j—k
and
q="Ti+5j+k

. Also express the equation in column vector form.
We assume ¢ is a variable number. When r is on the line in question, » goes through p or g with the direction of

PO
—PO+0
— 0P +00

=-pt+q

r:p+t1@

=p+t(-p+q)
=p+t(-p+q)
=3i+2j—k

+t(7i + 55 + k — (3i + 25 — k))
=3i+2j—k

+t(7Ti + 55 +k —3i — 2 + k)
=3i+2j—k
+t((7T=3)i4+ (5—2)j + (1 + 1)k)
=3i+2j—k
+t(44 + 35 + 2k)

Thus using the variable ¢,

Using column vector notation, this can be re-written as

3 4
r= 2 +t 3
-1 2
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39) Write down the vector 1@ joining the points P and @ with coordinates (3,2,7) and (—1, 2, 3) respectively. Then find the equation of the straight
line through P and Q.
We assume t is a variable number. When r is on the line in question, » goes through p or g with the direction of

PO
—PO+0
- _0P+00

=-pt+q

r=p+ t}%
=p+tq—p)
p+t(g—p)

=3i+2j+ 7k

+t(—i + 2§ + 3k — (3i + 25 + Tk))
=3i+2j+7k

+t(—i +2j + 3k — 3i — 2j — k)

=3i+2j+7k

(=1 = 3)i + (2 — 2)5 + (3 — T)k)
=3i+2j+ 7k

+t(—44 — 4k)

Thus using the variable ¢,

Using column vector notation, this can be re-written as

The vector PO is —4i — 4k
40) There are four points A(1,0,0), B(0,2,0), C(0,0,3) and D(2,2,3). The point P divides AB internally in the ratio s : (1 — s). The point @
-1
divides PC internally in the ratio ¢ : (1 —t). A line [ is parallel to v = —1 |, passing through D. Find s and ¢ when @ is on the line [.
-1

OP 2 pis expressed using OA 2 a and OB 2 b as follows:

.p=a—sa+sb
.p=a+s(—a+b)

1 1 0
p= 0 +s | — 0 + 2
0 0 0
1 —1 0
p= 0 + s 0 + 2
0 0 0
1 -140

p= 0 | +s 0+2

0 0+0

1 -1

p= 0 + s 2

0 0

1 —1-s

.p= 0 + 2.5

0 0-s

1 -5

.p= 0 + 2s

0 0

1—s5

p= 0+ 2s

040

1-s

p= 2s

0
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In the similar manner, 00 2 g is expressed using OP 2 p and OC' £ ¢ as follows:

g=(1-t)p+tc
.gq=p—1tp+tc
gq=p+t(-p+c)

1-s

.q = 2s

0

1-s 0

+t | — 2s +1 O

0 3

+t —2s +1 O

—1+s
+t —2s
3
1—s (—=1+s)-t
C.q= 2s + —2s-t
0 3-t
1—3s —t 4+ st
C.q= 2s + —2st
0 3t
1—s—t+st
S.q= 2s — 2st
043t
1—s—t+st
S.q= 2s — 2st
3t

Q
I
—
o ¥ |
vV
~ S — T T~~~ T~ ~—

Using an arbitrary variable u, the line I can be expressed as

O?Jruv

2 -1

= 2 | +ul -1

3 -1

2 —u

=| 2 |+ —u

3 —u

2—u

= 2—u

3—u

Since Q is on the line I,

1—s—t+ st 2—u
q= 2s — 2st = 2—u
3t 3—u
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Now we obtain three equations for three unknown variables.
l—s—t+st=2—u
2s —2st=2—u

IHt=3—-u
Using these three equations, first we remove u as follows:
2s — 2st = 2—u
-) 3t = 3—u
2s—2st—3t = 2—u—(3—u)
2s —2st — 3t = 2—u—3+4+u
2s —2st — 3t = -1
and
1—s—t+st = 2—-u
-) 2s — 2st = 2-u
l—s—t+st—2s+2st = 0
1—3s—1t+ 3st = 0

Second, using 1 — 3s — ¢t + 3st = 0 and 2s — 2st — 3t = —1 we remove s as follows.
1—-3s—t+3st=0
Ss(=343t)+1—t=0
So8(=34+3t) = -1+t
When -3+ 3t =0, 3t = 3,ie,t = 1. Whent = 1 is put into 2s — 2st — 3t = —1, 2s — 2s — 3 = —1i.e., —3 = —1 which is incorrect. Thus
t # 1. Thus we can divide s(—3 4 3t) = —1 4+t by —3 + 3t.

=14t
R YR
1+t
3(—1+1)
14t
3(=1+1t)

1
.S—g
Substituting s = + into 2s — 2st — 3t = —1, we get
1 1
z-g—zt-g—&_—l
S 2—-2—3t-3=-1-3
S 2-2—9t=-3
=11t =—-3-2
=11t = -5
5

a 11
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D. DAY4
41) Solve the following simultaneous linear equations

and

®x6

Sub s = 13—1 into ®

42) Solve the following equation for t in terms of c.

25 —=3t=9 @

35— 18t =21 ®

12s — 18t = 54 ®
3s — 18t =21 @)

9s = 33
s= 33
)
_u
3
11
2(=) —3t=9
(5)
22
2 3t=9
3
22
2 9=3¢
3
22 27
e Y
33
-5
=2 =3t
3
-5 1
L2 x - =t
3 3
-5
e
9

75+8<674t)+(3+02)t:0

14

48 — 32t
.'.—5-&-%—!—31&—!—0215:0
.~.—5+w+3t+c2t:0

. 24 16 2
R I R R

2p

ST st Sttt =0
11 5

— =424 =0
7tz Tt
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43) Simplify

44) Solve the following equation

45) Solve the following inequality

46) A line [ is parallel to p =

2
-3
—1

re(r+3)+r-(r—=1)+(-r) - (—r+5) = 37‘2(3r2+6)-§
V3
r-(r+3)+r~(r71)+(fr)~(fr+5)=\/m-T
r2+3r+r2—r+r2—5r:\/m-§
3 3 = ARG 10 L

2 2 - r2(3r2
%-(ST —3r) = 1/3r2(3r2 +6)

2 2 L a2a2
(ﬁ~(3r —37‘)> =3r"(3r" 4+ 6)

(\%)2 - (3r® = 3r)* = 3r3(3r* + 6)

. ((37"2 — 37")(37’2 —3r)) =

(9r* —187% 4+ 9r%)
4r°(3r* —6r +3) =

r

3
3r?
3

( )
( )
12r%(r? — 2r 4+ 1) = 3r2(3r + 6)
( )

3r?(3r® + 6)

12(r° = 2r +1) = 3(3r> + 6
1272 — 247 + 12 = 9r% + 18
3rP —24r —6=0

rP—8 —2=0

8 —2(1+7z) — 6(—7 — z) = 36

8 —2(1+7z) — 6(—7 — x) = 36
- 8—2— 14z +42 4 61 = 36
o =14z + 62 = 36 — 8 + 2 — 42

c.—=8xr =—12
_-12_3
T -8 2

243x—-1)< —2x+4

243(x—-1)< -2z +4
S 243x—-3< 2x+4
cS3r+2r<4—-2+43

S5 < b

Lr<l1
2
, passing through A(4,0, —2). A line m is parallel to g = 1
3

, passing through B(0, a, —4). Find a when

[ and m are crossing each other, the Cartesian coordinate of the crossing point and cos 6, where  is the angle of I and m (0 < 6 < 7).
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Using an arbitrary variable s, the line I can be expressed as

071 + sp
4 2
= O + s —3
—2 -1
4 2.5
= 0 + —3-s
—2 —1-s
4 2s
= O + —35
—2 -5
4+ 2s
= 0—3s
—2—s
4+ 2s
= —3s
—2-—s
Using an arbitrary variable t, the line m can be expressed as
O? +tq
0 2
= a +t 1
—4 3
0 2.t
= a + 1-t
—4 3.t
0 2t
= a + t
—4 3t

[en]
+
[N~}
~
N~ — T~

When [ and m are crossing, there exists s and ¢ which satisfy

4+ 2s 2t
—3s = a+t
—2—35 —44 3t
From this, we obtain the following 3 equations:

44 2s =2t
—3s=a+t
—2—s=—-4+3t
cL—s=—243t
SLs=2—-3t
Using the first and third equations, we can obtain s and ¢. s = 2 — 3t is substituted into the first equation:

442s=2t

SLA+2(2-3t) =2t

SA+4—-6t=2t

S8 =2t +6t

S.8=28t

Sl=t

Substituting ¢t = 1 into s = 2 — 3¢, we obtain

§s=2-3-1=2-3=-1
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By substituting (s,t) = (—1,1)into —3s =a + ¢

—3s=a+t

=3 (-1)=a+1
S3=a+1
S3—1=a
La=2

44 2s
—3s
—2—3s

4+2-(-1)
- -3¢y
—2—(-1)

Thus the Cartesian coordinate of the crossing point is

Since cosf = %, we first find p - ¢ and the modulus of p and q.

(3)(0)

=2-24+(-3)-1+(-1)-3
=4-3-3=-2

Ip| =22+ (=32 + (-1)2=vV4+9+1=V14
lal =22+ (1)2+(3)2=V4+1+9=V14

Therefore

pP-q
Ip| - |q|
-2

Vv14v/14
—2
T4
-1
=—<0
- <
0 we can get from cos§ = —1/7is w/2 < 6 = 1.71414 < 7. However we need to find 8 which is 0 < # < «/2. When 6 is an angle of two
lines, = — 6 is also the angle between two lines. Therefore we need

m— 0 =3.14159 — 1.71414 = 1.427448758

cosf =

radians.
47) There are three points A(—1,1,1), B(1,—1,1), C(1,1,—1). Prove that the triangle ABC is the equilateral triangle. Find a unit vector 7o which is

orthogonal to zﬁ and A
First we find out AB, BC, AC to find the length of AB, BC, AC.

AB
— A0+ 0B

_OA+0B
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The modulus of these three vectors are calculated as follows:

|AB| =

Thus [AB| = |AC| = |BC).

. Solution 1 Since & L AB and A L AC , 7 is parallel to AB x AC.Thus first we find AB x AC.

(7 m):(fz 3)

0 —2
.-.@xﬁ:’—Q 0 |
0 —2

0 -2

et



2 2
-2 0
= 4i + 4 + 4k

+| *

The modulus of 43 4 45 + 4k is v/42 + 42 4+ 42 = 4+/3. Thus

di+4j+4k  i+j+k
43 V3

A=

p
. Solution 2 When we define 2 2 | ¢ | where |2 = p? + ¢% + % = 1 (- @ is a unit vector), 7 satisfies 2 L AB and 7 L AC.Thus

AL AB

p 2
q . -2 =0

r 0
C2p—294+0-r=0
.2p—2q=0
C.2p=2q
Sp=gq

and

A L AC

p 2
q . 0 =0

r —2
S 2p+q-0—-2r=0
S 2p—2r=0
C.2p =2r
Sp=rT

We now find p = g = r. Since
P +r=1,
by substituting ¢ = p,r = p into this equation,

p2+p2+p2:3p2:1
o2 1
) =3
1 1
=4/ =4+
p 3 73
Thus
p
n = q
r
p
= p
p
1
=p 1
1
1
1
=+ 1
V3 1)

48) There are three points A(1,0,0), B(1,2,0), C(0,2,2). A point P is on a line which goes through O and B. A point @ is on a line which goes
through A and C. PQ is parallel to 7.

a) Find a unit vector nn which is orthogonal to O§ and ﬁ and the x component of 7 is positive.

1
oB=| 2

0
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and

(1)

The vector which is orthogonal to OB and AC' is OB x AC which we find as follows:

Using
-1
(0B AC)=|2 2
0 2
we get
OB x AC
2 2.
“lo 2|*
0 2
S
+’;_21‘k

={2-(2)-(2) -0}
+O0-(=1) = (2)- ()}j
H1-(2) = (-1) - (2)}k
={4}i+{-2}j + {4}k
Thus we can get the modulus of O_B> X 1@ as
V4?2 + 22 + 42 = 6. Therefore the unit vector of O? X E is
46— 2§ +4k 2 —j +2k
6 N 3

Alternative method:
p
When we define n 2 | ¢ | where [n]? = p* + ¢* +r? = 1 (. 72 is a unit vector), n satisfies n | OB and & L AC. Thus

.
A-OB

)0

=p+2¢+r7-0
=p+2¢=0
S.p=—2q

- AC

(1) (7)

=—-p+2¢q+2r=0
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When p = —2q is substituted into —p + 2¢ + 2r = 0,
—p+2¢+2r=0
So—(—29)+2¢+2r=0
529+ 29+ 2r =0

SAq+2r=0
529+ r=0
Sor=—2q

By substituting r = —2¢ and p = —2¢ into
p2 + q2 + 7”2 —_ 1
, we get
p2 + q2 + 7”2 — 1
" (—20° + ¢+ (—29)° =1
A+ ¢+ 4¢P =1

.',9q2:1
2_ 1
9

1 1
cg=tyft =4t
1 \/; 3

Thus 7 is obtained as follows:

p

n= q

r

—2q

= q
_2q

2

= —q —1

2

1 2
= :|:g —1
2

Since z component of 71 is supposed to be positive,

R
n = 3 -1
2

b) Express O? and z@ using O-B) and zﬁ .

Since P is on the line OB,

where s is an arbitrary real number. Since Q is on the line AC,

00 = OA + tAC

BN
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= 0 + 2t
0 2t
1-t
= 2t
2t

where ¢ is an arbitrary real number. Thus 1@ can be expressed as

PG = PO +0G

— 0P +00
s 1—-t
= — 2s + 2t
0 2t
—S 11—t
= —2s + 2t
0 2t
—s+1-—t
= —2s+ 2t
2t

Since P} is parallel to 2, we can express P() using an arbitrary real variable u as PQ) — un

—s+1-—t 2

—25 4+ 2t =u —1

2t 2
—s+1-—t 2-u

. —2s+ 2t = —1-u
2t 2-u
—s+1—-t 2u

. —25 4+ 2t = —u
2t 2u

The above can be obtained using

OP = sOB
AG = tAC
2
1@ =u -1
2
2
PO=PO+00=—s0B+0A+AQ = —sOB+O0A+tAC =u| —1
2
From this, we can get three equations for three variables:
—s+1—t=2u
—25+2t = —u
2t = 2u
From the third equation of 2¢ = 2u, we get v = t. When we substituting v = t into the first two equations,
—s+1—-t=2t
—2s+ 2t = —t
Therefore
—s+1=2t+t
—2s =—t—2t
Therefore
—s+1=3t
—2s = -3t
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Now by adding these two equations:

—s+1 = 3t
+) —2s = -3t
—s+1-25s = 0
1—3s = 0
Thus

By substituting s = 1/3 into 2s = 3t

Since we found out ¢t = u = % we can now get m

= A0 + 00
—0A+0G
—OA + OA +tAC
— {AC

24C

"9
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E. DAYS5
49) Find a and c which satisfy

4—a+3c=0
—3—c+a=0
4—a+ 3c =0
+) —-3—c+a =0
4—a+3c—3—-c+a =0
14 2¢ =0
2c =—-1
c =-1/2
By substitutingc = —-1/2into =3 —c+a =0
—3—-c+a=0
1
—3—(—§)+a:0
1
.'.—3+§+a:0
2 1
—3-§+§+a—0
-2 1,
2 27T
-6 1
4.74‘54‘@—0
— 1
62+ +a=0
a=2
2
50) Find p and g which satisfy
0=1+g¢q
2p =3 —2q
p=-1+gq

From the first equation
0=1+¢g..—-1=g¢g
By substituting ¢ = —1 into the second and third equations:
2p=3-2-(-1)

p=-1+(-1)
Therefore
2p=3+2
p=—-1-1
Thus
2p =5
p=-2
In other words
p=>5/2
p=-2

Since these two equations give the different value for p there is no p and ¢ which satisfy those three equations.
51) Find p,q and r which satisfy
1+q=4dr @
3—2¢—2p=r @
—1l+q—p=-2r ®
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52)

In order to solve simultaneous equations by hand, the golden approach is to reduce the number of variables in equations. ® can be modified

as
q=4r —1 @

When we substitute @ into @ we obtain
3—2(4r—1)—2p=r
S3=8r4+2—-2p=r
S5 =9r—2p=0 ®
When we substitute @ into ® we obtain
—1+qg—p=-2r
S=14+4r—-1—p=-2r
S=24+6r—-p=0 ®
® is re-written as
p=—2+46r @)
By substituting @ into ® we obtain
5—9r—-2p=0
5 —9r—2(=2+46r)=0
b —=9r4+4—-12r=20

S9-21r=0
9 3
== =2 ®
ST=or =5 ®
By substituting ® into @ and ® we obtain
3 —-14+418
p + 6r + 7 7
3 12-7
=4dr—1=4--—-1= =
= 7 7
0
A line [ is parallel to I = 1 |, passing through the origin. A line m is parallel to m =
0

B IESAEN JISN

1
1

-1

, passing through (1,3, 0). The point A is on

the line [. The point G' moves on the line m and at the point B, the length of |AG| becomes minimum. The point C' is on the line m. The point
F moves on the line [ and at the point D, the length of |C'F'| becomes minimum. Find the Cartesian coordinate of A and C and the length of AC'

when A =D and B = C.
A point A on the line I can be expressed as

o

OA=a

S =

where a is an arbitrary variable.
A point F' on the line [ can be expressed as

o

S W=

e ~ - N N——
[J—
—_

OF = f

—_

where f is an arbitrary variable. f becomes d for the point D.
A point G on the line m can be expressed as

OC: =

+9g

where g is an arbitrary variable. g becomes b for the point B.
A point C on the line m can be expressed as

[y

0C =

o w
+
o
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where c is an arbitrary variable.
Since |AG| is minimum at the point B, AB L m. This can be expressed as

zﬁJ_m
,‘zﬁ~m:0
.‘.(E—I-O?%m—o
.'.(*O—z>4+0?)~m70
0 1 1 1
((>+(3)+b< . ))( 1 >:o
0 0 -1 -1
()= 0)-Ca ) )
1-(—a) |+ 3 |+ 1-b . 1 =0
0-(—a) 0 —~1-b ~1
o) (- Ca)) ()
—a |+ 3 |+ b . 1 =0
0 0 —b -1
(( 0+1+40b )) ( 1 )
—a+3+0b . 1 =0
0+0-b -1
() ()
—a+3+0b . 1 =0
—b -1
S1-(140)

+(=1) - (=b) =0
S l4b—a+34+b+0=0

S4—a+3b=0
Since |C'F| is minimum at the point D,@Ll.
D L1
~CD-1=0
- (CO+0D) 1=0
- (~OC+0D) 1=0

I I
o o

Il
o

Il Il Il
=) o o

Il
o

e N~~~ o~~~
Il
o

H O, O OO OO OF O OO OO O, O OFO

s
~
o
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+(=3—c+d)-1

4+c-0=0
S=3—c+d=0
when A = D and B = C, the two equations
4—a+3b=0
—3—c+d=0
can be re-written as
4—a+3c=0
—-3—-c+a=0
4—a+ 3c =0
+) -3—c+a =0
4—a+3c—3—c+a =0
1+ 2¢ =0
2c =—1
c =-1/2
By substitutingc = —-1/2into -3 —c+a =0
—3—c+a=
3 (-hypa=
5 =
1
_3+§+a:
2 1
A A
2 2 N
;6+1+a*
2 2 N
_62+1+a:
_75+a—0
ao?
2
The Cartesian coordinate of A is
0 0 0
oh=al1)=2(1])=(:
0 0 0
1 1 1 1 1 1-(=1)
1 2
&z: +c 1 = 3 5 :(3 + 1-( %) —
0 -1 0 -1 0 -1-(-3)
_1 2_1 2 1 2-1
B IO S I (S Nar U I - S R O A S [
- 2 - 2 2 - 2 2 - 2 2
0+1 0+ 1 0+ 1 1
The distance |AC]| is obtained by getting AC
1 1
. 0 2 0 2
A -a6+00--od+ot——( 3 |« )= -2 ]+[?)-
0 3 0 3

Thus the modulus of AC' is

N Loy 12_/1+1_¢§_¢I_g,
2 2) V4 4 V4 V2
53) There are 4 points O(0, 0,0), A(0,2,1), B(1,3,-1), and C(2,1,0).

A line [ goes through the points O and A.
A line m goes through the points B and C.
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a) Prove that the line [ and the line m do not share a point.
All we have to do is to try to find out the crossing points of I and m. The point P on the line [ is expressed as

0 0-p 0
oot (1)-(2)-(3)
1 1-p D
The point @ on the line m is expressed as
O@:O?—qu?\’:O?—f—q(B?—&-O?):O‘B>+q(—0?+0?)
1 1 1 —1 2 1 —1+2
) G0 () (G))-0) ()
-1 -1 -1 1 0 -1 140
() ) ()-8 (i) -5
= 3 |+q 2 )= 3 |+| -2:¢ |=| 3 |+| —2¢ | = 3-2¢
-1 1 -1 1-¢q -1 q —1+g¢

When P and @ are at the same location,

O =N

0P =00

0 1+¢

2p = 3—2q

P —1+¢

From this, we obtain the following three equations:

0=1+g¢
2p =3 —2q
p=-1+4+¢q

From the first equation
0=1+¢g..—-1=g¢q
By substituting ¢ = —1 into the second and third equations:

2p=3-2-(—1)

p=-1+(-1)
Therefore
2p=3+2
p=-1-1
Thus
2p =5
p=-2
In other words
p=>5/2
p=-2

Since these two equations give the different value for p, OP — OQ is invalid.
b) There is a line n which is orthogonal to the line [ and the line m.
Find the crossing points between n and [ and between n and m.

« Solution 1 We assume the line n is parallel to n. The line [ is parallel to I = (ﬁl The line m is parallel to m = R)” Asn 1 land
n L m we can say

0 1
(52 Eﬁ): 2 -2
1 1
OAxBC=|2 25
1 1
i 1 1
o 117
0 1
H Ll
=4i+j—2k

91



As the point P is on [, we can say
0
O? = 2p
P

Oﬁz@JrqB?:( 31j2qq )

~1+4gq

As the point @ is on m, we can say

Therefore PO can be written as

PG = PO +0Q
~-0P+00

1+g¢q
= 3—2q—2p
—l4+q-p

On the other hand, we know that PG || OA x BC. Therefore PO can be expressed as

PG = rOA x BC

4r

= T

—2r
1+¢ 4r
3—2q—2p = T
—14qg—p —2r

14q=4r
3—2q—2p=r
—14+qg—p=—-2r

The solution of the simultaneous equation is (p,q,7) = (%, 2, 2). Thus

(1)

@_@ﬂ@_( N ) _<

~l+gq

Thus we can write

This equation gives us

Nl O
~

and

\1“\3\1\:\1\5
~

0
Solution 2 The line [ is parallel to OA = ( 2 ) 21
1

1
The line m is parallel to BC' = ( -2 ) 2 m.
1

PO is orthogonal to 1. PQ is:
0 1+g¢ 0 1+gq 1+4+4¢q
PO=PO+00=-0P+00=— 20 | +| 3-=2¢ | = 2o |+ 3-2¢ | = —2vp+3-2¢
P —14g¢ —14g¢ —-p—1+4g¢q
Therefore the orthogonality is expressed as

PO L1
S PO-1=0

1+¢ 0
. ( —2p+3—2q ) . ( 2 ) =0
—-p—1+4+g¢q 1
(149 -0+ (—2p+3—-29)-24+(—p—1+4+¢q)-1=0

S—4dp+6—49—p—1+¢g=0
S.=Bp+5—-3¢=0
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PO is orthogonal to m.
The orthogonality is expressed as

@J_m
.'.@~m:0

1+¢ 1
—2p+3—2¢q . -2 =0
-p—1+gq 1

“(14+¢) 14+ (-2p+3—-29)- (-2)+(-p—1+4+4q)-1=0
" 14+q+4p—-6+49—p—14+q9g=0

c.3p—64+6g=0
p—24+2¢=0
p=2-2q

p=2—2qisputinto —5p+5— 3¢ =0:
—5p+5—-3¢=0
S.=5(2—-2¢)+5—-3¢=0
.—10+10g+5—-3¢g=0
S.=94+T7¢=0
S Tg=5
L= =

By substituting ¢ = 2 into p = 2 — 2gq,

5 7 —-10 14 —10 14—10 4
=2-20=2-2-2=2- -+ — = — =
P e 7 A 7 7
The pointP is
0 0 0
4 4
p 7 7
The point Q is
1+gq 142 143 T 12 1z
3-2¢ |={3-22 |=[377+=2 |=| 24+ = e A
—1+4gq -1+42 -I+3 =Tta = =

7 7 7

54) There are 3 points A(0,2,0), B(1,3,2), and C(3,3,4). A line [ goes through A and is perpendicular to the line AB and the line AC. Find a point

P which satisfies ZAPB = 30° and is on the line [.
. Solution 1 Since ! L AB andl L AC, Lis parallel to AB x AC. Thus we find AB x AC.
0+1
—-243
0+2

s (1)-(1-(3)-(1)-
A RHREINGIE

oNnv o ©ON

Thus

1 1 2 4. 3 .
- AB x AC = ‘2 A +‘1 3‘34—’ 1‘1@ 2 + 25 — 2k
Thus we can write OP using a variable s as
0 2 2s
O? (ﬁl+sﬁxﬁ 2 + 5 2 = 2+ 2s
0 -2 —2s

ZAPB = 30° gives

PA.PB = |PA| - |PB| cos( 6)=|ﬂ|.\ﬁ|.§



Thus we need ﬁ ﬁ \ﬁ4|,and \ﬁL
PA=PO+04
— _0p+04
— _(OA + sAB x AC) + OA
= —OA — sAB x AC + OA
— —sAB x AC

~(4)
()

L |PA| = \/(—25)7 + (—25)7 + (25)2
= V1252

PB=PO+0D

_ OB+ 0B

2s
=—1 2+2s +
—2s
—2s
= —2—12s +
2s
1-—2s
= 3—2—2s
2+ 2s

1—2s
= 1-—2s
2+ 2s

|PBl= 0252+ (1252 + (2425
=1/2(4s2 — 45+ 1) + 452 + 85 + 4
= /852 —8s+2+4s%+8s+4

=4/1252+6

—
Now that we know PA, PB, |PA|, and |PB|, we can calculate r as follows:

N W~ N W

2

~

4. 78
— |PA|- |PB|- ?
—2s 1-—2s
. —2s . 1-—2s
2s 2+ 2s
= V1252 /122 + 6 - ?
V3
co—25-(1—=25) —2s- (1 —2s) +2s- (24 2s) = 1/1252(125%2 4+ 6) - -
co—4s+85” +4s + 45" = \/1252(125% +6) - ?
V3

1287 = 1/1252(1252 + 6) -
127" =125%(125° +6) -
12252 =9(125> +6) (s £ 0

=
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Thus

+v6

=| 2+v6
FV6

« Solution 2 We assume the line [ is parallel to

p

= q
T

I L ABand L AC. Now we find AB and AC .
AB = A0 + OB
- _0A+0

spl4qg-147r-2=0

Sptg+2r=0
1L AC
S 1-AC =0

()0

Sp3+q-1+7r-4=0
S3p+q+4r=0
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Using these 2 equations,
ptaq+2r =
-) 3p+q+4r =
p+2r—3p—4r =
—2p —2r =
p+r =

O O olo o

D
Substituting p = —r into p + ¢ + 2r = 0, we obtain

p+qg+2r=0
ST+ q+2r=20
Sg+r=0
S.qg=-—r

Using p = ¢ = —r, we get

where r is an arbitrary non-zero real number. Thus we can write OP as

OP = 04 +1

L))

/APB = 30° gives
PA-PB =|PA|- |P_B>|cos(%)

— P4l |PB|-

2

Thus we need PA, PB, |PA| , and | PB|.
PA=PO+ 04

— 0P+ 0A
= (OA+1)+04
— OA-1+04

=-1
r
=— r

r

r

= r
r

. P—1>4| =/r2+r2+(-r)?

— 1/,,«2_;'_7,24_7"2

=V3r?

B = 70+ 0B

— 0P +0B

() ()
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r+1
= —24r+3
—r+2

r+1

= r+1

—-r+2
|PBl =+ 12 + (r + D2 + (—r 1 2)2
=202 +2r +1) +r2 —4r 4+ 4
=224 4r + 2472 —4r +4
3r2+6

—
Now that we know PA, PB, |PA| , and | PB|, we can calculate  as follows:

3r2(3r2 +6) - —

N BN

[\J\H[\J\Hﬁ

srldr et et~
3-3r2(3r2 4+ 6) -

232 = \/9r2(3r2 +6) -
67 9r2(3r2 4+ 6

. (6r ) =9%(3r" +6
6% =907 (3r° 4 6
(
.

=

- 36rt = 9r%(3r + 6

r#0)
,,7'2:6
r=4v6

4t =3r"+6

Thus

FV6
=| 26
+V6

55) Find the area of the triangle with vertices at the points with coordinates P(1,2,3), Q(4,—3,2) and R(8,1,1).
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| P — |
o _ Iplglsin®) _ |p x4

2 2

p %X q = |p||q|sinfn
lp < q| = |pl|q||sin ]

In general, when a triangle is defined with two sides |p| and |g| and the angle between these two sides is 6, the area of the triangle is
1|p| - |q| - sin6. On the other hand, when we define
p- 7B

a=RG,

p X q=|p|-|q|sindn

and

Thus the area of the triangle is 3|p x q.

p=RP
- RO+ 0P
— —OR+ 0P

() ()
(53)
(4)

—RO+0
— Ok+00

(0
-(332)
()
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Thus

+{-8+T}j
+{28 + 4}k
=93 —j+ 32k

The modulus of 92 — 5 + 32k is

V92 + 12 4+ 322 = V1106

Thus, the area of the triangle is 1%,
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X. EXERCISES ON COORDINATE
coordinateall.tex

1) DAY1
2) Solve the following equation using the quadratic equation

22" — 42 -3=0
Therefore a = 2,b —4,¢ = —3

v —b+ /b2 — 4dac
- 2a

_ () VA1) (-3)
2.2

Lo 4EV16-(-249)
4

L 4=V

Lo AEVEVIO

==

Lo 4£2V10

4
_ 2+4/10
o 2

3) Simplify

4) Simplify
3(a+b+a®) —2(a—b)

3(a+b+a®) —2(a—b)
=3a+3b+ 3a®> —2a + 2b

=a+5b+ 3d”
5) Solve the following equation

z+1 5

3 3732
z+1 1 5
3 272
) z+1 1 5
23 3 +3 2—3 2
3 15
1)+ -=—
(x + )+2 5
3 15
2 HN+2- -=2-—
(x+1)+ 5 5
S 2(x+1)+3=15
S 2x+2+3=15
S 2x=15-2-3
c 22 =10
Sx=05

6) Calculate the equivalent polar coordinates of the following Cartesian coordinates within —
a) (27 78)
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—8

r= Vet = /2 ()P = VAT 61 = V68 = VA VIT = 2V1T

7;8:_4

t 6 - -
an

SHES

0= tanfl(—él)

Since this Cartesian coordinate is in the fourth quadrant the answer is valid.

b) (_2,8)
r=va2+y2=/(-2)2+(8)2 =V4+64=68=V4-V17=2V17
tanf = Yy i =4
z  —
2.0 =tan"'(—4) = —1.33
Since this Cartesian coordinate is in the second quadrant whilst 6 = —1.33 is in the fourth quadrant the answer is not correct. The
correct 6 is 0 = —1.33 + 3.14 = 1.81 radian.
c) (—2,-8)
r=+vx2+y2=/(-2)2+ (-8)2 = V4 + 64 =68 =V4-V17 =217
_y_=8
tanf = el S 4

o0 =tan"'(4) = 1.33
Since this Cartesian coordinate is in the third quadrant whilst = 1.33 is in the first quadrant the answer is not correct. The correct 6

is 0 = 1.33 + 3.14 = 4.47 radian.

d) (2,8)
r=v22+y>=/(2)2+(8)2 = VA+64 = V68 = V4 VIT =217
_y_8_
tan@-;—i—ﬁl

o0 =tan"'(4) = 1.33

Since this Cartesian coordinate lies in the first quadrant whilst § = 1.33 is in the first quadrant the answer is correct.
7) The Cartesian coordinates of P, Q are (1,—1) and (—1, —/3). What are their equivalent polar coordinates within -5 <6< 37" ?
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We assume that OB, OG can be expressed as

OP = [|ﬁ|7ep]
06 - 19010,

In order to find the polar coordinates, we need to find out |@\ and |@\ and their angle

ﬁﬂ—( )‘ VE+(C12=vIti=V2

031 =|( 5 )|~ Vi (VB = viFs=vi-2

0, can be found by :
tan 6, = -1
m
S0y = -1

Since this is in the fourth quadrant, 6, = —7 is valid.

04 can be found by :
ang, = =2 = V3
™
Y J—
Slo=g
This 6, is in the first quadrant, whilst Q(—1, —+/3) is in the third quadrant. Therefore, the appropriate 6, is calculated as
Q_E‘F _I+W§_E+3i_7r+37r_4l
T3 TTTETT3 T3 T3 T 3 T3
Therefore
™
o = [v2. -]

00 = [2, 4—”]
3
8) Calculate the equivalent polar coordinates of the following Cartesian coordinates within

a) (—6,-5)

Wl
IN
>
IN

w
|4
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g

o YV x

—5

r=+a2+y2=/(—6)2 + (=5)2 = V36 + 25 = V61

-5 5

y
tanf = 4 = =2 —
M= T 6" 6

- 0=tan"! (2) =0.69

Since this Cartesian coordinate lies in the third quadrant whilst 6 = 0.69 is in the first quadrant the answer is not correct. The correct
answer for ¢ is calculated as 6 = 0.69 + 3.14 = 3.83 radian.

b) (6,5)

r=22+12=(6)2+ (52 =36 + 25 = V61

5 5

6 6

1 /(5
0 =tan" " =0.
. an (6) 0.69

Since this Cartesian coordinate lies in the first quadrant whilst § = 0.69 is in the first quadrant the answer is correct.
C) (_675)

tanf =

8] <

r=v22 4142 =/(=6)2+ (5)2 = V36 + 25 = V61

tanf =

- 0=tan"! (—g) = —0.69

Since this Cartesian coordinate lies in the second quadrant whilst & = —0.69 is in the fourth quadrant the answer is not correct. The
correct answer for 6 is calculated as § = —0.69 + 3.14 = 2.45 radian.

8 <
o8
o

r= 22 +y2 =/(6)2+ (=5)2 = /36 + 25 = V61

tanf =

- 0=tan! (—%) = —0.69

Since this Cartesian coordinate lies in the fourth quadrant whilst 8 = —0.69 is in the fourth quadrant the answer is correct.
9) Calculate the equivalent polar coordinates of the following Cartesian coordinates within —co < 0 < 0o .

SRS
|

o

ot

a) (1,0)
r=Ve = VI (02 =1
tano=Y =220
T 1
S 0=tan " (0) =0
As (1,0) is on the +z axis, 8 = 0 is correct. Since —co < 0 < 0o, § = 0+ 2nw = 2n7w where n is the interger and —co < n < co.
b) (0,1)

P VTR = P (P =1
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tan@z%:Jroo

Ny

o0 =tan"" (400) =

Since —oo < 0 < o0, § = T + 2nw where n is the interger and —oo < n < 400

c) (—=1,0)

= Ve = VP07 = 1

0
tanf = — = —
a. 1 0

S 0=tan" ' (=0) =0
As (—1,0) isonthe —z axis, @ = 0 is incorrect. The correct 6 is obtained as § = 0+ = x. Since —c0 < 0 < 00,0 = 7+2n7 = (2n+1)7

where n is the interger and —oco < n < oo.
d) (07_1)

r=Va?+y?= (0?2 +(-1)2 =1

Yy
t 9:—:
an T 0

N R
o0 =tan” " (—o0) 5

Since —co < < 00, § = —F + 2nm where n is the interger and —oco < n < +oo
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DAY2

10) Calculate the equivalent Cartesian coordinates of the following polar coordinates.
a) r=4,0=2.8

z=71-cosf =4-cos(2.8) =—-3.77

y=r-sinf =4-sin(2.8) = 1.34
11) Calculate the equivalent Cartesian coordinates of the following polar coordinates.

a) [3, 7]
s 3
r=1r-cos0 =3-cos(—) = —
s 3
=r-ginf =3 -sin(—) = ——
! (4) V2

12) Calculate the equivalent Cartesian coordinates of the following polar coordinates.
a) r=6,0=-54

Y
A
4.64

C X
h— 5247381

T =r-cosf
=6-cos(—5.4)
=3.81

y=r-sinf
=6-sin(—5.4)

=4.64

13) Calculate the equivalent Cartesian coordinates of the following polar coordinates.

@) [2,-7]

xzr-cos@:Q-cos(—?%):_\/ﬁ

y=r7r-sinf = 2-sin(—?%r) =2
14) Find the Cartesian form of
a)

_ 10
" sinf+5-cosf
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a)

Equation gives:

Substituting these into r» =

2
sin 0+2 cos 67

10

oor(sin@ 45 - cosf) =10

S.r-sinf@+5-7r-cosf =10
SYy+5c=10"r -sinf =y
15) Find the Cartesian form of the following curves given in polar form

we get

2

" sin@ + 2cosé

4

cosf =

sinf =

|38

2
" sinf + 2cos6

and

r-cosf =z

y=—2x+2



Alternatively,

b)
Equation and Equation give
Substituting these into » = 3 cos 6, we get
©)

Equation (T6) and Equation (I7) give

tuti i _ 6
Substituting these into r = T 7505 We get

SR R LA
T T

Syt 2z =2

2
" sinf + 2cos6
c.r(sinf 4+ 2cosf) =2
c.rsinf 4 2rcosf =2

Syt 2z =2

r=3cosf
cosc9—E
r
r2—m2+y2

7’:3{

r

crt=3x

x2+y2—3w

,'.x2—31+y220

(z-3/2%-3/2*+y° =0

(=) =)

B
2 + 6 cosb

cosf =

318

T2:I2+y2

6
S 24462
.'.7’(2+\/6§) =6
S 2r4+2v6 =6

S 2r =v6—2v6
2?2 = (V6 — V6)?
At =6(1 —x)?

S 4 y?) = 6(1 4 2° — 2x)
coda? 4 4y2 =6+6z°— 12z
Az + 4y — 62 + 122 =6

=2 122+ 4% =6
=2(x —6z)+4y° =6

—2{(z—3)" -9} +4y° =6
=2 =3+ 1844y =6
=2z —3)* 4+ 4y =6 — 18

=2z —3) 4 4y7 = —12
L 2w =3+ 4y

1
—12

C@=8) -2

' 6
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16) Find the Cartesian form of
a)

By completing the square,

($_3)2 _%71

6 6

6 3
r=10-sind

cr=10-2  sng="Y
T T

rt= 10y

g2 +y2 _ 1()y','7"2 :x2—|—y2

iyt =10y =0

2®+(y—5)°-5=0
x2+(y_5)2:52
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DAY3
17) Sketch the following curve

a)

J:2+y2=16

The equation of a circle is 2 + y* = 2. Therefore the sketch is a
circle centred at (0, 0) with a radius of » = 4 since r > 0.

20

18) Sketch the curve

Initially we obtain

T = rcos (g)
Yy = rsin (ﬂ-)

3

In order to remove r, we perform the division of these two equations as follows:

rsin (g)
rcos( )

Y

us
3

X
Thus

T COS

N A~
FIERTEREIE

~— — [ —

Q
]
0

—
wlA

~—

o+
o
=]

—
wly

] N~——

™

y=tan (%)

Sy =3z

Therefore the curve is a line passing through the origin at angle % to the positive z-axis.

20

19) Sketch the ellipse
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Equation (17) and Equation (T6) give

Substituting these into r = —&

2—cos 6’

we get

2r—x

1= 27"4—1,‘(."7.#0)
L2r—xz =14

S 2r=4+4x

(2 =(@+a)

A %) =16 4 8z + 2P
Az +4y® = 16 + 8z + 27
337 —8r+4y* =16

2[5 6)
R DR

4\? 5 4\?
- _Z dy? =1 -
(- f) eur e (2)
3

4\? 1
<x—7> —|—4y2:16~§—|—f6

+4y* =16

3 373

4\? , 3-16+16

3 x—= Yo = 2220
(m 3> +t4y 3

4\? ., 4-16

. _ = 4 - - "
..3<x 3) + 4y 3

4\? 5 64
. — = +4y°=—
..3<:v 3) Y 3

o1 s =1
3 3
4\2 2
(:E—3) y
51t e =1
3-3 34
4\2 2
(95—5) y o
82 +E_1
32 3
é)Q 2
(z - y
823 + 42 _1
32 (V3)2
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and

20) Sketch the following curve
a)

(m—40)2+ y?

3600 2000 ~ ©

2 2
The equation of an ellipse is (@ _fo) + (Y _Qyo) = 1. Therefore the sketch is an ellipse centred at (40, 0) with a semi-major axis of
a
v/3600 = 60 and a semi-minor axis of v/2000 = 20/5

200 T T T T T T T

150

100

50

0

50

100

150

200 i i i i i i i
200 150 100 50 0 50 100 150 200

21) Sketch the following curve
a)

When we scan ¢ every 7 we obtain the following table
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0 r xr=rcosf y=rsind

o 0 0 0

ir0.383 0.271 0.271
2 0.707 0 0.707
it 0.924 -0.653 0.653
ix 1 -1 0

5T 0.924 -0.653 -0.653
St 0.707 0 -0.707
T 0.383 0.271 -0.271
g 0 0 0

9 -0.383  -0.271 -0.271
1= .0.707 0 -0.707
Uz .0924  0.653 -0.653
Lr 4 1 0

L&r-0924  0.653 0.653
LT -0.707 0 0.707
57 .0.383  -0.271 0.271
der 0 0 0

Wh4en we plot these points we obtain the pink circles. Then when we connect the points in the order presented in the table we obtain
red dotted line. The real curve is in blue.

22) Sketch the following curve
a)

When we scan 6 we obtain the following table

0 r r=rcosf y=rsind
%’T 1 1 0
%T 0.5 0.433 0.25
I 0 0 0
%” -0.5 -0.25 -0.433
‘%” -1 0 -1
%’ -0.5 0.25 -0.433
3 0 0 0
%’T 0.5 -0.433 0.25
%’T 1 -1 0
%” 0.5 -0.433 -0.25
‘%’ 0 0 0
%” -0.5 0.25 0.433
%’ -1 0 1
IOT" -0.5 -0.25 0.433
%’T 0 0 0
11?“ 0.5 0.433 -0.25
127

== 1 1 0
Wh6en we plot these points we obtain the pink circles. Then when we connect the points in the order presented in the table we obtain
red dotted line. The real curve is in blue.
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) 2nm

23) Sketch the following curve
a)

When we scan 6 we obtain the following table
0 r=sin(20) x=rcosf y=rsind

ox 0 0 0
im V3 V3. V3 V3.1
1(%1- 2 2 12 2 12
T 1 1'% 1'%
2r V3 V3.1 V3 V3
6 2 2 2 2 2
i 0 0 0
am _V3 V3.1 _V3 V3
£ 2 2 12 2 12
ey -1 15 17
5 _V3 V3 V3 IVETN
2 2 2 2 2
& 0 0 0
T V3 _V3 V3 V3.1
S 2 2 12 2 12
T 1 '1'% '1'%
8m V3 V3.1 V3 V3
6 2 2 2 2 2
o 0 0 0
10w V3 V31 V3 V3
7 3 S a2 1.2
4 V2 V2
lim _V3 VERNEE] V3.1
6 2 2 2 2 2
12m 0 0 0

Wh6en we plot these points we obtain the pink circles. Then when we connect the points in the order presented in the table we obtain
red dotted line. The real curve is in blue.

-
3
o1
3

nm
2
0

= -0.8 -0.6 -0.4 -0.2 0.2 0.4 0.6 0.8 ,5
o 8w 4 o
4 6 6 4
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DAY4
24) Find the polar form of

a)
20y =1

r =rcosf

y=rsinf

.2-rcosf-rsinf =1

. 2r¥sinfcosh =1

- r?sin20 =1-2sinf cos§ = sin 20
2

sin 260

25) Find the polar coordinate form (remember r > 0) of
a) a circle

Qﬂ -

We put x = rcos @ and y = rsin 6 into the equation (r > 0):
(rcosf)® + (rsinf)® =1
% (cos® B +sin*0) =1
SrP=1"cos’0+sin’h =1

sr=1
b) a parabola
Y= 222
We put = rcos6 and y = rsin 6 into the equation (r > 0) :
rsinf = 2(rcos)?
s rsind = 2r® cos® 6
corsing —2r? cos’ 0 =0
cor(sing — 2rcos®0) =0
s.sinf — 2rcos® 0 = 0( r # 0)
~.sinf = 2rcos® 0
. sinf ,
" 2cos?6 ._
. cosftanf =7 tanf = sin 6 and .. siné = cosftanf
2cos? 0 cosf
tanf
2cosf
26) Find the polar form of the following curve given in Cartesian form
y2 =142z

114



Y ©
-1
-2
-3
-1 0 1 2
X
Substituting
x =rcosf
y=rsind

into 4% = 1 4 2z, we get
(rsinf)® =1+ 2rcosf
crPsin®6 =1+ 2rcosf
r?sin?0 — 2rcosf—1=0

The roots of ) L
ar"+br 4+¢=0

- —b+ /b2 — 4dac
- 2a ’

are

The equation in question is identical to
ar’ +br' +¢=0

when
a=-sin’0
b= —2cosf
c=-1

Thus

- 2cos 6 + /(2cos0)? + 4sin? 0
- 2sin? 0
_ 2cos0 £ \/4cos? 0 + 4sin? 0
B 2sin? 0
_ 2cos 6 + /4(cos? 6 + sin® 0)
N 2sin%
B 2cosf + 4
T 2sin?6
__2cosf£2
" 2sin?6
cosf £ 1
sin’ @

Since r > 0, cos @ — 1(< 0) is not appropriate for r. Thus

_cosf+1
" sin?6
__cosf+1
T 1—cos26
cosf + 1

(1+ cos)(1 — cosb)
. 1
1 —cosf

27) Find the polar form of
a)
(x —6)° +y =36
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T =r1r-cosf
y=r-sinf
o (r-cosf —6)° + (r-sinf)® = 36
1% cos®0 — 121 - cosO + 36 4 r° - sin® 0 = 36
~.1%(cos® 0 4 sin® @) — 12 -7 - cos 6 + 36 = 36
1t =127 -cos0 436 =36 cos” 0 +sin’0 =1
12 =12-r-cosf — 36 + 36
12 =12-7-cosf
o.r=12-cosf
28) Find point where the curve whose equation in 2D polar form is
r = 2cosf
with —7m < 0 < 7w meet the line whose equation in 2D Cartesian coordinates is y = x — 1. Express your answer in Cartesian form.
« First solution

r=r-cosl;y=r-sinf

S.r=2cosf = 22

r

rt =2

R y2 =2z

=1+ =1 @

When we put y = = — 1 into ® we obtain
2 2 2 1
+y =12y =l,y=%t— ®

()" +y Y y==*75
When we put @ into y = = — 1, we obtain o = y + 1 = £ + 1. Thus the answer is (z,y) = (1 £ 75, £ )
« Second solution The Cartesian coordiante of a point on the line » = 2 cos () can be written as

x \ [ rcosf® \ _ 2cos? 0 o)
y )\ rsinf /) \ 2cosfsinf

The Cartesian coordiante of a point on the line y = x — 1 can be written as

()=(5) @

If ©® and @ meet, then there are 6 and ¢ which satisfy
2cos? 0 t
<2cosesin0)_(t—1 ) ©

2c0820 =t @
. 2cosfsinf =t —1 ®

® generates

@-® gives us
2cos?0 —2cosfsinh =1
.2c0s>0 —1=2cosfsind
.. cos 20 = sin 20

sin 26
= o0 tan 260
T

.20 =tan"'(1) = 1 + nw

where n is —2,—1,0, 1. Thus the Cartesian coordinate of the intersection of these two lines is

x \ 2cos? 0
y )\ 2cosfsinf




29) Find a point where the curve whose equation in 2D polar coordinates is
r=3+4+0 with -5 <0< 3
meets the line whose equation in 2D Cartesian coordinates is y = —=.
Express your answer in Cartesian form.
™

0 1 2

=2 ° The Cartesian coordiante of a point on the line r = 3 + # can be written as

(2)=(rme)=(Brhme) o

The Cartesian coordiante of a point on the line y = —z can be written as
T t
(3)=(%) e

If ® and @ meet, then there are 6 and ¢ which satisfy
(3+0)cosd t ®
(3+0)sin0 ) — \ —t

(3+0)cosh =t @
(3+0)sinf = —t ®

® generates

% gives us

(3+0)singd _ —t
(3+0)cosf  t

c.tanf = —1
O=tan Y(-1) ==
an~ (—1) 1

Thus the Cartesian coordinate of the intersection of these two lines is

(1) =(Grnee)=(Gogwy

~—
Il
—
I e
ok

30) Simplify

31) Simplify

32) Simplify
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33) Evaluate the following expression
2| —2—(—6)|+4

2| —2— (—6)| =4

=2/—-2+6]+4
= 24|~ 4
=8+4

=2

34) Solve the following equation
(xcos0)® + (zsinf)® =4

(zcos0) + (zsinh) =4

o a?(cos® 0+ sin®0) = 4

sz =4cos’0+sin’0 =1
Lo =+V4

=2

35) Solve the following equation by completing the square
2> 46 —-7=0

22+ 6x—T7T=0

it 6r="7
(z+3)°-9=7
S (z+3)72 =16
S x+3=+V16
rx+3=44
Sr=-3+4

=1,-7

118



DAYS
36) In Cartesian coordinates a point P is given by = —1, y = —+/3, z = 2. Give the position of P in spherical coordinates. We need to find out r,

0 and ¢ which
r=y22 42+ 22 =124 (-V3)2+ 22 =VI+3+4=V8=2V2
z 2

cosf) = — = —
r

8

sl (YT

0 = cos ( 2)74
Y -3

tangp =2 = 2 =+/3
x -1

47

— tan~! T

¢ =tan”' (V3) = 3,

However ¢ is in the 3rd quadrant. Thus ¢ = 4F.
37) In 3D Cylindrical polar coordinates point P is (p, ¢, z) = (2,2n/3, —+/12). Convert this to
a) 3D Cartesians coordinates

x =pcos¢p =2cos(2m/3) = —1
y = psiné = 2sin(27/3) = V3
z=2z=-—V12

b) 3D Spherical polar coordinates

r:\/x2+y2+z2:\/p2+22:\/22+12:\/ﬁz4

0 =cos™ ' (z/r) = cosfl(_\/\/liz) = %radians

2 .
o= %radlans

38) A point Q lies on the sphere » = 5 in Spherical polar coordinates, and on the cylinder p = 4 in Cylindrical polar coordinates and on the plane
2x = z in Cartesian coordinates. (All coordinates are in 3D). Find @ in Cartesian coordinates, given that z, y and z are positive.
r = 5 in Spherical polar coordinates can be written as

P4y +22=r"=25 @
p = 4 in Cylindrical polar coordinates can be written as
P4 yi=p"=16 @
We also got
2r =z ®

®—@ gives z2 =9, i.e., z = +3. Since the problem tells that z is positive, z = 3 is the part of the answer to the problem. By putting z = 3

into ®, we obtain z = 2. By putting = = 2 into @,

3

2 9
2
=16—(2) =16— > =55/4

y = \/B5/4( y > 0)

39) In 3D Cartesian coordinates a point P is (v/3,v/3,v/2).
a) Convert P to 3D Cylindrical coordinates. In cylindrical coordinates

p Va2 +y? (\/5)2 + (\/E)Q V313 V6
¢ | =] tan™? (%) = tan—?t <ﬁ) = tan'(1) | = %
z . ﬂﬁ V2 V2
b) Convert P to 3D Spherical coordinates.
In spherical coordinates
r Va2 +y? + 22 \/(\/3)2 (V32 (V2 V8
0 = cos™! (%) = cos™! Q = cos™ ! (%)
. 8
¢ tan™" (%) tan~1 (% tan™! (1)
3
— 1 _1 — -1 (1 —
= | cos (\/1) = | cos 7r(2) = 3
1 1 1
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40) In Cartesian coordinates a point P is given by & = 3, y = /3, z = 2. Give the position of P in spherical coordinates. We need to find out , 6
and ¢ which

r=r2+y?+22=1/32+(V3)2+22=V/9+3+4=V16=14

z 2

COSG_;_Z

h—cos (L) T

.0 = cos <2)—3
mp= Y= V3 _ L
z 3 V3

1, 1 s

=tan (—=) = -
o (5=

41) In 3D Cylindrical polar coordinates point P is (p, ¢, 2) = (v/2, 37/4,+/6). Convert this to
a) 3D Cartesians coordinates

x:pcos¢:\/§cos(37r/4):%:—l
e V2
yfpsmd)f\/ism(?m/él)fﬂfl
z=2=6

b) 3D Spherical polar coordinates

r=12+y? 422 =\/p2+ 22 =/(V2)2 + (V6)2 = V8 =2V2
V3

— ens ! — cos ! — cos 1 (2 = Tradi
6 = cos™ " (z/r) = cos (2 ) = cos (2) 6radlans

o= ?%Tradians

42) A point @ lies on the sphere » = 10 in Spherical polar coordinates, and on the cylinder p = 8 in Cylindrical polar coordinates and on the plan

@x = z in Cartesian coordinates. (All coordinates are in 3D) Find @ in Cartesian coordinates, given that x, y and z are positive.
r = 10 in Spherical polar coordinates can be written as

Py +2=r"=10 @
p = 8 in Cylindrical polar coordinates can be written as
P4y =p =64 @)
We also got

?x:z ®

®—@ gives 2% = 36, i.e., = = £6. Since the problem tells that z is positive, z = 6 is the part of the answer to the problem. By putting z = 6
into ®, we obtain x = 41/3. By putting = = 4/3 into @,

2
y2:64—(4\/§> — 64— 48 = 16
y=4(-y>0)

43) In 3D Cartesian coordinates a point P is (5,0, 0).
a) Convert P to 3D Cylindrical coordinates. In cylindrical coordinates

p Vatty? 52 4 07 V25 5
¢ | =1 tan™?! (%) = tan7! (%) = 0 =10
z P 0 0 0

b) Convert P to 3D Spherical coordinates.
In spherical coordinates

2 2 2 V52 + 02 + 0?2
T vz fly ;rz S (0 \7/%5 5
0 | = cos™" () = cos (r) =| cosT(0) |=| %
¢ tan™? (%) tan—! (%) tan™! (0) 0
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44) A point Q) lies on the sphere » = 5 in Spherical polar coordinates, and on the cylinder p = 1 in Cylindrical polar coordinates and on the plane
z = 6z in Cartesian coordinates. (All coordinates are in 3D). Find @ in Cartesian coordinates, given that x, y and z are positive. = 5 in Spherical
polar coordinates can be written as

4y +22=r"=25 @
p = 1in Cylindrical polar coordinates can be written as
P2t=pi=1 ®
We also got
z = 6x ®
®—@ gives 2% = 24, i.e., z = £2/6. Since the problem tells that z is positive, z = 2v/6 is the part of the answer to the problem. By putting
z = 2/6 into ®, we obtain z = ¥3. By putting = = *2 into @,

y2=1—<?>2:1—g=3/9=1/3

Ly=+1/3(y>0)

45) Find the Cartesian form of
a)
- z+1
"~ sing — cos ¢
We know that
T =pcosp;y = psing
Therefore we can manipulate the original equation as
p(sing —cos¢) =z +1
c.psing —pcosgp=z+1
Sy—zrz=z4+L . x—y+z=-1
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XI. EXERCISES ON COMPLEX NUMBERS
complexnumberall.tex

1) DAY1
2) Make y the subject of 2¢% =z + c.

2% =z +c

1

= i(m—i—c)
1

In ¢” :ln\i(m—l-c)\
1

oy =In|1 (2 + )

1 1
y=ghls@+o)

3) Solve the equation
log,(z) 4+ log,(2z+ 1) =0
We work under the condition of z > 0 and 2z +1 > 0
log,(z) +log,(2z +1) =0
clogy (2(22+1)) =0
s logy (x(22 4+ 1)) =logy 1
Lxr4+1)=1
2+ —1=0

—1+v12-4-2.-1
xTr =

2-2
o —1+/1-(=8)
=149
T4
Ly TLES
LT=—
.x=_1+3(':x>0)
4
oL
)

4) Evaluate the following expression

12++vV-9+15x5+3

124vV-9+15x5+3
=124+4vV-9+7+3
=124+v/=9+25
=12++16

=12+4

=16

5) Simplity the following expression
3z(—x + 1) — 5(x — 3) + 87

3z(—x + 1) — 5(z — 3) + 8a°
= —32% + 3z — 5z + 15 + 82°
=522 — 22+ 15

6) Evaluate the following expression when a = —1.
(1—5a)> —4a- (—1+ 8a)
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(1—5a)* —4a- (=1 + 8a)

= (1 —5a)(1 —5a) — 4a(—1 + 8a)
=1—10a + 25a° + 4a — 32a°
=1—10(=1) +25(—1)" + 4(—1) — 32(-1)*
=1—10(—1) +25(1) + 4(—1) — 32(1)
=1410425—4—32

=0

7) Calculate the equivalent modulus/argument form of 4 — 52 and draw the argand diagram.

I
&'EH
S5

tanf =

.0 =tan™

H
N o | o

H
\

= tan

\
-+
®
I s
L
| L
—_

|
©
B
()

Since this is in the fourth quadrant the answer is valid.

|

—— - —
o 0=—046

Vi
)

E

!

8) Calculate the standard form of 240/7 and draw the argand diagram.

xr =r-cosf
y=r7-sinf

Therefore

r=r7r-cosf
=240 -cosm
=240-(-1)
= —240
y=r-sinf
=240 -sinw
=240-0
=0
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9) Find the modulus/argument form of (3 — +/3)

3
A
om
§
> R
The modulus of (3 — v/3) is
12 4 (—V/3)2
=vV1+3
=1
=v22=2
Now we find the phase ( angle ) in the Argand Diagram. Since the real part is —v/3 and the imaginary part is 1,
tanf = Lt
—V3
s
.. 9 - _6

which is in the fourth quadrant. However, since (3 — v/3) in Argand diagram is in the second quadrant, the angle has to be changed to the
second quadrant equivalent by adding 7 as follows:

Therefore o
(1-V3)=2e6

10) The point p is at z = re?. We rotate p about origin and the angle of the rotation is 7/3. The new position of p is p. Calculate p in standard form.
2 = re¢’* is rotated by 7/3.
This can be expressed as

5 = pedFT/3)

= r(cos (t + 7/3) + ysin (t + 7/3))
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Thus the coordinate of p is
(rcos(t+m/3),rsin (t + m/3))

11) Express the complex number 1 + 7v/3 in modulus/argument form.

=

3

V3

»B)

Since this is in the first quadrant the answer is valid

™

which is in the first quadrant. However, since —/3 — 5 in Argand diagram is in the third quadrant, the angle has to be changed to the third
quadrant equivalent by adding = as follows:

+ =

br _ T
6 6

L
U
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Therefore

I’ T
sore?t =2¢776

13) Express the complex number —1 — 7 in modulus/argument form.

which is in the first quadrant. However, since —1 — 7 in Argand diagram is in the third quadrant, the angle has to be changed to the third
quadrant equivalent by adding 7 as follows:

I

7 5
+ = —

L T S

IS
N

Therefore
57
e =207

14) Express the complex number v/3 — 7 in modulus/argument form.

which is in the fourth quadrant. As v/3 — j is in the fourth quadrant, the answer is valid Therefore

0 T
el =2¢77%

15) Express the complex number —1 + 7 in modulus/argument form.
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tan@-é
a
1

-1
0 = tan (_1)
1
f— -1 -
=tan " ( 1)
__T
T4

which is in the fourth quadrant. However, since —1 + ;7 in Argand diagram is in the second quadrant, the angle has to be changed to the
third quadrant equivalent by adding = as follows:

Therefore

tanf = 9
a

-1
. 1
.. 0 =tan (1)

)
i
4
which is in the fourth quadrant. As 1 — jis in the fourth quadrant, the answer is valid. Therefore

T
sre?? = \/2e771

e

=tan" ' (-

17) Express the complex number 1 in modulus/argument form.

As 1 is on the +x axis, the answer is valid. Therefore

18) Express the complex number —1 in modulus/argument form.
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tanf = b
a
1, 0
. p— 1 JE—

o0 =tan (_1)

= tan""(0)

=0
As —1 is on the —z axis, the answer is not correct. The angle has to be changed by adding = as 0 + = = = Therefore
e =17 ="

19) Express the complex number 37 in modulus/argument form.
As there is no real value, we can use j = ¢’2.

20) Express the complex number —2;j in modulus/argument form.

As there is no real value, we canuse —) = ¢ /2.
—y=c

Ley=2 () =2 F

ERESIE]

Please note that the value of = in the modulus/argument form is positive. So —2¢’% is mathematically identical to —2; but in the modu-
lus/argument form » = —2 < 0 is not an ideal answer.
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DAY2
21) What is the complex conjugate number of

_fa+3b 2+ a—jb 2
" \a—2b a+ b

= (55 +(525)

22) a, b, c are real numbers in the polynomial
p(2) = 22" + az® 4 b2° + ¢z + 3.

Find a such that the numbers 2 and j are roots of p(z) = 0. Note that the remaining roots are not given.
Since z = 2 and z = j are roots, p(2) = 0 and p(y) = 0. Therefore

p(2)=2°+2°a+2°b+2c4+3=0

p(2) =2()" +a(»)® +b(2)* + c(g) + 3

=20 +a3-()* +b- (1) +¢s+3

=2(-1)*+ay- (1) —b+c)+3

=2—aj—b+cy3+3

=5—-b+(c—a)j=0
By equating real and imaginary parts to zero (right handside is 0 + 50),
5—-b=0
c—a=0

These can be manipulated as

By putting these into p(2) = 0, we get
p(2) =2° 4+ 2%°a +2°b 4+ 2c + 3
=2°4+2°4+2°.54+2a+3=0
224522 4342%+2a=0
32420+ 3+8a+2a=0

.55 4+10a =0
.. 10a = =55
20 =—11
a= 1L
2
23) Let Z the complex conjugate number of z. Now find z such that
2 52
z22+2°=0

We assume z = a + jb where a and b are any real numbers.
By putting z = a + jb into 2% + 2% = 0, we get

2

(a+Jb) + (a — yb)
=a’+2-a-(sb)+ (3)°
+a’+2-a- (=b) + (— b)2
=a +2ab]+()2b2

+a* —2abj+()( b)?
=a’+2aby+(—1)-b
+a” —2ab]—|—( 1)-b
=2d°> 20 =0
-.2a% =2b°
nat=b

SoEta=1b

2

2
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Thus z can be found out as

z=a+ b
=a+ ) (+a)
=a=+)ja

where a is an arbitrary real number.
24) Solve

jx2+(1—5j)x—1+8]:0

Please do not leave j inside v and inside the denominator.
The roots of ) )
ax” +bxr +c=0

- —b+ /b2 — 4ac
o 2a '

are

The equation in question is identical to
ar’ +brl +¢c=0
when
a =]
b=1-05y
c=-14+28)
First, we now calculate b> — 4ac and V02 — 4ac.
b2 — dac
=(1-5)"—4-7-(-1+8)
= 1242 (=5) + (53> — 4)(—1+8))
=1-107+5%(9)* + 47— 4-8(y)°
=1—-107425-(=1) +47—32-(-1)
=1-109—25+4+47+ 32

=8—06y
In order to turn /8 — 67 into the form of p + ¢y where p and ¢ are non-zero real, we set the following equation and manipulate it as follows:
p+q1=+8-6

L)’ = (\/8—7(@)2
=0 +2pqy + (¢9)* =8 — 6y
P+ 2090+ ¢ (9)* =863
P 2pqr ¢ (1) =86
.'.])2—1-2;1711]—q2 =8—-06y
,'.p2—q2+2pq]=8—6]
By separating the real and the imaginary part of the equation, we obtain:

pP—q¢’ =8
2pq = —6
The second equation can be modified as :
2pg = —6
S.pg= -3
S.q=—=3/p
When we put ¢ = —3/p into p*> — ¢* = 8, then we obtain
p’—q =38
P’ —(=3/p)° =
.'.p2 - ]% =38

.'.p4—8p2—9:O
PP =9 +1)=0
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However since we assume that p is a real non-zero number, p> > 0. Thus

P’ —9=0
:.p2 =9
S.p= j:9%
o p=£(3%)2
. p=432
Sp==+£3
Using ¢ = —3/p, we can get
3
qg=—-
D
a3
4T 733
g3
.qg= 3
c.g=7F1
Thus
(p,q) = (£3,F1).
This means

+(8—y) =+/8—6.

Going back to the original equation, the answer is
v —b+ /b2 — 4ac
- 2a

(1—5y) £ (£ =-2)

2
_—A=5)+B—-y -(1=5)—-(3—-y)
29 ’ 2)
_ —1455+3—-3 —1+57—-34
B 27 ' 29
_2+4y —4+6)
oy Yy
_1+2y) 243
77
_ (4299 (=2+39) -y
() ()
_ 1120 —2+30)°
OX OX
_+2-(=1) =2 +3-(-1)
(). ()
_J—2 =27-3
-1 -1
=—(—-2),-(-27-3)
=—-7+2,27+3

25) Find out whether or not a polynomial equation k* — 2k 4+ 4k? — k + 4 = 0 has roots k = sb. If it has, find all real values of b.
We must first substitute the form k = 7b into the polynomial.

E' =2k 4+ 4k —k+4=0

(1b)" = 2(sb)* + 4(3b)? — (sb) +4 =0

j4b4 —233b3—|—4]2b2 —gb+4=0
]2~]2b472j2-]bg+4]2b27]b+4:0
(—1-=1)p" —2x —1gp° +4x —16> — )b+ 4 =0
16" + 250 —4b® — b +4=0

bt —4b® +4— b+ 26> =0

bt — 40> + 4+ 5(—b+26%) =0
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This is now in the form of a complex number « + j3. Therefore,

br—ab?+4=0

(P =22=0
2° —b=0
b2 —1)=0

Now we can find all the roots that satisfy the above equations.

(b*=2)*=0
¥—-2=0
b =2
b=+V2
b(20> —1) =0
b=0

2% —1=0
20% =

1

2—7

b T2

1

1
b=4+—
V2

Since the roots for the real and imaginary parts are not the same, there is no real b which satisfies the equation.
26) Calculate all solutions of | z — 1 l -] z—=1]=1 assuming z is in the form of = + jy and show z in Argand diagram.
Weputz=2x+yinto | z—1|*=1 as follows:

|z—1]?
=z +y—1?
=lz— 1+

= (-1 4y =1

Thus in Argand diagram, z is on the circle with centre (1,0) and radius 1.
27) Find the real value of m such that the equation
22 — (34 8))z— (m+47) =0

has a real root. Then find the roots.
Since a real value of z satisfies )
22" —(3+87)z—(m+45)=0

it can be manipulated as
22 — (32 +82)) —m—4y=0
222 —32—-82)—-m—47=0
22 —3z—m4(—82—-4)=0
Equating real and imaginary parts,
222 -32—m=0
—8z—-4=0
From the second equation,
—82z—-4=0
c.o—4 =82
co—1=2z
1

=z

2
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Now putting z = — % into the first equation,

2 2
1 3
2,8
1 2—m
13
22
) 1+3*m
LT T
4
5=
2=m

Thus the original equation becomes
222 — (34 8)z— (2447 =0

We know that z = —% is one of the roots of the original equation. It can be manipulated as
o1
)
2z=-—1
2z4+1=0
This means,

22° — (34+8))z—(2+47) =0
has a factor of 2z + 1. In order to find out the other factor, we perform a division:

z —2—4y
2z+1)22°  —(3+87)2—(2+4y)
—) 227 +z

—3z — 8z — z—(2 + 4y)
22(—2—47)—(2+ 4y)

-) 22(—2—4y) —-2-4y
0 0
Thus, we find out that the other factor is
z—2—4).
Therefore another root is
z—2—-475=0
z2=24+4

28) A polynomial equation )
2t =228 4722 —42410=0

has (a) root(s) z = a - 7 where a is real. Find the value of a and all roots of this equation.
When we put z = aj into z* — 223 + 72 — 42+ 10 =0,
we get
2P =224+ —42410=0
" (ag)" —2(a9)’ + 7(ag)* — 4(ay) + 10 =0
~at(p)t = 2a°()°
+74*(3)* —4a3+10 =0
ot ((07) = 26(0)7 5
+7a% - (—1) —4day+10=0
at (-1 =26 (<1) -y
+7a® - (—=1) —4a7+10 =0
sat+ 2a33 —7a® — 4a34+10=0
sat—=Td®+10+ 2a3j— 4ay =0
coat —7a® +10 + (20° — 4a)) =0
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From this equation, we get
at =7 +10=0
2¢® —4a =0
These can be manipulated as
a*—7a* +10=0
(a®*=2)(a®*=5)=0

20 —4a =0
s 2a(a® —2)=0
Both equations have a factor of a? — 2 and
a®>—2=0
at=2
sa=%V2

satisfy both equations. Thus z = ++/2 are the roots of z* — 22® + 722 — 42 + 10 = 0.
This means z* — 22% + 72% — 42 4+ 10 = 0 has factors of z — 7v/2 and z + /2. In other words, the original equation has a factor of

(z— V2)(z + 3V2)

=2 - (3V2)
=z -2(p°
=22-2.(-1)
=242
We now find the rest sz the factors of the original equation by doing the following division:
z +5
22+ 2)27 —22° +72°—42+10
_) 24 4922
—22% — 227 +7°
—22% 4522
-)
527 4+ 4z—4z
-) 522410
—10+10
0

Thus
2222 47— 42410 B

2
2542
The roots of 2% — 2z + 5 = 0 are the rest of the roots for z* — 223 + 722 — 42 + 10 = 0. In general the roots of

22—2z+5.

az +bzx' +ec=0

L —b+ /b2 —4dac
o 2a ’

are

The equation 2> — 2z 4+ 5 = 0 is identical to
az> +bz' +¢c=0

when
a=1
b=-2
c=5
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Therefore the roots of 22 — 2z +5 =0 are

—(=2)++/(-2)2—-4-1-5
2.1
244 —20
2
24++/-16
- 2
24/ —42
o 2

244142

z =

2

244/ 1-V42
N 2

2454

_224

J

=3%3%

=142

29) wu, v and w are the three roots of the equation 2> — 1 = 0. Calculate u - v 4+ v - w + w - u without calculating the 3 roots
When u,v and w are the three roots of a cubic equation, we can write:

(z —u)(z —v)(z —w)
=2~ (u+v+w)’
+(uv + vw + wu)z — uvw
_ .3
=2z"—-1
By equating the coefficient of 23, 22, 2', and 2° we get
—(u+v+w)=0
uv +vw +wu =0
—uvw = —1

From the second equation uv + vw 4+ wu = 0.

30) The equation
22— (n+z+m+27=0
has three roots. n and m are real constants.

a) Calculate m such that the modulus of the product of the three roots is v/5.
When u,v and w are the three roots of a cubic equation, we can write:

(z —u)(z —v)(z —w)
=2 —(u+v+w)2’
+(uwv + vw + wu)z — uvw
=2 —(n+)z+m+2y

By equating the coefficient of 2%, 22, 2!, and 2° we get

—(u+tv+w)=0
(uv + vw + wu) = —(n+3)
—uvw =m+ 29
The product of the roots is uvw and from the third equation above,
—uvw =m + 2)
sLuvw = —(m+ 29)
=-m-2y
The modulus of —m — 23 is
| —m—2y
(—m)? + (—2)?
=vm2+4
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Since the modulus of the product of the roots is v/5, we can say

vm?+4=+v5

2

m°+4=5
m?=5-4
mi=1
com==*£1

b) Calculate the modulus of the sum of the roots.
The sum of the roots is u + v + w. Sinceu + v + w = 0, the modulus of the sum is 0.

31) Calculate the values of m, where m is real, such that the equation
22—(3+])z+m+2j:0

has a real root. Calculate the second root.
The original equation can be manipulated as

22— (B4)z+m+2)=0
22 —3z—2z73+4m+23=0
22 =3z4m+(2-2)=0
Since z can be real and m is real, the equation above gives the following two simultaneous equations:
22—324m=0

2—2z=0
From the second equation, we get
2—2=0
2=z

Here we know that the first root is z = 2 . By putting z = 2 into the first equation, we get

z2—3z+m:0
22-3.24m=0

S A4—-64+4m=0
=24+ m=0
Som=2

When we assume another root is a, using the first root of 2, the original equation can be expressed as

22— (B+)z+m+2y
=22~ (3+)2+2+2
=(z—a) (z—2)
=2+ (—a—2)2+2a
By equating the coefficients of 22,2*,2z°, we obtain
B+ =(-a-2)
242)=2a
From the second equation, we get
1+9=a
Therefore another root is 1 + 3.
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DAY3
32) Solve the equation

33) Solve

34) Simplify the following expression

—3e%" 4 5% =2

—3e%% 4+ 5¢® =
32 B 4+2=0
3 =5e" +2=0

. 2%_5i\/52—4~3~2

2-3
L DEVEB-A
T 6

e BEVI

. 541 5-1

T 6 0 6

. 64

.6 = 67 6

et = 1, ;

In(e”) = In(1), 1n(§)

zln(e) =0 ln(%)

x-1=0, ln(%)

x —0,ln(§)

2°-6(27")=6

2°-6(27")=6

2°(2") =6 (277) (2°) = 6(2")
(2°)? —6(27"") = 6(2)

(27)* - 6(2°) =6(2")
S (27)7 = 6(1) = 6(27)
L (27)°-6(27) —6=0
—(—6) + /(=6)2 —4-1-(—6)
2.1
je _ 6+ 1/36— (—24)
- 2
P E )
LT T
. 255 — M
.. - 2
. 290 — %
.. - 2
2" =34+15( 27 > 0)
1Og2( ) = log, (3 + V/15)
:clogg 2 = log, (3 + V/15)
= 10g2(3 + \/7)
(73$5y_4)3
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35) Solve the following equation

36) Solve the following inequality

37)

38)

54(1‘7y3)2

(—3z5y—4)3
54x7><2y3><2

= (—3)3z5x3y—4x3
B 54z y®

- _27w15y712

g l415, 6412

— oty

=29/

o102 = —90 — 3z + 12
. 10x 4+ 3z = —78

13z =78
=18
13

cx=—6

120 —2 < 7T — 17

120 —2< 7 — 17
12 —Te < =174 2

14

1—-

1+ +)
(1-=21+2)
142+
-
_1+25—1
T 1-(-1)
2y

J:773=
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Using
yis
1=¢2,
we get
4
J
]% X4
J471'
= ¢ 7
— e]'(Q"f) -1
Alternatively, using 5> = —1
7-9-9-0=1"

gt = (]2)2 _ (_1)2 -1

39) Calculate the real values of = and y or find the relationship between x and y such that (x + jy)3 is real and the modulus of x + 3y is higher than 8.
We re-write = + jy as follows:

z+ gy = re’’

=rcosf + jgrsiné
s.x=rcosf,y =rsind
where r is real and positive and 6 is real. Then the problem can be re-phrased as
(re??)3 = r3e73 is real and
lre?| =7 > 8.

The fact that ¢?*? is real means

30 =nm
nm
S0=—
3
where n is an integer. Thus we can write
x =rcosf
. X =1TCos (E)
S 3
y =rsinf

n(5)
=7rsm\|{ —
Y 3

Now that » and n are the variables which are not in the problem statement, we need to remove r and n from the equations above to obtain
the relation between x and y. In the following, we assume m is an integer.

a) Whenn =0+ 6m,

& = T COSs (E)
B 3

= 7 COS 67”771—
o 3

= rcos(2mm)
=r>38

y = rsin (%)
. [ 6mm
= rsin <3>
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Thus z = r > 8, and y = 0 are the values of z, y.
b) Whenn =1+ 6m,

T
= rcos (g + 2m7r)
T COS (E)
N 3
= rcos (f)
3
L
)
_r
)
= rsin (—Tr)
Y 3
™

In order to remove r from these two equations, we perform the division of these two equations as follows:

V3

r > 8 can be applied to z = 7 as follows:

Thus y = v/3z and z > 4 are the relation of z and y.
¢) Whenn =2+ 6m
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r > 8 can be applied to z = —£ as follows:

Thus y = —v/3z and = < —4 are the relation of z and .
d) Whenn =3+ 6m,

m—rcos( )
_ (3+6m7r)
= rcos

(37r+ Gmﬂ)
= rcos

(37T 6m7r)
= rcos 3 + —

= rcos (7 + 2mm)
= rcos ()
—r

. (N
y—rsm(—g)

. ((3+6m)7r)
=rsin { ————
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. (37r+ Gmﬂ)
=rsin | ————

= rsin 31 + 76m7r
B 3 3
= rsin (7 + 2mm)
= rsin ()
=0
r > 8 can be applied to x = —r as follows:
r>8
co-r < =8
Sr=-r<-—8

Thus the values of x and y are: = < —8, and y = 0.
e) Whenn =4+ 6m,

SHEES
|
)
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r > 8 can be applied to = —% as follows:

r>8
r
=>4
5>
_ro_
2
T
=<4
x 5 <
Thus y = v/3z and = < —4 are the relation of z and .
f) Whenn =5+ 6m,
X = T COS (E)
- 3
((5 + 6m)7r>
= T COS
3
(57r + 6m7r)
= T COS
3
= 1 Cos 5—7T + 76m7r
B 3 3
(5 +2m)
=rcos| — +2mnw
3
= T COS 51
3
= T COS 51
N 3
_, 1
2
_r
T2
= rsin (—W)
Y 3
((5 + 6m)7r>
= 7rSsin
3
. 5m + 6m7r)
= rsin
3
= rsin 5—” + 76m7r
B 3 3
(5 +20v)
=rsin | — + 2mn
3
= rsin 5—7T
B 3
__rnv3
2
In order to remove r from these two equations, we perform the division of these two equations as follows:
R
2
— T
B 2
y_ —"
z 3
_ VA
- T
=3
y=—V3zx
r > 8 can be applied to z = 5 as follows:
r>38
r
=>4
5>
T
==->14
=g >

Thus y = —v/3z and = > 4 are the relation of  and .
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40) Rationalise 11*_%7] Note that the complex conjugate of 1 — 27 is 1 + 2.

129 129 1+2
1-2) 1-27 142
_ 121 +2)
(1—-29)(1+2y)
12542457
1—-25+2)—49°
129+ 2497
1—45°
127—24, o
=2 2=
T4 (2 )
12524
T 5
. . 1
41) Rationalise el
1 1 3—7
3+37 343 3—7
__ 3=
B+2B -2
_ 3=
9—(»)°
_ 33—
T 9—(-1)
_3-J
T 10
42) Given that
™
z:2e]3
T V6+2
CoS — = ————
12 4
sinl*i\/g_\/§
12 4
find the following in standard form
a) z
z:2cosg+2singj:1+\/§]
b) 2°
2% = (2e75)% = 25*™ = 64 x (14 0y) = 64
C) zf§
4
8 _z, ™ . e
== = (14 V) —4(e7 ) = (1+ V3)) —4 (cos(~5) +sin(~ %))
=1+4+v3)—-24+2V3)=—-1+3V3y
d) |z —1]
lz—1|=[1+V3)—1|=|V3)| = V3
e) z— /217

2—V2eTE =14 V35— ﬂ(cos(—g) —|—sin(—£)j) =14+V3—1+7=(V3+1)y
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1+

43) Given that

find the following in standard form
a) z

b) 2271

c) jz

d) |2

e) vz

44) Given that

find the following in standard form
a) z

b) 2°

d) |z + 3|

2,71 =

Z=—)-1

2| = V12 +12 = V2

2 =2%
5m . 5w V3 1
Z—Q(COS?+SIHF])f2(77+§])7\/§+.]
ZGZZGQJ%X6:64257U:_64
4 4 4(=V3 — )
S N S S S
z —V3+) (=V3+)(=V3-)

=—V3+)-(—VB-p))=—-V3+3+V3+)=2

lz+ V3| =|-V3+7+V3=j =1
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e) z — 2\/§eﬂ%’r

_,2m 2 2
2 —2V/3e 7 F :—\/§+j—2\/§(cos(—§7r)—I—sin(—%)j)
1 3
:—\/§+J—2\/§(—§—gj):_\/g+3+\/§+3jz4j
1—
f) J
z
1—y _ \/igrji — iej(*%*%r) — L67J1127r — ie]% — i(cos(
z 2076 V2 2 2 2 12
g vz

45) Given that

c=V3
find the following in standard form
a) z
z= \/§—|—j
b) 827"
8271 = \/387] - 8(\/i+J) 22\/§+2]
c) —jz
—yz=—3V3+1
d) 2]
2] =\ (V3)2 + (-1)2 = V4 =2
e) 23
2= (2e77F)? 23 IF X3 _ 93, 71F — _g,
f) =6

20 = (270)° = 297570 = 64¢™ = —64

46) Given that

z=-1-— \/gj
find the following in standard form
a) z
Z=-1+V3
b) 427!
_ 4 4(—1++/39)
4z 1 _ — =1+ \/§]
—1=V3 (-1 V3)(-1+V3y)

c) Jz

j2=—3—V3
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d |z

&) vz
x x 1 1
Vi= V2 —ate B madeos(- ) rsin(- Ty =25 (4 - U = Rk
f) z°
7= (2059 = 22T = PP = 8
47) Given that
2 =27
find the following in standard form
a) z
n 1
2 =20% = 2(0055?7T +sin5§j) = 2(5 — ?]) =1-3y
b) z°
P = 2P TET =87 = 8
c) z—|—E
z
z+ 1—22 — 2 46T =1 V37 + 6(cos —om + sin —TEWT])
1. V3
& |1z
1—zl=1-(1-V3)|= V3 =V3
e) z+ 23’
™ 1 1
2428 =1 V3 +2(—=+ =) =1 - V3 +V2+ V2 =1+ V2 + (V2 - V3);
V2 V2
2—-3y
D z—1
2-33 2-3)
z—1 _\/§j
_(2-3)
V3
_3+2
V3
9 vz
Vz = (2ej%r)% =255 = 2%(cosg + sin g]) = 2%(% + ?J) —275 +\/§~2%4]
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DAY4
48) Solve the equation

e 6+36+4
T 2
e 6 + 40

2
. 6E£V4V10

2
e Giim
73+W( ¢” > 0)
-1n( ) = In(3 + V10)
s xlne =In(3 +v/10)
o o =1In(3+V10)

49) Solve the equation
2In(z +3) —In(x +1) =3In2
We work under the condition of z +3 > 0and z + 1 > 0.
2In(z+3) —In(z +1) =3In2
Sn(z+3)* —In(z+1)=1n2°

2
.-.lnwzlnf
T+ 1
. (@+3)? — 93
Cx+1

(z+3)° =2 +1)
P +6x+9=8zx+38
P +6x—8c+9—8=0
i —20+1=0
(r—-1)°=0

r=1

50) Solve the equation
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51) Solve the equation

52) Solve the equation

(6 —x)logy 27" = 5log, 2

. —(6 —x)log, 2 = 5log, 2

—(6-—x)=5
—b6+x=5
Srx=54+6=11

=) =)

@) =) e

. (23><217 (2—2><(T 2)) ( 92% (= ’I‘)) (2—1><(2 .1‘))

261 ( 2z+4) _ <272z) (2172)
2630 2x+4 — 9~ 2c+x—2

. 24:c+4 _ 2—7: 2
cSAdr+4=—x -2
cAdr+r=-2-4

.o = —6

x=—6/5

102 log(z%) —

102 log(z%) —

. log 1021°g(x%> =logx

", 210g(x%) log 10 = log x

log(:r%)2 -1=logx

1

~.(1~3)2:x

2
ST =

2

x3 —x=0

2 3
Soxd3 —x3 =0

2 1
x3(l—x23)=0
.x=0,1

1
However, since :vs can not be zero, the answer is z = 1.

53) Find all z so that z* = —
We assume we did the problem

@pnor to this problem. The answer of the problem|§|was

(1-V3) = 2’6
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Using this, the original equation can be written as

When we assume z = r¢’’, where r is real and positive and 6 is real,

s
(7‘2]0)4 — 24e_J 6
7’4€4JG — 246—.7%-r
By equating the coefficient of the exponential and the power of the exponential we obtain
4 o4
r =2
40 = f% + 27

where n is an integer. Therefore

r=2
s 2mn
0=——+—
6 + 4
__m ., m
24 2
In the end, - o
y = 22](*ﬂ+7)
54) Find a complex number z which satisfies )
z° = —4y.

> X

Using iy
—J]=ce 2
, the equation
2
2t =4
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can be re-written as

When we define »

where 7 is real and positive and 6 is real,

can be furthermore re-written as

2 Py

0 -3
" (re] ) =4e "2
s

2 2 -J
P2 = 4772
yis

2 2960 -J
Lrte =4e T2

By equating the coefficient of the exponential and the power of the exponential we obtain

where n is an integer . Therefore we obtain

20 = —— 4 27mn
s 2mn
- 0 =—
2x2 2
0= 72 +
This gives us the answer of
= 9 ™

T _ynr
_ 2€_J4 J
_,o
— 26 J 4 . e*jnﬂ'
When n is even, ¢ "™ = 1. When n is odd, ¢ /"™ = —1. Therefore, for a general integer n, we can say ¢ "™ = +1. Thus
_,T
z=2¢ "4 . (1)
_ (T
oz =+2e ig)

55) Find all those values of z which satisfy

Write your values in standard form.

4

z +1=0
',z4:—1
2t =

. Z4 — e](ﬂ'+2ﬂ'”)

. 24»% — e](ﬂ+27‘rn)-%
42

_ ej‘l\' 2mn

g7 1+42n

. Z = CoS 1+2n7r + jsin 2n7r
FT 1 J 1

=l
+
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a) When n = 4m, where m is an integer,
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b) Whenn =4m +1

—_
+
[\~
S

Z = COSs

S
3

= 7 NN
—
+
N
S

+7sin 1 s
(1+2~( m+ 1)
= cos T
4
oo (LEZ D),
4
(1+8m+2
= co T
4
1
+jsin< +8m+27r
4
4
+]sin(3+8mﬂ'

|

Q
O
7]

(i

+7sin §
JE 4

3 3
+ o+ e
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3 3
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¢) Whenn =4m + 2
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d) Whenn =4m +3

56) Given u =1+ 3v/3 and v = /3 + j calculate u'?/v"°

i (L2l 2)
4

(1 +8m+4

= COS _—

3

_|_
<o
z.
=
/N
ot
+
o)
3
3
N W e W A W W e

3

4

pin (L8 20

3

Il
)
o
w
VR
ot
+
o)
3
3

I
Q
@]
7]

(i

+7sin §
JEI 4

3 3
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3 3
3 3

3
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@
/N

+

o

4

=]
VRS

IS L BN

s

5l
Sl
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S
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(1
z = cos

+]s1n( 1
(1+2-(4m+3)
=cos| ——

H
T o
[\~
3

3

3

EN|
N
+
0
3
e e e e e N~

4

(L2 9)
4

(1 +8m+6

= COS _—

3

3

4
ysn (L2820

= COS (
+7sin (

+7sin Z
TR 4

3

S
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>0

~ o

u and v are both in the first quadrant in Argand diagram. The phase of  is

The phase of v is

Therefore in the modulus/argument form, v = 1 + 3v/3 = 2¢’™/3 and v = v/3 + 7 = 2¢"/% . Thus

u

v

Using these,

tan6 = V3

12 _ (22”/3)12

— 912,05 x12
12
_ 212ej 37'

12 94
= 2%

16 _ (22]7r/6)16

16 7
=27"¢
16 7

=2"¢

8w
= 21637 3

s
& x16

16w

o o

u12 B 212eg47r

p16

57) The equation

- 21()'8]87"
8
AT =155
T 916-12
21(4%%—%")
- 216—12
12 8
(=5

24
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has a root z1 = 2(cos(7w/9) + ysin(w/9)) Find the other roots z2 and z3. Please do not leave j inside ,/ .
Hint: You can get 21, 22 and z3 without the information of z;.

22— 4v3 =4
can be re-written as
22— ]4\/3 =4
S22 =44 43
=4(1+V/3y)

The answer of the problem 56| gives
14 V3 =27/3,

Using this,

2% =4(14+V3y)
=4.27/3

= g’™/?

_ 236371'/3

We assume z = r¢’? where r is real and positive and @ is real. When we put z = r¢’% into the equation above,
23 — 23eg7r/3
ord?)d = 23e7m/3

5 30 3
corderd? = 93m/3

By equating the modulus and the exponent part, we obtain the following:

3 — 9B
r=2

36 3
o130 — am/

.30 =7/3 4 2mn
g T 2m
T 3

3.
2mn

=14 0
3

©ol3 w

where n is an arbitrary integer.
When n = 3m, where m is an arbitrary integer,

0
z=re

= 2e](6+27’r7n)
_ g0l 5
= 22,7(g+2m7r)
_ 2e%+2m7r]

= 2¢'9 2™

= Qe% =2

Whenn =3m + 1,
z=re!
QQJ(%+273”L)
ol
3-27r»(3m+1))
9

7+ 67w (3m+1)
9

m+18mn+6m

J—9

Tn+18mm
=2¢ 9
7my+18mmy
2e 9
Tmy 18mmy
209 ¢ 9
Ty

2mm
¢ J

3 o

J

]

¢
7
=2 = 29
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When n = 3m + 2,

2= el
= QQJ(%+%TH)
(%+2w~<3;n+2))
(%+6w-(35n,+2))

T+6mw(3m+2)
9

= 2¢’

= 2¢’

m418mm4127
= 2¢’ °
137418mm
=27 9
13794+18mmy
= 2¢ 9
137wy 18mmy
=29 ¢ 9
137y
=2e 9 ¢
137y

=2¢ 9 = 23

2mmy
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DAYS
58) Solve

log(z — 2)(2z — 3) = log 2>
We work under the condition of (x — 2)(2z —3) > 0andz # 0
log(z — 2)(2z — 3) = log 2>
(z—2)(2x —3) =2°
. 22° — 3w —4x +6 =2
2t =Tz +6=0
S(z=1)(x—-6)=0
Sx=1,6

Since both answers satisfy (z — 2)(2z — 3) > 0, z = 1, 6 are the answers.
59) Solve the following equation

22 —4r+6=0
22— 4z +6=0
27—(—4)1 (—4)2—4-1-6
N 2.1
_44+/16 24
e
_ 4++/-8
=
A+ V4V—2
==
4x2v2V-1
o 2
4+2vY
o 2
4, 2V
T2 2
=242

60) Perform the following polynomial division

2? + 5z + 12 )52 +292%+802+48

S5 +4

2?4 5z + 12 )52 +2927 4802448
—)523 42522 +60x

427 +20x+48

-) 422 4+20x+48

0 0 0

Thus, we find the quotient to be 5z + 4
61) Perform the following polynomial division

z + 3 )2+t +2
z?—2x +7
x+3)2° +27 +o +2

—)a® 4322

—22% 4z 42

-) —2z%—6z
Tr +2
-) Tr+21
0—-19

Thus, we find the quotient to be z> — 2z + 7 with a remainder of —19.
62) Perform the following polynomial division

22 + 3z + 3 )32°—227+42—3
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3r—11
2?4 3z + 3)32° —227 +4x —3
—)3z% +92% 492
—112% —5z —3
-)  —112*-332z—33
04+28x+30
Thus, we find the quotient to be3xz — 11 with a remainder of 28z + 30.
63) Using De Moivre’s theorem, write (\/5 + j\/§)4 in the form o + 35.
The strategy to tackle this problem is

a) change v/3 + to the modulus/argument form

b) use Equation (28) to get the form of r(cos 6 + ysin 6)
¢) Apply Equation {
First let’s find .

Now to work out §. We know that tan 6 = % =1.

Now using De Moivre’s theorem.

(V8- 3v8)" = [Voleos )+ ssin(m)
= (VB)' (cos(3m) +ysin( )"
= (V6)*(cos(4 - %r) + 7sin(4 - iw))
= (v6)* - (v/6)*(cos(4 - %r) + 7sin(4 - iw))
=6-6(cos(4 - %r) + 7sin(4 - in))
= 36(cos(m) + ysin(n))
= 36(—1 + 50)
= —-36+ 70

Therefore « = —36 and 5 = 0.
64) Calculate integers n such that

o= (L+V3)"

is a real number.

C\.‘
~S)

V3

RE

- R

We assume the problem [56]is handled prior to this question. From the answer in the problem[56], we know that

™
1+5V/3=23.
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Thus

s
(1+V3)" = (23)"
_ QHQJ% Xn
nm
= QHQJT
,nm . .
In order to make ¢’ 3 real, using an integer m, we need
2 —
3 =
c.nm = 3mm
con=3m

Thus n = 3m, i.e., a multiple of 3.
65) Obtain the real and imaginary parts of cosh(1 — 3% ) in standard form

eatab 4 ¢ (atyb) _ eatab +e—a—ab

_ el 4 ¢TI0

cosh(a + jb) = 5 5 = 5
¢“(cos(b) + gsin(b)) + ¢~ *(cos(—b) + gsin(—b)) _ e*(cos(b) + ysin(b)) + ¢~ “(cos(b) — gsin(b))
B 2 B 2
¢” cos(b) 4 g¢“ sin(b) + ¢~ cos(b) — g¢~“sin(b) ¢ cos(b) + ¢~ “ cos(b) — ge¢”“ sin(b) + ge” sin(b)
N 2 o 2
e? cos(b) + e~ cos(b) + g(—e *sin(b) + e®sin(b))  ¢*cos(b) + ¢ “ cos(b) n J(—e"*sin(b)) + ¢” sin(b))
- 2 B 2 2
= cos(b) —i—jsin(b)%
When we substitute = 1 and b = — % we obtain
1 -1 -1 1
cosh(1 —&-](—%)) — cos(—%)% —I—jsin(—%)%
_VBetet T-el4e VBete ) —e 4
T2 2 T T 4
66) Find the possible values of ¢* when cosh(z) = 2
cosh(z):%:2 Lo e T =2:2; P 41=2.2.¢; P -2.2.41=0
et =244/22-1
67) Find the possible values of ¢* when sinh(z) = 2
sinh(z):%:z Dot —eTT=2.2 e o1=2.2.¢"; ¢ -2.2."=-1=0
et =2442241
68) Find the value of cosh(z) when ¢* = 2
et 24270 2241
cosh(z) = 5 =~ =33
69) Find the value of sinh(z) when ¢* = 2
C—eF 2-271 221
51 h = = =
Sin. (Z) 2 2 9.9

70) Find the complex number z when cos(z) = 2
We assume z = a + jb where a and b are real and b # 0.

cos(a + gb) = cos(a) cosh(b) F gsi

(here you need to copy/write down the proof from the keynote)
Thus we obtain

cos(a) cosh(b) = 2

sin(a) sinh(b) =0
@ gives us

sin(a) =

sinh(b) =

n(a)sinh(b) =2 + 70

O]
@

®
@



From @ we obtain

2sinh(b):eb—e_b:0 s —1=0; ~¢®=1; - 260=0: ~b=0
This is not acceptable because b is defined as b # 0. From @ we obtain
sin(a) =0 ; ..a=2nm 2n+ )7
where n is integer. When a = (2n + 1), cos(a) = —1. Therefore from @ we obtain
cosh(b) = —2
which is not possible because cosh(b) > 1 for any real b. When a = 2nm, cos(a) = 1. Therefore from © we obtain
et b, —b 2b b 2 b
cosh(b) =2 ; ,‘,T:Z ;e e T =22 e +1=2-2-¢"; ¢ —=2:-2-¢"+1=0

e =24422-1 Sb=log,(2£v22-1)

Thus z = 2nm + jlog, (2 £ V22 — 1)
71) Find the complex number z when sin(z) = 2
We assume z = a + jb where a and b are real and b # 0.
sin(a £ gb) = sin(a) cosh(b) £ jcos(a) sinh(b) = 2 + 70

(here you need to copy/write down the proof from the keynote)
Thus we obtain

sin(a) cosh(b) = 2 @
cos(a) sinh(b) =0 @
@ gives us
cos(a) =0 ®
sinh(b) = 0 @
From @ we obtain
2sinh(b) =¢’* —e¢ " =0; e —1=0; ~e®=1; ~26=0; ~b=0
This is not acceptable because b is defined as b # 0. From @ we obtain
cos(a) =0 ; ..a=2nm+ g,2n7r — g
where n is integer. When a = 2nm — 7, sin(a) = —1. Therefore from © we obtain
cosh(b) = —2
which is not possible because cosh(b) > 1 for any real b. When a = 2n7 + %, sin(a) = 1. Therefore from © we obtain
cosh(b) =2 ; ,',¥:2 ol re =22 P y1=2.2.¢"; P -2.2.4+1=0

e =24422-1 Sb=log,(2+ V22 -1)

Thus z = (2n+ 1) m+ ylog (2 £ V22 — 1)
72) Find the possible values of ¢* when cosh(z) = 3
S s HeT=2035 P H1=2.300 5 o230 4120

et =3+£/32-1

cosh(z) =

73) Find the possible values of ¢* when sinh(z) = 3

z_ =z
sinh(z) =55 =3 - =2.3; ¢ —1=2.3.¢; ¢F-2.3¢-1=0

2
st =3+1432+1

74) Find the value of cosh(z) when ¢* = 3

“+eF 3437 341
a 2 2.3

cosh(z) =

75) Find the value of sinh(z) when ¢* =3

, F—eF 3-37' -1
sinh(z) = 3 - =53
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76) Find the complex number z when cos(z) = 3
We assume z = a + jb where a and b are real and b # 0.

cos(a = gb) = cos(a) cosh(b) F gsin(a) sinh(b) = 3 + 50

(here you need to copy/write down the proof from the keynote)
Thus we obtain

cos(a) cosh(b) = 3 @
sin(a) sinh(b) = 0 @
@ gives us
sin(a) =0 ®
sinh(b) =0 @
From @ we obtain
2sinh(h) =’ —e¢ " =0; e —1=0; ¢®=1; ~20=0; . b=0
This is not acceptable because b is defined as b # 0. From @ we obtain
sin(fa) =0 ; ..a=2nm 2n+ )7
where n is integer. When a = (2n + 1), cos(a) = —1. Therefore from @ we obtain
cosh(b) = -3
which is not possible because cosh(b) > 1 for any real b. When a = 2nm, cos(a) = 1. Therefore from © we obtain
cosh(b) =3 ; ebsz =3; ~e+et=2-3; ~eP+1=2-3-¢"; ®-2.3.+1=0

et =3+32-1; -~ b=log,(3+32-1)

Thus z = 2nm + ylog, (3£ V32 — 1)
77) Find the complex number z when sin(z) = 3
We assume z = a + jb where a and b are real and b # 0.

sin(a % 7b) = sin(a) cosh(b) & jcos(a) sinh(b) = 3 + 30

(here you need to copy/write down the proof from the keynote)
Thus we obtain

sin(a) cosh(b) = 3 @
cos(a) sinh(b) =0 @
@ gives us
cos(a) =0 ®
sinh(b) =0 @
From @ we obtain
2sinh(b):ebfefb:0 s —1=0; ~¢®=1; - 26=0; ~b=0
This is not acceptable because b is defined as b # 0. From ® we obtain
cos(a) =0 ; ..a=2nm+ E,2n7r -z
2 2
where n is integer. When a = 2nm — 7, sin(a) = —1. Therefore from © we obtain

cosh(b) = -3
which is not possible because cosh(b) > 1 for any real b. When a = 2n7 + %, sin(a) = 1. Therefore from @ we obtain
b —b
. +2e =3; 4 t=2.3; P 41=2-3¢"; P -2.3."+1=0

et =3+32-1; -~b=log,(3+32-1)

cosh(b) =3 ;

Thus z = (2n+ ) w4 ylog, (3 £ V32 — 1)
78) Find the possible values of ¢* when cosh(z) = 4

cosh(z):izél; et =24 e 41=24-¢"; e -24-°+1=0

2
et =4+442-1

79) Find the possible values of ¢* when sinh(z) = 4
BZ _ e—Z

sinh(z) = 5

=4 cef—e =24 ¥ —1=2:4-¢"; ¢F_2.4--1=0

e =44+42+1
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80)

81)

82)

83)

Find the value of cosh(z) when ¢* = 4

et 44471 4241

2 2-4

cosh(z) =

Find the value of sinh(z) when ¢* =4

. e*—eF 4471 421
sinh(z) = 3 = =75

Find the complex number z when cos(z) = 4
We assume z = a + jb where a and b are real and b # 0.

cos(a = gb) = cos(a) cosh(b) F gsin(a) sinh(b) =4 + 50

(here you need to copy/write down the proof from the keynote)
Thus we obtain

cos(a) cosh(b) = 4 @
sin(a) sinh(b) = 0 @
@ gives us
sin(a) =0 ®
sinh(b) =0 @
From @ we obtain
QSinh(b):eb—fb:O o —1=0; ~¢*=1; - 26=0: -~ b=0
This is not acceptable because b is defined as b # 0. From ® we obtain
sin(a) =0 ; ..a=2nm 2n+ 1)1
where n is integer. When a = (2n + 1), cos(a) = —1. Therefore from @ we obtain
cosh(b) = —4
which is not possible because cosh(b) > 1 for any real b. When a = 2n, cos(a) = 1. Therefore from @ we obtain
cosh(b) =4 ; . ebge_b =4 ~f+et=24; P 41=2.4-¢"; P —2.4."+1=0

=4+ V/22 -1 S b=log,(4+ 42 1)
Thus z = 2nm + jlog, (4 £ V42 — 1)

Find the complex number z when sin(z) = 4
We assume z = a + jb where a and b are real and b # 0.

sin(a % 7b) = sin(a) cosh(b) & jcos(a) sinh(b) =4 + 30

(here you need to copy/write down the proof from the keynote)
Thus we obtain

sin(a) cosh(b) = 4 @
=0

cos(a) sinh(b) @

@ gives us

cos(a) =0 ®

sinh(h) =0 @
From @ we obtain

2sinh(h) =’ —¢ " =0; e¢*—1=0; ¢®=1; ~.20=0; b=0
This is not acceptable because b is defined as b # 0. From ® we obtain
cos(a) =0 ; ..a=2nmw+ g,2n7r — g

where n is integer. When a = 2nm — 7, sin(a) = —1. Therefore from © we obtain

cosh(b) = —4
which is not possible because cosh(b) > 1 for any real b. When a = 2n7 + %, sin(a) = 1. Therefore from @ we obtain

) et
2

=4 e t=24; P 41=2-4-0"; P -2.4.+1=0

e =444 1 s b=log, (4442 - 1)

cosh(b) =4 ;

Thus z = (2n+ 1) m 4 ylog (4 £ V42 — 1)
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84) Find the possible values of ¢* when cosh(z) =5

z —z
cosh(z):i:&'); e F=2-5; ¥ 41=2-5-¢; ¥ —-2.5.¢"41=0

2
st =5+4/52-1

85) Find the possible values of ¢* when sinh(z) = 5

sinh(z) =5 % =5 - =2.5; ¢ —1=2.5¢; & -2.5¢-1=0

2
e =5+452+1

86) Find the value of cosh(z) when ¢* =5

“+e* 545" 5741
cosh(z) = 5 =5~ 3%

87) Find the value of sinh(z) when ¢ =5

. e —¢ 7 5-51 521
sinh(z) = 3 e v

88) Find the complex number z when cos(z) =5
We assume z = a + jb where a and b are real and b # 0.

cos(a + gb) = cos(a) cosh(b) F gsin(a) sinh(b) =5 + 50

(here you need to copy/write down the proof from the keynote)
Thus we obtain

cos(a) cosh(b) =5 @
sin(a) sinh(b) =0 @

@ gives us

From @ we obtain

2sinh(h) =’ —¢ " =0; e —1=0; ¢®=1; ~20=0; . b=0
This is not acceptable because b is defined as b # 0. From ® we obtain
sin(a) =0 ; ..a=2nm 2n+ )7
where n is integer. When a = (2n + 1), cos(a) = —1. Therefore from @ we obtain
cosh(b) = =5
which is not possible because cosh(b) > 1 for any real b. When a = 2n, cos(a) = 1. Therefore from @ we obtain
cosh(b) =5 ; - °b+2°7b =5; ~e+eP=2.5; P +1=2.5-¢"; P -2.5."+1=0

e =5+62—1; - b=log,(5++/52—1)

Thus z = 2nm + ylog, (5 £ /52 — 1)
89) Find the complex number z when sin(z) =5
We assume z = a + yb where a and b are real and b # 0.

sin(a % 7b) = sin(a) cosh(b) & jcos(a) sinh(b) =5 + 30

(here you need to copy/write down the proof from the keynote)
Thus we obtain

sin(a) cosh(b) =5 @
=0

cos(a) sinh(b) @

@ gives us

cos(a) =0 ®

sinh(b) = 0 @
From @ we obtain

2sinh(b):ebfefb:0 s —1=0; ~¢®=1; - 26=0; ~b=0
This is not acceptable because b is defined as b # 0. From ® we obtain
cos(a) =0 ; ..a=2nm+ g7QH7T — g
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where n is integer. When a = 2nm — 7, sin(a) = —1. Therefore from © we obtain
cosh(b) = =5
which is not possible because cosh(b) > 1 for any real b. When a = 2n7 + %, sin(a) = 1. Therefore from © we obtain

. 4 ?

2

=5; ~e+el=2.5; ®+1=2.5.-¢"; ~e*—-2.5.41=0

et =54++52—-1; ~b=log, (5452 —1)

cosh(b) =5 ;

Thus z = (2n+ 3) 7 + ylog (5 + V52 — 1)
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DAY6
90) Find the complex number z in cosh z = cos(1 + )

coshz = cos(1 + )
e te? eI (1+2) 4 p—3(1+) eI ot P RS Oy

2 2 - 2 - 2 ponE=oly

91) Find the complex number z in cosh z = cos(1 — )

cosh z = cos(1 — )

¢F e = ?(1=2) 4 ¢=3(1=) AR eIt o= (D)
ST 2 T 2 - 2 - 2 ponE=lEy

92) Find the complex number z in cosh z = cos(—1 + j)

cosh z = cos(—1+ )
e* L ? (1) | ema(=142) ¢TI ot eI p e (a1
= = = z=—1—7

2 2 2 2 ;

93) Find the complex number z in cosh z = cos(—1 — j)

cosh z = cos(—1 — )
¢* e " d(-1=9) 4 ema(=1-9) eIt 4 ool eIt o= (=atD)

2 2 - 2 - 2 ponE=ley

94) Find the complex number z in cos z = cosh(1 + )

¢* 4 e elﬂ + 21+J

5 = 5 ;o =145 z=—3+1
95) Find the complex number z in cos z = cosh(1 — 7)
LA S S R S
5 = 5 ;o m=l—g z=-1—y
96) Find the complex number z in cos z = cosh(—1 + 7)
¢ Lo P 271+g
—; = ;— ;=149 cz2=14
97) Find the complex number z in cos z = cosh(—1 — 7)
z] —zJ —1—y —1—y
e = re ;onzyg=—1—3; z=-1+4

2 2 ’

98) Find the complex number z in sin z = cosh(1 + )

¢ — ¢ eIt o (4)

e e = (elﬂ + e*(lﬂ)) —J7 . (elﬂ + e*(lﬂ))

25 2 ;
e elﬂ X e]% + e*(lﬂ) . e]% _ elﬂ . eJ% _ (_27(1+J> . eJ%)
R G eIt eJ% _ e-]‘ﬂ'e—(l‘H) . eJ% _ eH—aﬂ% _ e—]‘”—(1+J)+J%
C e e = R _ o~ i () Coz=14 +Jg
z= 1”% = —](1+J+Jg) =)+ =T =)+ T =g+ P T =l T =)
99) Find the complex number z in cosh z = sin(1 + 7)
e te” _ R S Lo et = _](ej(lﬂ) _ e*](lﬂ)) —¢l% (eJ(1+]) _ e*y(lﬂ))

2 29
I R ICE ) PE L I (C S C L ) B (78*,7(14’]) ) eﬂ%)

— T — T P — T
f et = e](l"rj) e 40T 2(142) e U7 = e](l"rj) IT 4T 1(1+9)—2%
et e = JtN—sg + It Dtig — w(+s)—sg + ¢~ 0+ —33)

71— ™ ™
ca=g(l+g) —yy =047 —ag =1+ - 3)
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100) Find the complex number z in sin z = cosh(—1 — j)

z —z —1— —(—1—
e —2 e % _¢e J +2e (=1-2) L e e = ([17] n [(717])) — 5. (2717] + [(7171))
J

e e = eI e]% + 27(7171) . e]% — 1. eJ% _ (76*(*1*J) R e]%)
S L 1. eJ% _ 2—.77"2—(—1—]) . e]% — 2—1—J+J% _ e—ﬂr—(—l—J)+J%
e e = lhiE (e Sl (Sl ) D= —1—y +]E
2
—1-9+3 m 2T m 2, T T
- J172 (1 7):_ 1) =Pl = (=1 — Z = A T
z ; ]( 1+I5 2 N=15 == N+5 =1+ +5 +5
101) Find the complex number z in cosh z = sin(—1 — j)
z —z —1- —3(—1—
A S A et SN et = (@71 — I = B () )
2 29 o

™ ™

e = 2J<71*J) e IT e*](flﬂ) Lo IT = 21(717]) 'e*J% + (72*J<*1*J) . e*]%)
et = e](—l—J) . E—J% + eJWe—J(—l—J) ,e—J% _ eJ(—I—J)—J% + eJW—J(—l—J)—J%
e = e](flﬁ)ﬂ% + e*](*1*])+J% _ ej(*1*J>*J% + e*(](*lﬂ)ﬂ%)

™ ™ ™
ne=g(-l-g) —ay =00 g =1 +a(-1- )

102) Find the complex number z in sin z = cosh(—1 + )
%I _ze—zj _ ¢~ 1t +;—(—1+1) e . (e‘lﬂ n e_(_lﬂ)) —J5 . (e—l+] + e_(_1+]))
J

— 1 s —(=1 s 1 jus (=1 s
C el T — +J.212_~_2( +J).212:e +J,e12_(_e( +J)'e32)

_ 1 ™ _ (=1 ™
e TR = T L gE o im (P F

— —1 jus —(—1 —q —1 us —(—1 i
B B AR S SN (=143)—3% — o Ititig (=14+3+3%) ;

“lotsy _ pmam— (St g

™
'.21:71+J+]§

—1+7+ % m 2 Ll 2, T T
z ] J( +I+5 =149 =775 W=t +5=—1-7 +5 +t5
103) Find the complex number z in cosh z = sin(—1 + )
z -z (=1+y) _ ,—a(=1+9) x
¢ —|—22 _ ¢ 2; C ol et = _j(ea(*lﬂ) _ e*](flﬂ)) _ e*]j(eﬂ(*lﬂﬂ) _ e,](,lﬂ))

™

— — —q —a(— — — i —a(— —
et 4 z_ea( 1+J).e 1% ¢ a( 1+J).e 1% _e]( 1+J),e 15 ( ¢ a( 1+J).e 32)
_ 1 .= (=1 .= 1 . (=1 .
et et _eJ( +]).e I5 4 oI +3) Lo I3 _e]( +2)—1% eI I(=1+3)—3%
— — —a —a(— jus — —a — — —
e = JHN -3 ¢ (=1 +a5 (=140 —a3 ¢ ((=14+9-3%)

T ™ ™
na=g(=l4g) —ag =S —ug =100+ )

104) Find the complex number z in sin z = cosh(1 — j)

¢# — o= 617‘7+e7(17‘7>

5 _ 5 Do e e =y (elﬁ + e*(lfj)) —J% . (21*1 + e*(lﬁ))
J

_ 1— ™ —(1— Ed 1— s (11— o
e e = J‘e]2+e( ])_21222 1_2127(7e( J),ejz)

— 1— s — —(1— s 1— s —r—(1— s
C P eTRl = T 9T oI, ( .7).212 — olmtyg _ T (I=9)+1%

CeT e = s (-0 -t o~ (-0 E) Coy=1- +]g
Z-ﬂ-,(l, +§)_,(1,),23—,(1,)+E_,+2+Z_,1+E,
= ; ==J J ]2 =-J J J 5= J J 5 = JTJ 3= 2 J
105) Find the complex number z in cosh z = sin(1 — 3)
z —z 1— —9(1—
¢e“ +e _ 2]( 9 — ¢ 1-2) Lo e = _J(ej(l—J) _ e—J(l—J)) _ e—J%(eJ(l—J) _ e—J(l—J))
2 5 A

— 1— —y —9(1— — 1— — —9(1— —
'.ez—|—eZ:eJ( J).ejz_e]( ]).63222]( ]).632+(_e a( J),ejz)

e = eJ(lfj) e 7T 4 ejﬂeﬂ(lﬂ) Lo 9T = ea(lﬂ)ﬂg + eﬁrﬂ(lﬂ)ﬂg
— 1—9)—9 & —9(1— s 1—9)—Z — 1—9)—9 T
e z _ (=933 +e IA=+15 — (1=1)=35 Fe ((1=2)—-3%)

T ™ ™
na=gl=g) =5 =1-7 —i5 =1+50-3)
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XII. EXERCISES ON DIFFERENTIATION
diffsem1all.tex

1) DAY1

2) Simplify z — 1

ng 1 Inz

1 1 I§ 1
e— 2L _9p 4 2o+ 2 = —z+-—2zlnx
x x x x

—4

3) Simplify !

106"
10*  1n—446 12
10=6 = 10 =10
4) Write W without uslfg fractions.
As we know /z = 22 and % =zt
1 1
= =z 2
N x
5) What is the answer to the sum 0 — %
P S|
x x
6) Using the product rule, find % of y = z%sin 2z.
4 1 1 1 1 1 1 1
2 -
or P
2F 1
4r o 2x(x cos(2x) + sin(2x))
6 F x“ sin(2x)
-8 F
1 1 1 1 1 1 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5
xIr

Because the function y is a product, we must split the function into two functions called f(z) and g(z). Letting f(z) = 2 and g(z) = sin 2.

PR [V,(5)

dzx
g(z) =sin2zx ; .. % = 2cos 2z
Now applying the product rule as followed.
d{y} _ d{g(=)} d{f(@)} _ = :
pra f(x) I + g(z) e 2 cos 2z + sin 2z - 2z

= 22° cos 2z + 2 sin 2z = 2z(x cos 2z + sin 2z)

7) Differentiate f (z) = _2_7\/;”" + ¢” cos x with regard to x.
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0 B
f
oF 0
e”(cos(x) — sin(x))
4 F
st e’ cos(x)
8F

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

0.5z~ 1% In(x) + e®(cos(x) — sin(x))

1 1.2 1.4 1.6 1.8
xr

1
2 (=2—Inx)+¢" COSCL‘}
de dx

w1

1
(1{:1:77}
Laf{(—2—m=z)} d{e} . d{cosx}
_ o] 5d x [ sd{cosx
I ( nz)+x Iz + . cosx +¢ —
1.

I -1 1 ,
=-—5¢ 2 (=2—Inz)+z 2 (077>+ezcosxfersin;c

1 -3 -1
=57 2(=2—Inz)—x 2  +c’cosx —¢“sinx
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3 1 .3 3 1
=z 7—|—§x 2lnz —x ?—&—emcosx—emsinx:ix 2Inz+¢®cosx —e“sinx

d{f (z)}
dx

using f (x) (i.e., produce a differential equation)

8) Differentiate f (x) = zlnx with regard to x and express

Y

3 T T T T
2 | In(x) ‘|‘\1

>

1.5 2

X

dif (z)} = d{x} lnx+x% :1-11135—&—wl =lnz+1
T T

dx T dx

In order to produce a differential equation, we need to find Inz in terms of f (z). Since f (z) = zIlnz can be written as Inz =

(
w =lhz+1= % + 1. Therefore the differential equation is w - @ _1=0.
9) Differentiate f (z) = \/x with regard to x and express w using f (z) (ie, produce a differential equation)
T

8)
o

—

O 1 1 1 1
A 2 ) 4 . ) 4 ) }
0 0 0.3 04 4 05 0.6 0 0.8 0.9
1
d{f()},d{“’z} JE R S D
de  dz  2°7 T2 TT o T 2F ()
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Thus the differential equation is

d{f(@} _ 1 d{f(z)} _
dr  2f(x) ' 2f (@) de !
10) Differentiate f (x) = ™2 with regard to x.
1 T T 7] T T T T
05T 4
0 A
|
-05r T
1 ] ] ] ] ] ] ]
4 3 2 1 0 1 2 3 4
€T
d{f (33)} _ d{$72} _ -3
dx o dx =

11) Differentiate f (z) = x> (4 + 3z~°) with regard to .
d{f(z)} m_2(1, {4+327°} N d{z7?}

du dx dx (4+327°) =a7(—927 ") + (-2277) (44 3277)

=097 5-8:% 62 %=—-150"5—-8z73

12) Differentiate f (x) = 52> + sinx cos z with regard to x.

70 T T T T T T T
60 I
50
40
30
20
10

0
-10
20 T
-30
-40

1i T T T T T
08" N\ (cos(x))? — (sin(x))? 0 N

sin(x) cos(x)
-1 1 1 1 1 1 1 1

-3 -2 -1 0 1 2 3
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522 + sin(x) cos(x)

10z + cos(x)?

— sin(x)?

xr
d {5z* + si d{5z* sina
d{f (z)} _ {52® + sinzcosz} _ {52} n d{sinz} cosx—&—sinmd{(%‘r}
dx dx dx dx dx

13) Differentiate f (x) = x° Inx with regard to .

—_ -
NP O®

0.8
0.6
0.4
0.2
0
-0.2
-0.4

. . 2 .2
= 10z 4+ cosz cosz + sinz (— sinz) = 10z + cos” = — sin” z

i x2(1 + 31In(x)) 3 In(x)
. 1
0 0.2 0.4 0.6 0.8
Zr
d{f (@)} _ sd{lnz} d{z"} sl 4o 2, g2
T =z Ta + Jn Inx==x ;4—5:17 Inz=2"+3z"Inz

14) Differentiate f (z) = ¢” (3.5 — y/x) with regard to x.

\V) w £
T

er(—0.5270% 4 3.5 — 20-9)

d{f (=)}

0.2 0.25

dx

dzr

3.5 — i ;
_ezd{3.5 f}+d2;}(3.57\/§):ez(7%m Q)+ez(3.5f\/5):ez(
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16) Find d

15) Differentiate f () = (2° + 7z — 1) (5z + 2) with respect to z.

2500 : : : .
2000 [

1500 (2 + Tz — 1)(5z + 2)
1000 |
500 |

0
-500
-1000

—20x3 + 622 + 70x + 9

-1500
-2 -1 0

xr

d{f (=)}
dx

d {5z + 2} N d{z®+ 7z -1}

p— 3 —
= (x + Tx 1) e i

(52 +2) = (z* + 7z — 1) (5) + (32" +7) (5z + 2)

= 52° + 352 — 5+ 152° + 35z + 62% + 14 = 202> + 62% + 70z + 9

3e®
(2z° + 4)

of y = . (Your answer may include y as well as x)

20 T T T T
18
16 [
14 1

3e2® (z2 —x+42)

12
10 r

(w2+2)2

oA~ O O
T

-2 -1.5

« Recommended approach

322z
(2z% + 4)

When we take logarithm of the equation, we obtain

2z
(2z* + 4)

Now we differentiate the equation with respect to « as follows

Iny =1In

=1n|3¢**| —In|22° + 4| =In3 + In¢**

0.5 1 1.5 2

—In|22% + 4| = In3 + 2z — In |22 + 4]

d{ny} _ d{n3+2z—-2*+4]} = dfytdfny} _, 4o d{y}l_, 4z
dz dx T dx dy 202 +4 dr vy 222 + 4
Cd{y} _ (2_ 4z ) CLd{y} <2x2+4—2m)
T Tdr Y 202 4+4) 7 7 dx 2 42

» Basic approach

The function y is fraction, therefore we must use the quotient rule. Splitting the function up in to f(z) and g(z). Letting f(z) = 3¢** and

g(z) = 22 + 4 because y = %
flz) = 3> ; d{zf)} — 6™
g(w) = 2" +4 ; d{iﬁ”}-_4x
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Now applying the quotient rule as followed (note the minus sign and the order of f(z) and g(z)).

a{f d
d{y} 9®) A} d;x) b f@) 7{23)} (227 +4) - (6e*) — (3¢*) - (4z)
dr g(x)? B (24* +4)
622 +4)e* —4x(3e?7) 1277 ((2® +2) —a)  12e*(2® — x4+ 2)
B (227 + 4)? B (27 + 4)* (207 4 4)?
128 (2 —x+2) 3 (2® —a +2)
4@ +2)7? (@ +2)?
17) Differentiate f(z) =y = % with regard to x. (Your answer may include y as well as x)
Y
1000 T T T T T
6% In(1.5)
500 | (27—3%)2
: [
0
-500
_1 OOO 1 1 1 1 1
-0.4 -0.2 X 0 0.2 0.4

« Recommended approach
Let’s take logarithm of the equation

x

Iny :ln|2m273$| =In2" —In|2" —=3"| =zln2 — In|2” — 37|

Then let’s differentiate the equation with respect to « as follows
d{lny} d{zIn2—1In|2" — 37|}

dx dx
d{2* — 3%}

d{y} d{lny} d{y} 1 dz 2°In2—-3"1n3
: = -=In2- —4* _—-In2-=—""— ——

" dx dy de y . 27 — 3% . 27 — 3*
_2"In2-3"In2-2°In2+4+3%In3  —3"In2+43"In3 _ 3”In(3/2)
Cd{y}  3"In(3/2) 2 3"In(3/2) _ (2-3)"In(3/2) _ 6"In(3/2)
T dw =Y 2z _ 3a - 9T _ 3% 2z _ 3= - (2z _ 31)2 - (21 _ 393)2

« Basic approach
d{2*} 97 _ a7y _ gt d{2* — 3"}
d{f(z)} _ _da (2" =37 - dx _ (2"In2)(2" —3") —27(2"In2 — 3" In 3)
- - T 1 3
2% 1n2 — 273" In2 — 2" 2+ 2°3° In3 _ 2°3°(In3—n2) 6 (n5)

d{a”} =a"Ina, a’a? = a**9, a*b* = (ab)*,Ina —Inb =1n &.
dx b
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18) Differentiate f(z) =y = 12+ l?x with regard to x. (Your answer may include y as well as x)
r —Inx
1 —T T T T
1+In(x)
B Y A
05T x4—In(x) 4
0
L _2x1
05 —w+5— i3 l’l(w) _
0 (z?—In(x))?
_1 1 1 1 1
0 1 2 3 4 5
xr
« Recommended approach
Let’s take logarithm of the equation as follows
Iny=1In |12+¢| =In|l+Inz| —In|z® — Inz
¥ —Inzx

Now let’s differentiate the equation with respect to =

d{lny} d{In|1+Inz|—In|z* — Inz|}
de dx
Cd{yyd{my} d{y} 1 _ 5  2z—o5 1/ 1 = 2’-1
"o dx dy ~— dz y 14+Inz 22—lnz 2 \l+lnz 22—Inz

_ le —Inz— (1+Inz)(22> —1) 13;2 —Inz — (222 —1+22%Inz — Inx)

Tz (1+Inz)(x? —Ilnx) Tz

7lm2—lnm—2x2+1—2x2lnx+

1+ Inz)(z? —Inx)
Inz 1 —2?+1—-22%Ing

Tz
Cd{y} y —2’+1-22"Ilnz

1+ Inz)(z? —lnx)
l+lnz 1 —2®+1-2

T z(1+Inz)(z? —Inzx)

22Inz —224+1—-22%Inz

dx z (14 Inz)(z?2 —Inx) - 22—lnz z(1+nz)(z®—Ilnz)  z(z2—Inxz)?
« Basic approach

d{l+Inz},6 , d{IZ—lnm} 1, 5 . 1
d{f(x)} _ . (z" —Inz) — (1+1nz) 7n _ (2" —Inz) — (1 +1nx) (22 — T)

dzx (2> —Inz)? (2> —Inz)?

Inz 1 Inz 1
r———2x+— —2zlnz+ — —x+ — —2zlnx

x x x x

(2> —Inz)?
2
19) Differentiate y = ﬁ (Your answer may include y as well as x)

(2> —Inz)?

2 T T
15[ (322 —2x)
Tr (3x—1)2
0.5 F
0
-0.5
-1
15
_2 1 1 1 1 1
-4 -2 0 T 2 4
« Recommended approach Let’s take logarithim of the equation
Iny =1In 3;7:‘ =In|z’| —In|3z — 1| = 2Inz — In |3z — 1
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Now let’s differentiate the equation with respect to = as follows

d{lny} d{2lnz—In|3z—-1]} 2 3
de dx Tz 3z—1

cd{y}d{lny}d{y} 1 _ 2Bx—-1)—-3x 6x—-2—-3x  3x—2
odx dy dr 'y z(B3z—1)  zBz—1) x(Bz—1)

L diy} _yBr—2)

©odx z(3z — 1)
« Basic approach

e d{Tw_l} URPICA Ci S (TR0 )

_ dx dx v _ (Bz—1)-(2z) — 32
dx dx (3z —1)* (3z — 1)
_ 62° —22-32"  32° -2z
o Bz—1?% (Bz-1)?
20) Differentiate f(z) = %—!—1 with regard to x and express d {Zf:)} using f(z) (i.e, produce a differential equation).
60 B 1 1 1
40 0 2
z+1
20 r
O — e )
20 -9
-40 [ (z+1)2
-60 [ 1 1 1
-2 -1.5 -1 -0.5
T
d{2} d{z+1}
apen _ Hatt) o EED-2 0 a1 o
dx dx (x+ 1)2 (z+ 1)2 (z+ 1)2
We now have to express (x + 1)? using f(x). Since f(z) = %H can be re-written as (f(z))? = ﬁ or % (f(x))? = ﬁ , we
d{f@) -2 1 . -
get & ot 2 = 2/1(]"(.1:)) . Thus the differential equation is
WO _ L gy 2O o gy 2 (a2 =

3
21) Differentiate f(z) = 45‘” e 725” with regard to .
X

4 T T T T T

3F  (20z%4592%—14) .
2T (5x2+2)2 .
1

0
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42> — d{4x3 — Tz d {522 +2
d{fx2+7;} T 2T} (502 1 9) — (aa® — 7y L2 2

d{f(z)} _ _ dx dx
dx dz (5z° +2)*
(1227 — 1) (52 +2) — (42 — Tx) - (102)  60z" — 3527 + 242 — 14 — 402" +702° 202" + 5927 — 14
(5z° +2)* (5z° +2)* (5z° +2)?
22) Differentiate f(z) =y = ?% with regard to x. (Your answer may include y as well as x)
1 1 1 1 1 1
4 -
2r -
-2 (8 cos(x)—8sin(x)+4) < (4 sin(x))
2
4k (2z+cos(x)) { (2z+-cos(x))
1 1 1 1 1 1
-6 -4 -2 0 2 4
xr
« Recommended approach Let’s take logarithm of the equation
Iny=1In _dsmz | _ In|4sinz| — In|2z + cosz| = In4 + In [sinz| — In |2z + cos z|
2x 4 cosx

Now let’s differentiate the equation w.r.t.
d{lny} d{ln4d+In|sinz|—In|2x +cosz|} cosz 2—sinx

dx dx sinzx 2z +coszw
~d{y}d{lny} d{y}1 (2x+cosz)cosz —sinz(2 —sinz) 2rcosz + cos’x — 2sinz + sin’x
" odx dy — dx y sin z(2x + cos x) N sin z(2z + cos x)
_ 2xcosx—2sinz+1  d{y} y(2xcosx —2sinz+1)
~ sinz(2z+cosx) ' T dr sin z(2x + cos x)

« Basic approach
d {2z + cosx}

atsey _ o s b SR Coreosn) - s T
dl’ (2z + cos z)*
(4cosz)(2z + cos :5) — (4 sinz)(2 —sinz)  8xcosz + 4cos’ x — 8sinz+4sin’ x
B (2z + cos z)* B (2z + cos z)*
8z cosx —8sinx +4
B (2z + cos z)*

Note: the well-known trigonometry identity cos® = + sin®z = 1
23) Differentiate f(z) = 7:”7 with regard to x.

1t (4e®—x)
05 \ / —
|

0
05T
A F (56ze® —28x2e” —Tx?)
15t (4e*—x)?
_2 1 1 1 1 1 1
1 0 1 2 3 4 5
xr
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d { 7z” } (1{7:1:2}(4&7:8) ad {4~ x)

4" —xf T T (M) (4e” — a) — Ta? (4" — 1)
dx (4¢" — x)? (4¢” — )3
_ 56we” — 14a” — 282%¢"+72°  56we” — 282" — T2’
(4¢” — z)* (4¢" — z)?
24) Differentiate y = v/c? — x? and express diy} using y and x (i.e., produce a differential equation).
i
1 1 1 1
1 - —
05 I (1 . m2)0.5 -
0 A
05T 7
0
-1E 1 1 -
-1 -0.5 0 0.5

When u £ ¢% — 22

1
1 2
dfy} _d{V@ =} _d{va) _ d{u}ou? _ d{c o7} o} o Ly
de dx T der  dx Ou dx ou )
_1 O |
=—zu 2 =—z(c —z") 2
1 _1
Since y =u2,y * =u 2. Therefore,
1
d{y} — w2 = fxyfl __z
dx y
This can be re-written as
L 1 ) S
de vy dx
25) Using the chain rule, find dii/} of y = 5(x* —1)".
15 T T T T T
10 f) .
5 - =
\
0 I
ST 2 6 i
I 70x(z® — 1) 5(x2 —1)7 |
-10
_15 1 1 1 1 1
-1.5 -1 -0.5 0 0.5 1
xr
First let u = 22 — 1. Therefore the function becomes y = 5(u)”. Differentiate both of these equations.
u=1>—-1 R d{u} =2z
dx
y=5w)" ; . CAUL = 35(u)°

ou
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Now using the chain rule formula below we can find

d{y}

d{y}ia{y} d{u}i 6 _ 2 6.. 2
e 9w de =2z -35(u)” =70z(z" — 1) cu=2"—-1

26) Differentiate f(z) = /sin(7x + In(5x)) with regard to .

Y ] ] ] ] ] ]
1 F -
/sin(7z + In(5x))
05T 4
° 3
-05TF 1 1 1 7
(7 + ) cos(7z + In(5x)) (5 (sin(7x + Infsx))) ~2)
-1 [ 1 1 1 1 1 1 1 ]
0 0.05 0.1 0.15 0.2 X 0.25 0.3 0.35 0.4
T [(sin(7z + In(5z)) 1
2 r 0 7
or | -
0
-10 1 (7—|—%) cos(7z+In(5x)) % ’
20 24/sin(7z+1n(5z) ’
-30 1 1 1 1 1 1 1 .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

£Xr
When we assume u £ 5z, v £ 7z + Inu, z £ sinv, we can rewrite f(z) as follows:
f(z) = /sin(7z 4+ In(5z)) = /sin(7z + In(u)) = v/sin(v) = vz
Then we can start the differentiation,

a{ Vein(7a + (50)) | _d{vE) _ d{z}d{vz} _ d{sinv}d{vz} _ d{v} d{sinv} d{Vz}
dx dx dx dz dx dz dzx ov dz

_ d{7x+Inuj O{sinv} d{\/z} _ (d{7m} n d{lnu})a{sinv} d{\/z}
dx Ov dz dz dx v iz

1 1
— (745 %)cos(?m n 1n(5a:))(%(sin 0 2) = (74 %)cos(h« +In(52)) (2 (sin(7z + In(52))) " 2)

N | =
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Alternatively, y = 1/z,

d{v} . o{n@}d{u} . 1 _ _ 5 9fz} d{y} _1 -4
dz =T 8u dx =Tt 577+u v = cos(v) ; = 2
A} _ () 9(=) dfv} _1 -} 51, 4 1
in 4 o dn = 22 cos(v) - 7+ 2(sm(7x+1n(5m))) (cos(7z + In(5z)))(7 + x)
27) Differentiate f(x) = (1 4 log,(4x + 1))* with regard to z.
9 8 {v*
f@) = (1+logy(4x + 1))* =0 (v 2 1+ logy(dz + 1)) 5 . {éi 2 g;} =30
AU@) ) o) I0!
o dx dz v dx
Now we realize that we need %
_ _ log, (4z + 1) _ log.u, A
v—1+log2(4x+1)—1+710ge2 = Tog. 2 (rusdr+1)
log, u
Copy it
oou ou ~ ulog, 2
cd{vy _d{u}ofv} 1 d{u} 1 d{dz+1} = 4
U dr  dv Ou  wlog,2 dr  wulog,2 dz " ulog, 2
ing vt _ 4 d{f(@)} _ g » d{v}
Using 4o ulog.2 and pra 3v , we obtain
d{f(x)} 32, d{v} g2 4 120 12(1 + log, (4z + 1))?
de dr ulog, 2~ wulog, 2 (42 4+ 1) log, 2

28) Differentiate f(x) = 6(5 + (4 — (3 + 222)*)*)" with regard to z.

6e+28 [
4e+28
2e+28 I

—1440z(5 + (4 — (3 4 222)3)H)4(4

(3 + 222)%)3(3 + 222)2"

0

-2e+28 _6(5 + (4 _ (3 + 2:132)3)4)5
-4e+28 [

-6e+28 C L 1 f !

-0.2 -0.15 -0.1 -0.05 0

xr

0.05 0.1 0.15

We now define three variables u, v, z as follows: u £ 3 + 222, v 24 — w3, z 2 5 + v*. Then we can write

fl@) =65+ (4—(3+22°)")")" =65+ (4 — (u)*)")” = 6(5+ (v)*)* = 6(2)°
Then now we differentiate f(z) with respect to x.
d{f@)} _d{6G+ - B+22)))"}  d{6()°} _ d{z} 9{6(2)"} _ d{5+v"} d{6 51
dx dx dx dz 0z dx
iy gsoy d{5e) _a{l '} o5 40t} d {60’}
dz ov dz dz ov dz
_d{upo{a—u’} 0{5+ 0"} d{6(x)°} d{3+22"} 0{4—u’} 0{5+v"}d{6(2)"}
dzx ou ov dz dx ou 81} dz
= (4z)(—3u”)(4v")(30(2)") = (42)(—3(3 + 22%)* )( (4—u’) )(30(5+v4)4)
= (42)(—-3(3 + 2¢%)?) x (4(4 — (3 +22°)*)*)(30(5 + (4 — u*)*)*)
= 42(—3(3 + 22°)%)(4(4 — (3 + 22)*)*) x (30(5 + (4 — (3 + 2z*)*>)H)")
= —1440z(3 4+ 22%)® x (4 — 3+ 223)*)* (54 (4 — (3 +22°)*)")*
Alternatively, y = 62°.
d{u o{v 9 01z 3 d{y
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Therefore,

dfy} _ d{y} 0{z} 0{v} d{u}

dx dz Ov Ou dx
=305+ (4 — (34 2z))M*(4(4 — (3 + 32%)*)?) x (—3(3 + 22°)?)(4x)
= —1440z(5 + (4 — (3 +22°)*)M)* (4 — (3 + 22%)*)® x (3 4 22°)?

29) Differentiate y = 23**! and express dii/} using y and x (i.e., produce a differential equation).
T T T
14 r
12T
10 3. 23:13+1 ln(2) 23:13+1
8 =
6 -
4 =
0
2r v
O 1 1 1
-1 -0.5 0 0.5

X
d 231+1
We need {T} Whenv 2 3z+1,

af2* "} d{2v} _d{v}a{2"}
dz T dx de Ov

We have to work out % When y £ 2V and apply the natural logarithm to both sides of the equation

v

y=2
, we get

When we differentiate both sides of the equation
In(y) = v1n(2),
with respect to v we get

O{ln(y)} _ 9{vIn(2)}

ov ov
Co{ln)} _ 9{y} {In(y)} _ 0{vIn(2)}
T v v Ay v '
CO0fyr1
vy =1In(2).
Thus
o{yy _ 0{2"} _ _ oy
B0 = ow =yIn(2) = 2" In(2).
d 23z+1 | v 3 Q.
Thus { } = d;“} a{; . d;l{v} 2"1In(2) = wf In(2) = 3-2"1In(2) = 3-2°“"" In(2). Therefore the differential equation is
X (v X X

% = 31n(2)y.

30) Differentiate f(x) = (3z 4 1)? with regard to 2 and express express d{f(@)}

using f(z) (i.e, produce a differential equation).
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-20 1 1 1 1
-1 -0.5 0 0.5

xTr

When v £ 3z + 1,
d{f(=)} _ d{Bz+1)*} _ d{(u)’} _ d{u} 9{(u)’} _d{3z+1}

dz dx dx dz ou dx 2u=3-20@v+1)=6(@r+1)

d{f (=)}
dx )
the differential equation is (d {gix)}> —36f(x) = 0.

31) Differentiate f(z) = v/13z? — 5z + 8 with regard to .

Since ( )2 = (6(3z+1))* =36(3z +1)* = 36f(z),

12 T T T T T

10 7
g (13x2 — 5x + 8)0-° 1

onNn MO
LI
o
111

2} < 11322 504+ 8) %5262 —5) ]

-3 -2 -1 0 1 2 3

w2 1322 — 52 + 8,

d{f(@)} _ d{V132" —5e+8} d{vu} _ d{u} 9{Vu}

dx dx T dx dx ou

d{132” =5z +8} 1 1 1 -4
— Zu 2 =(26x —5)- = 2_ 2
. U (262 — 5) 2(1317 5z + 8)

1
32) Differentiate f(x) = (4o 4+ 2~ °)3 with regard to x.

181



4r el .
(4 + x~2)3

5k -

0 —

2T _2 §

4 — 5279). %(4:13 +x70)73 0

4 F -
0 2 4 X 6 8 10

u=4r +x

a{f(2)} d{("l“’“’ﬂ%} _ d{%} _ d{u) ofu5)

dx dx dx ou
1 . _2
d{4de;:c }1 W3 (475;{")-%(4m+x’5) 3
33) Differentiate f(z) = (SITJSG)_% with regard to .
10000 [ (=163 — 322)(—0.8)(8z~2 — 23)~1-8 :
100 [ i
1F / -
" N ]
- 8r—x’\—& ]
0.0001 ( )
1e'06 1 1 1 1 1 1
04 0.6 0.8 1 1.2 1.4 1.6
Zr
8z —a° 8 3 —2 3 A
3 = ? —x° =8z “ — =u
Then
{(83;7;36)_%} d{u_%} a{u‘4}

d{f(z)} z’ _ _d{u} d{8z? -2} 4 ,%,1

dx dx - dx T dx ou dx ( 5) 0

— (—1607% — 3x2)~(f§) (827 —2%) 75

34) Differentiate f(z) = ¢ +7*~13 with regard to x and express d{flix)} using f(z) and x (i.e., produce a differential equation)
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4e-06 - - - .
3e-06 e5w2+7:c— 13

2e-06
1e-06 E

0

-1e-06 [

-2e-06 [ 2 .

3006 | (1033 e 7)65918 +7x—13

-4e-06 : : : :
-1.2 -1 -0.8 -0.6 -0.4

xIr
w2522 +Te—13
@) U agey ae _afset ety

dx dx dx dr  Ou dx
2 -
= (10z + 7)™ 7718 = (102 4 7) f (x)

Thus the differential equation is d{{lf)} — (10 +7)f(z) =0
35) Differentiate f(z) = In(17 — x) with regard to = and express d{zz(;:)} using f(z) (i.e., produce a differential equation).
4 T T T
3 =
5 | In(17 — x)
1k el
0 -
1 F
2 F -1
B[ 17—x
_4 1 1 1
15 15.5 16 16.5
£
w217 -z
d{f(x)} d{ln(17—=x)} d{ln(u)} d{u}0{ln(u)} d{17f:r}l ~ (-1 1 1
de dx B dx T dx ou a dx w 17—z 17—z
We now have to express 17 — z using f(z). Since f(z) = Inef® = In(17 — ), e/ =17 — 2.
d{{gf)} =— 171_ ~ can be re-written as (17 — x)% =—-1.

Therefore the differential equation is ¢/(*) % +1=0.
36) Differentiate f(x) = cos®(x®) with regard to x.

183



N (cos(:z:?’))z\‘

/
O —
a2l ! -
AL —6x2 cos(x3) sin(x3) 0 |
0 0.2 0.4 0.6 0.8 1 1.2 1.4

£Xr
When we assume u £ 2*, v £ cos(u),

d{f(z)} _ d {cos®(z°)} _ d {cos®(u)} _ d{u} 9 {cos?(u)} _ d{z*} 0 {v*}

dx dx dx dx Ju dx ou
_d{a’}o{uy 0{v?} _ d{a”} 0 {cos(u)} 0 {v*}
T dx ou v dx ou ov
= 32°(—sin(u))(2v) = —62° sin(z”) cos(u) = —62° sin(z”) cos(z?)
37) Find dii{} of y = 1o§2x
04 F logs(x) i
3T
02| f 1
0
02k (1—x In(x) In(3)) 4
3T In(3)
-04 [ 1 1 1 1 1 i
0 0.5 1 1.5 2 2.5
xr
First we change the base of log so that we can use Equation
_logzx iiii}” 1 Inzx
T 3 3  In3 3

Then we find M
dx

d{lnm}gz . d{3°}

d{y} 1 d{%} 1 g ne—r= 1 13° _Ine3*n3

de.  In3 dr  In3 32¢ “In3 32
1 2—Inzln3 1-zlnzn3
" In3 3w T 3¢zIn3

38) Find dii{} of y=12** (z>0)
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10 T T y
g | (21n(x) + 2)x3*®
oF
5 F 2T
_10 1 1 1
0 0.5 T 1 1.5

We apply the natural logarithm to both sides of the equation:
Iny=Inz** =2zlnz
Here we differentiate both sides of In y = 2z In x with respect to x:

d{lny} d{2zxlnz}
dr dx

. d{y} d{iny} = d{y}l = d {2z} lnx+2xM = 21nac—|—2:zcl =2Inx+2
dx dy dr y dx dx x
d;l{y} = (2Inz+2)y = (2Inz + 2)2>"
x

39) Find % of y=a2"""  (z>0)

8 T T T T
°[ wsirfac) //\
e e — 1

—
2 F
4 F sin(x sin(x) 0
ok 250(T) (cos(z) In(x) + =)
_8 1 1 1 1 1 1
0 2 4 6 8 10 12
xr
We apply the natural logarithm to both sides of the equation:
Iny =Inz*"" =sinzlnz
Here we differentiate both sides of Iny = sin z In = with respect to «:
d{lny} d{sinzlnz}
de dx
" d{y} d{ny} = d{y} 1 = d{sinz} Inz + sian =cosxlnx + sinacl
dx dy dx vy dx dx T
Cd{y} SINT,  ging sin
,W—y(cosmlnx—i— . ) =2 " (coszInz + )

40) Differentiate y = In(tan §) with respect to z
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2)

5 6 7
€T
afy} _d{n(n3) dfma}, o0 dfu}ofnu) {3}l dfend1 o
de dx T dx T 277 dx ou dx u dx w2
_ d{v}o{tanv} 1 d{v} 1 l_d{%} 1 1 1 1 1 1 1
T dx v w  dr cos2vu  dx COSQUU_QCOS2%tan%_QSin%COS%_SinI

41) Differentiate y = {logs (/= + 1)}* with respect to x

1F
In r+1
T Tess (VA1) YLD
01 F 3
0.01 L L L L
0 2 4 xr 6 8

= {logs (V& + 1)) = { EVIED L fog (v 4 1)) = (o n(va + 1))

(In5)2
Now we differentiate both sides

d{y} _ 1 d{{ln(vz +1)}*} _ 1 d{uQ}(“uéln(ﬁ—i—l)) 1 d{u}0{v’}

dx (In5)2 dx (In5)2 dz *° " (In5)2 dx  Ou

- (1][115)2 diz} - (2u) = (11115)2 d{ln(£+ D} (ou) = (1n15)2 d{clir;v} @u)(ev e VT

1 d{v}d{lnv} 1 d{yz+1}1 _ 1 111 _ 1 1w
" (In5)2 dx v (2u) = (In5)2 dx v (2u) = (In5)? (2 ); (2u) = (In 5)2:6 v
_ 1 m,%ln(ﬁﬂ-l) _ 1 In(Vz+1)

(In5)2 Vr+1 (In5)? z+ =

186
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42) Write —yz ! as a fraction.

11
a = E 5
. 1 5 _2 .
43) Write g(4z +2°) 3 as a fraction.
1 1
3" 2
(4z +2°)3
44) Write —42~° as a fraction.
—a 1
X = 3:'7 ;

45) y is the function of z. Using a parameter ¢, x and y are expressed as

x = 4cos(t) — cos(4t)
y = 4sin(t) — sin(4t)

Express and -— using t.

d{y}
dx dx?

Since x and y are expressed using ¢, we can find d;{lf} and djli/} with ease. So we are going to use ({if}
as follows:
d{y} _ d{y} d{t} _ d{y} .(d{x})fl
dx dt dx dt dt
d{z} d{y}
pr and pr are:
d;f}::—4snmw-+4snu4w
Ay} = 4 cos(t) — 4 cos(4t)
dt
d{y} .
s

= (4dcos(t) —

187

d{y}

4cos(4t)) - (—4sin(t) + 4sin(4t)) " =

dt

and

Ly} 4l dl) e}
dx dt dx dt
(cos(t) — cos(4t)) - (— sin(t) + sin(4t)) ™"

d{y}
dt

to produce

d{y}
dx



2

- d*y
Similarly we can obtain ﬁ as follows:

&y _ Ak _ a1 ) _ (d{x})ld{dig}}

dz? dx dx dt dt dt

_ (d {z} ) d {(cos(t) — cos(4t)) - (— sin(t) +sin(4t)) "'}

1 { —sin(t) +4sin(4t)  (cos(t) — cos(4t))( cos(t) + 4 cos(4t)) }
—4sin(t) + 4sin(4¢) | —sin(¢) + sin(4t) (— sin(¢) + sin(4t))?

46) y is the function of z. Using a parameter ¢ where 0 < ¢ < m,  and y are expressed as

r=1—sint

y=1—cost
Express {y} and ﬁ using t.
2 I 1 1
1.8
16
14T
12T
1 =
08 r .
06 F t — sin(t), 1 — cos(t)—
04r
02
0 1 1 1
-8 -6 -4 -2 0 2 4 6
£
Since x and y are expressed using ¢, we can find dif} and dfly} with ease. So we are going to use ;{;} and d{y} to produce dig}
as follows:
di{y} _d{y} dft} _d{y} (d{w})ﬂ
de — dt de — dt dt
d{z} and M are:
dt
dg;} =1—cost
iy} _ .
9 = sint
diyt _ dlvh d{th _div} dlobyoa Gy syt = S0

dx dt dzx dt dt 1 —cost
d*y
Similarly we can obtain pre] as follows:

&y _ d{dig}} _a{n d{dég}} _ (d{m})_ld{?} _ (d{x})_ld{ﬁi?oit}
dt

da? dx  dx dt S dt dt dt
d{smt} ] . ,d{l —cost}
d{z} (1 - cost) —sint d _1(cost)(1 — cost) —sint - sint
=( )~ t = (1 — cost)
dt (1 — cost)? (1 — cost)?
,1cost—cos2t—sin2t _1 cost—1 _1 1 —cost

=(1- =(l—cost) ' 22T = _(1—cost) 2
(1= cost) (1 — cost)? (I = cost) (1 — cost)? (I = cost) (1 — cost)?

1
(1 —cost)?
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47) 1y is the function of x. Using a parameter ¢ where 0 < ¢t < 7, = and y are expressed as

3
T =cos t

Yy = sin® ¢

Express and — using ¢.

d{y} . d*y
dx dx?

0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8

R 1 1 1 1 1 1 1 1

-1 -0.8 -06 -04 -0.2 0 02 04 06 08 1

T
Since x and y are expressed using ¢, we can find g} and d{y} with ease. So we are going to use d;{it} and d{y} to produce —=— d
as follows:
dfyy _ d{y} d{t} _ d{y} (d{w})fl
dx dt dx dt dt
4} gng 4101
d{z}y d{cos’t} d{a’} =~ . _d{a} 9{a’}  d{cost} o )
T 7 =~ (. a=cost) = i a - @ - (3a”) = —sint - (3a”)
= —sint- (3cos’t) = —3cos’ tsint
d{yy _d{sin®t} afe’} . - d{vy9{v"} dfsint} , o L2 g2
P 7 =~ (v =sint) = F7RY T (3v°) = cost(3sin” t) = 3sin” t cost
d{y} .
s

dfy} _ d{y} _(d{x})_l
dx dt dt

- - dPy .

Similarly we can obtain Tz 38 follows:

&Py _ d{dc%ﬁl}} _ {d{y}} _ (d{w})ld{dc%ﬂl}} _ (dlz} d{-tant)

dz? dx dt dt dt dt dt
. =1 1

= (—=3cos’tsint) " - = -
( ) cost?  3costtsint

=3sin’ tcost - (—3cos’ tsint) ™' = —sintcos™ 't = —tant

48) y is the function of x. Using a parameter ¢ where 0 < ¢t < 7, x and y are expressed as

S 5
z = 1n(2cost)
y=—t+tant

d d?

M and 4y using t.

dx

Express d2
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Since z and y are expressed using ¢, we can find dc{lf} and d{y} with ease. So we are going to use ({;} and d{y} to produce {y}
as follows:
dly} _div} d{t} _diy}  dizhy
dx dt dx dt dt
d{x} d{y}
it and it are:
d{z} d{ln(2cost)} d{ln(A)}(._A 2 9c0st) = d{A} d{In(A)} d{2cost} d{In(A)}
at dt T dt T Todt dA dt dA
—72sintl—f2sint 1 = —tant
o A 2cost
d{y} _ d{-t+tant} 1 _7(:05262 1 1—cost® sint® 2
dt dt =1 cost?  cost? + cost?  cost?  cost? = tant
d{y} .
il
diyy _ d{y} d{t} _ d{y} d{w} - > o
e = di 9 = dt -( ) ' =tant® . (—tant)”' = —tant
- . d%y
Similarly we can obtain T2 as follows:
FYEAT; KA gt}
dQJ _ dz _d{t} dx _ (d{x})_l dx _ (_tant)_ld{ftant} _ 1
dz? dzx  dx dt T dt dt - dt "~ tantcost?
49) y is the function of x. Using a parameter ¢t where 1 < ¢ < 2, z and y are expressed as
r=1+1
1
=1-=
Y ¢
{y}
Express and @ using t.
Since z and y are expressed using ¢, we can find dif} and dii/} with ease. So we are going to use ({;} and d{f} to produce d;il}
as follows:
d{y} _ d{y} d{t} _ d{y} .(d{w})fl
dx dt dx dt dt
d{x} d{y}
7 and — are:
d{z} d{1+1t} _q
e dt
dp) 40—t a0y
dt dt dt
d{y} .
il
dly} _ iy} dfud dledya o gy
dx dt dx dt dt
d2
Similarly we can obtain ﬁ as follows:
YAt KA KA
&y de | d{¢} de | (d{x})_l de | (1)_1d{t_2} _ o8
dr? dx - dz dt N dt dt B dt

50) vy is the function of x. Using a parameter ¢ where 1 < ¢ < 4.5, x and y are expressed as

1
r=—=
t

y = sin(t) + In(t)

2
M and 4y using t.
dz

Express s
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Since z and y are expressed using ¢, we can find dif} and dif} with ease. So we are going to use d({;} and # to produce
as follows:
d{y} _ diy} d{t} _ d{y} .(d{w})fl
dx dt dx dt dt
d{x} diy} .
pr and p are:
dfe} _d{-1} _d{-t'}
dt dt dt
d{y} d{sin(t) +In(t)} 1
at dt = cos(t) + 5
d{y} .
il

diy} _ diy} dft} _ dfiy} d{z} 1 _ Lo m2y-1 _ 12 2
e e -( dt) —(cos(t)+¥)~(t ) —(cos(t)—i—z)-t =t"cos(t) +t

- . d?
Similarly we can obtain 2 Y as follows:

dx?
d{y} d{y} d{y}
&y d{ dx } _ d{t}d{ dx } _ (d{x})_ld{ dx } _ (t_Q)_ld{tQCos(t)—i-t}
dx? dzx dx dt dt dt dt

= t*(2t cos(t) — t*sin(t) + 1) = t* cos(t) — t* sin(t) + >
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DAY3

. d d .
In your answer to the following questions the expresson for % and ﬁ can be in terms of both z and y.
T

dy
51) Simplify (1)

1 —2_ 1 2»(—1)_ 1 —1_9
3 \3 —\9 -
. 1
52) What is 1Xm
a —a 1 -1
s TN T it
53) Simplify In2 —In8
In|2| —In|8] = ln\f|—ln\f\—ln|1\ In|4] = —In 4]

54) Find d{fﬁéa D} and d{fg;, W)}

Sy} _ d{yzlnw+sinx+ey} _d{y’ina} | dfsine} | (e}

dx dx dx dx
d{y? y 2
= Mlnm—kyzd{lnm} d{sinz} d{e } :O-lnx+y2~l+cosaz—|—0: Z/——|—cosac
dx dx dx T T T
d{f(,y)} _ d{y’ 1nsv+sinx+ey} df{y’mnz} dfsina} d{c'}
= = + +
dy dy dy dy dy
d{y? i y
= 7{1/ }lnx+y2d{lnx} +d{smx} +d{e i =2Inz+y*-0+0+c’ =2ylnz+¢¥
dy dy dy
d{yQInx—i-sinx—i—ey} _d{1r d{yQInx—i—sinaz—i—e’"‘} —0
dx T oodx dz -
d 21 . y d 2 . y
. {y*Inz} n d{sinz} d{e } —0. - {y }lnw—&—yzd{lnz} n d{sinz} n d{e’} —0
dx dx dx dx dx dx dx
d v
DAY e 1 O 9
dx dy dr dy dx
d{y} d{y} Y d{y} y2
2 901 LY =L Lo 22 (2] N=_=Z _
T (2y)Inz + L o T eosT (2yInz + ¢Y) o~ coszT
2
Cd{y} Lt cosx
Cdx 2ylnx + e¥
d{yQInersinerey} B d{1} o d{yQInersinerey} -0
dy Cody dy B
d 1 i y d {2 ; y
_dfy’Ina} L dfsima} d{e} {y}lnw+y2d{lnm}+d{81nx} e} _
dy dy dy dy dy dy dy
2ylnx+y2d{m}d{lnm} +d{x}d{51nx} +ey:0 Do 2ylnx+y2@l+wcosx+ey:0
dy dx dy dx dy =
d{x} d{z} 2ylnz + ¢¥
. +cosz) = —2ylnx—e¥ ; .. =—
dy (55 )= Y dy %—i—cosx

ss) Find L @WE g A@ WY ey = e and find DY ang T of v Z 1 when wy £ 0
dx dy dx dy

d{f(z,y)} d{e“’?} d{A}d{e“}

. dx r dA (AS)
_ d{;ﬁ }QA _ (di;v} 2 d{y } A ( g 0) y221y2
d{f(z,y)} _ d{e ’ } EEACYLE(S PPN

dy dy dy dA
= d{;j/ }eA = (déj}yQ —&—md{z; })eA =(0-9y*+xz-(2))e* = 2zye™

d{ev? A o " 2
L T PR I
L1yt dii’}d{dz }) 4=0; .'.y2+x%-(2y) =0(. e #£0 VA)
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dx dx 2xy 2z
2
dqe™ d{e? d{zy? d {y?
{dy } = diyl} ;o dg;} 2;} =0( A2 zy?) 5 7{55 }eA =0; .. (déx}zﬁ +z {dy et =0
(di;”} P 2y)et =0 ; di;} P 2yz =0( ¢! £0 VA)
d{z} » d{z} 2yz 2x
= —2yx ; =2 =
dy Y Y dy y? Y

56) Find d{fé‘? D} and d{fﬁg DY of f(z,y) = e+ and find dc‘i{ v} d{‘”} of ¥ =1 when y # 0

d{f(z,y)} d{ } _dfapd{et}

dz T Tdr  dA “ £a+y?)
d{xd+y } A (d{$} d{y })QA:(1+0)QA:61+@/2

e SAGS d{A}d{eA} :
dy dy T ody dA 7 Sety)

_ d{xdzy }QA:(dc{l;} d{dz;} A (04 2y)e? = 2ye™
e} apy d{A}d{e*} s 2
Az de; g aa S ASety)
_d@;ygAzo;“@g} ﬁi}A 0
L+ dii}d{df})ef“:o e U oy oee et 20 wa)
. d{y} o, od{yr 1
..QyW——l, ..W——@

e} ayagayafet) .
iy =4y dy dA =0(-A=x+y")
'.*d{md—;y}e‘“:o; "(dc{l;} d{dZ} A=0

(diz} +2y)et =0 ; - dim} +2y=0( ¢ #£0 VA) ; .. dc{l;} =-

57) Find%i’y)}off(x y) = y*> + 22 4 zy and find {y} of Y’ + 22+ zy=1whenz+2y#0

d{f(z,y)} _ d{y2+fﬂ2+$y} _ d{y } d{$2} 4 Ay} { }

dx o dx T dx dx dx =0+2ty =2ty
d{y* +2*+ d{1 d{y*} d{z*} d d{1
Pt ray—1, Wt xy}:{};.._ {y}+{w}+{xy}:{}
dx dx dx dx dx
d

LAY ) e _d) d{y}+2 LT B

dx dy dx dx
. dlyy o . . diy}  -—y-2«
S (2y+x) e 2T ;. dr = 2yt

58) Find w of f(z,y) =Iny + z and find {y} of ny+x=1.wheny >0
T dx

d{f(g;,y)}_d{lnera:} _ d{lny} d{ﬂf}:0+1:1

dx - dx
d{lny+az} d{1}  d{lny} d{x} d{l} d{y}d{lny} d{l}
dz T odr T dx dx dr ' dr dy dx
A7) R 5 V') SN () S
Y dr +1=0; Sy Tdr 15 - b =Y
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59) Find w of f(x,y) = 8y + z and find diw} of 8y+z=1.
Y Y

dif(z.y)} _ d{8y+a} di8y} diz} o _4

dy dy dy dy
d{8y + z} _ d{1} = d{8y} d{m} —0 - .8+d{x} —0: - d{z} _
dy dy T dy dy A “dy D Ty
60) Find %‘Z’y)} of f(x,y) = 4> + zy> + 2 and find di;} of 4y + zy® + 2 = 0 when y # 0.
d{f@y} _diy toy’ +2)  d{y  d{e} a2y dith | Aty g
dy dy dy dy dy dy dy
d{4y® + 2y® + 2 d{4y*} d{zy® d{y®
My +ay' +2) a{oy AW} dev} a0 AV died
dy dy dy dy dy dy
{x} o 3d{x}_7 a2 d{m}_f8y73y2m_7873xy
8y+3ym+y =0 ; "yidy =—-8y—3y°x ; .. dy " = e
61) Find w of f(x,y) = cosy + sinx and find dém} of cosy + sinz = 1 when cosz # 0.
Y Y
d{f(z,y)} _ d{cosy +sinz} _ d{cosy} + d{sinz} — _siny
dy dy dy dy
d{cosy +sinz} _ d{1} . d{cosy} n d{sinz} —0 . _siny + {m}d{smm} —0
dy dy dy dy dx
) . d{z} | d{z} . - d{z} siny
. —siny +cosx dy =0; ..CosxTy_smy S Tdy T cosw
62) Find the equation of a tangent line of a curve
-+ 3zxy—y =3
at the point (1,2)
1 1 1
6 -
4r 2—|—3a:y—y - 3=0 —
2 —
O =
2F
4 F
6 [ ] ] ] ] ] ] ]
-6 -4 -2 0 2 4 6
xr
In general, a line which goes through (1, 2) can be written as
y—2=g(x—1)
where g is the gradient of the line. The gradient of a tangent line is % Thus we need to find out % as follows: We differentiate both

sides of
2 2
-+ 3zxy—y =3
with respect to z:

dia® +3vy —y’} a3} d{a’}  d{sey} d{y"} d{3}

dx T odx T dx dz de — dz

. d {3z} di{y} d{yyd{y’} . . d{y} d{y} _
S22z + . y+ 3z o A dy =0; .. 2x+4+3y+3z o I (2y)=0
. diy} _ . . d{y} _2z+3y

o2z 4+ 3y + (3x — 2y) =0 ; dr = 2y 3
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Now that we have obtained

%, we can find the tangent line as

d{y} 2z + 3y 2:-143-2
-2= (-1 =5 — lew=-02@-1)=57—7—@—-1)

dx (2.9)=(1,2) 2y — 3z "V 2-2-3-1
,',y—2:Zirg(:r—l):8(a:—1):8m—8 . y—8z—6

63) A tangent line of a curve y? = 2® 4 1 at a point (a,b) ((a,b) # (0, —1)) goes through a point (0, —1). Find a and b.

Y

6 T T T T T T

2F
y=2x—1
4 F
—6 1 1 1 1 1 1 1
-1 -0.5 0 05 X 1 1.5 2 2.5
The tangent line of > = z® + 1 at (a,b) is
y—b="40 (z—a)
T l@y)=(ab)
In order to obtain diy}, we differentiate both sides of 3% = 3 + 1 with respect to z:
X
d{y? d{z®* +1 d{y? 2

178 QRS ) ') U SO S ') PP SCA 1) S

dx dx dx dy dx dx 2y
Thus The tangent line of y? = 2 + 1 at (a, b) is

2 2
fb:diy} (xfa):gzi (:Efa):gzib(xfa)
Tl @y)=(ab) Y l@y=(ab
Since this line goes through (0, —1), we put (z,y) = (0, —1) into the tangent line:
2
—lob= 32%(—a) ;o 20(14+b)=3a ; 20420 =30 @
At the same time, the point (a, b) is on the curve 3* = z® + 1. Thus a and b satisfy
¥=a>+1 @
3x©@ - @ gives
V¥ —26=3; b°—20-3=0; . (b—3)b+1)=0; . b=3( b#-1)

By putting b = 3 into @
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. . . . . d .
64) Consider the equation log /22 + y? = tan ! . Find equations for {v} in terms of z and y .
x

d
First of all we modify the original equation to get rid of ~*.
tan ! % =log\/xz2+y? ; .. % = tan (log V2 + y2) ; cy-z ' =tan (log Va4 y2>
We differentiate the equation with respect to =

TR E L Wl G
dr

d{y}
e Tt -
d{y} s 3{tan (log\/m)}a{log\/m}
L
dr 8{log\/m} o{x}
d{y} L 1 3{log\/m}
- x —y-x —
de Y cos2(log /72 + y2) 9 {z}
Cd{y} s 1 8{log\/m}a{\/m}
e T Tl ) ol ey 00
v} -2 L 1 1, 2 205 d{y}
Cdr e - 5 + 2x + 2y—2L
de T cosi(log /a4 ) \/x2+y22( v) e )
d{y}
) THy—
o dx ($2+y2)COSQ(10g\/‘W)

@ 4P costllog Vo ) Ty 0 (0 ) cos?log ViR ) =y
(27" (2% 4+ y?) cos®(log /22 + 42) — y)idii} =z+y-2 7 (2% +y°) cos’(log /22 + y?)
Cd{y} _ w4y e @4y cos(log Vel +y7) o

dx =1 (22 4+ y?) cos?(log /22 + y?) — y

Since

2
cos®(log \/z2 + ¢2) = L L =_°

1 + tan?(log \/z2 + y2?) T4y eam? T 22 4y?
we put @ into @ as follows:

2 -
d{y} _ e+ @ +y) a0 e a4y
dx ($2+y2)zzfy2 xml—y r—y

65) Find all points (x,y) on the graph of 822 + 4xy + 5y* = 45 where lines tangent to the graph at (x, %) have slope —2 .
First of all we find dd—y as follows:
x

d {8z* + 4zy + 5y°} _d{45} d{8z%} +4d{xy} n d{5y*} -0
dx T odx 7 de dx de
dfz} . d{y},  d{5°} d{y} d{y}
1 4 =0; .1 4 —) +10y—=—= =
- 162+ 4( dx yte dz )+ dx 05 .~ 16z+4{y+e dz )+ 10y dx 0
, Ayt _ e gy . - Ay _ 8z -2y
- (10y + 4x) pra 16 — 4y 5 .. dr ~ By+2x
As the slope is —2,
d{y}:f8x72y:_2 ;o o8+ 2y=10y+4x ; 4 =8y ; ..x=2

dx 5y + 2x
When we put z = 2y into 8z2 + 4zy + 5y = 45 we obtain
8(2y)° +4(2y)y+5y° =45 ; 3270 + 8y  +5y° =45 ; 45yt =45 ; cy=+1
As z = 2y, the answer is (2,1) and (-2, —1).
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66) Consider the graph of z* + 24 +y® — y = 0. Find the locations of local minimum and the local maximum.

First of all we find di;/ by differentiating the equation with respect to .

d{a" +22° +4° —y} d{w4} d{22*} d{y’} d{y}
=03 .. + + — =0
dx dx dx dx
codx® 4 da 3y27d vy dly} _ =0; -42°+4z+ 3y2d{y} _d{y} -0
dx dx dx dx
) 5 d{y} _ 3 Cd{y} —d2® — 4z
. (3y 1) e 4x dx 5 . dv ~ 3y7—1

WhenM:O, —42% — 4z = 0.
dx
42’ —dx=0; 2'+x=0; ~a@+1)=0; ~z=0
When = = 0 is put into z* + 22° 4+ 4* —y = 0,

0'+2.0°+4y°—y=0; ¥ —y=0; ~y’—-1)=0; . .y=0+1

2
Thus (z,y) = (0,0), (0, 1), (0, —1) are the local minimum or maximum. In order to find the nature of these three points, we will find %

d _ 42 _ Az -
U)o et

_ dx dx
dx (3y? —1)2
: d{y s
_(*Uﬁ44X®Q*U+%®ﬁ+4MW%é£J_(fuf44x@2fn+mmﬁ+4@-®*§iﬁ
B (3y> — 1) - By — 1)
_ (—122% — 4)(3y% — 1) + (42° + 4a) - 6y =4z, == _ (—122% — 4)(3y% — 1) — 6y(4a® + 4z)?
(3y? —1)? (3y2 — 1)3
{d{y}}
Therefore when we put (z,y) = (0,0), (0,1), (0, —1) into %
{dw}
dx (=4)(=1)°
T|(z,y):(0,0) = W =4>0
{d{y}
dz (—4)(3 —1)2
T|(w,y):(0,1) = W =-2<0
d{d{y}
dx (—4)(3 1)
T|(m,y)=(0,—1) = W =-2<0

Therefore (z,y) = (0,0) is the local minimum and (z, y) = (0, £1) are the local maximum.
67) Find all points (x,y) on the graph of x® 4 xy + y* = 3 where diyy =0.

dx
First of all we find {y} as follows:
d{e? toy+y’} _d{sy = d{e’}  d{wmy}  d{y'} |
dx 7 dx dz
SR E PP C) S ] S 2x4fy%fmd{y}—%2 d{y} =0
dr dx d
d{y} d{y} 2x—+y
: 2 =—(2 . =—
(et = ey ¢ S =Y
When dii/} = 0, we obtain 2z + y = 0. When we substitute y = —2z in z® + 2y + y> = 3
2 a(—2z)+ (—22)°=3; ¥ —2+42*=3; 32°=3; x==+1

When we put z = —1 into z° + zy + y* = 3,
14 /1-4(-2)

(1)’ +(-1) y+y*=3; ~1-y+y’=3; ¢y’ -y-2=0; . y= 2
1+ V1F8 1+3
=5 3 Y= ny=2-1
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When we put z = 1 into 2° + zy + 3 = 3,

—14/1—4(-2

Phy+y’=3; ~l+y+y°=3; -y +y-2=0; -y= W
-1+vV1+8 ~1+3

=T 5 i Y= ;ocy=-2,1

In summary we find (-1,2) , (-1,-1), (1,-2), (1,1). However, (—1,—1) and (1,1) do not satisfy 2z + y = 0. Therefore the answer is

(—1,2) and (1, —2).

68) Find d{ffiz’y)} and d{ff;;y)} of f(z,y) = 2°y? and find {y} dd{;c} of 23y2 = 1 when zy £ 0 .

d{f(z.,y)} _ d{z’y"} _ d{czz}yQJr“’Sd{czi} :yzd{dz}ﬂs.gzyz(?ma)

dx o dx

d{f(z,y)} _ d{z’y’} _d{xg} 2 sd{y’} _ 2 3d{y2} _ .3
dy = dy R Yy 4+ y =0-y" 4+ =z (2y)

A CA708 WAV RN G SRR U 3d{y}d{y}
dx dx o dw yte dx =0; 3% 4o dr dy =0
2 2, sd{y} . .osd{y} _ .22 . . dly} _735102?!2 _ 3y
Syt ot — = (2Y) =05 st (2y) = 3ty e = yr? 2
T B TO 1 W1 SENS TR P ic) ST S

dy dy ' 7 dy dy T dy dx Y dy
_d{z} 2y 2, .3 _ . d{z} 2y 2_ .3 Cood{zy 2 (2y) 2@
-y (Bz7)-y"+2”-(2y) =0 ; .. (Bz7%) y" =—a"-(2y) ; .. 4y = 3 3y

69) Find d{f(@ y)} and d{f(zy)} of f(x,y) = z* + y* and find {y} M of 2 + y? = 1 when zy # 0.
dx dy dy

d{f<x,y>}:d{x+y2} 1) ),

dx dx dx
i) e ) d{x?’} L0,

dy dy dy
d{a” +y*} {1} =~ d{z"+y"} d{1} d{fs} A U
dz T odr dz T odr T dx dr
o33+ d{i}d{i} 0; .‘.&?‘(231):733:2; .:%:f%
He ey} _aqy A} ) adde)

dy dy 7 dy dy T dy dx

. d{z} 2 ood{z} 2y
Ty <8z = -2y ; .. dy 322

70) Find d{f(m Ol an d{fg;’y)} of f(x,y) =2+ y+ 2 and find {a:} M of 2+y+2x=0
d{f( )}
dy

As for

d{f(z,y)} _d{2+y+2x} df2} d{y} d{ZfE}, _
s i 4 ™ e =0+1+0=1

As for d{fg; y)}

d{f(ﬂﬁ,y)}:d{2+y+2x} d{2} d{y} d{zw}:0+0+2:2

dx dx dx dx dx

AsforM
dy

d{24+y+2x} d{0} .d{2} d{y} d{2x}_d{0}_ ) d{x}_

dy =4y T T dy dy Ay dy ;. 0+142 =0

RGN .d{x} 1

dy T dy 2
Asford{y}

df24+y+20h _d{0} | df2} dfy}, de} _d{0} L ddud . . dlub_
dx de ' 7 dx dx dx de dx T dx
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71)

72)

73)

74)

75)

76)

DAY4
Simplify 132
Inz° _9Inz 1

18 s 27

Simplify 45 4 4°
444 =41 44" =257-4°

Simplify (z2)7.

By using the Newton-Raphson method, find that root of the equation f(z) = x> — 2% + 3z — 4 which is near to = = 2. Give your answer correct
to 3 significant figures.
d{f(z)}
d

WA 822 —dp+ 3
T

Now we set o = 2 and we find

oy = w0 — 1T o 985714 = 1.71429
J'(zo)

In the same way we find the next guess as

T2 =21 — F(@1) 4 71490 — 0.0611445 = 1.65315
f'(@1)

In the same way we find the next guess as

T3 = To — f(z2) = 1.65315 — 0.00251671 = 1.65063
[ (x2)

Clearly x5 agrees with x5 to 3 significant figures. Thus the root is 1.65 to 3 significant figures. If you find the next guess, you will get

T4 = T3 — f/(333) = 1.65063 — 8.0856 - 10~ 7 = 1.65063
f'(xs)

By using the Newton-Raphson method, find that root of the equation f(x) = sin(2x) — x 4+ 1 which is near to = = 2. Give your answer correct to
4 significant figures.

dif(@)} _ 2cos(2z) — 1

Now we set o = 2 and we find

o=y — 2 _ 5 761415 = 1.23850
1 (o)

In the same way we find the next guess as

oo =y — 4F) 03850 1 0146824 = 1.38541
J'(z1)

In the same way we find the next guess as

xr3 = To — f(z2) = 1.38541 — 0.0080564 = 1.37735
[ (2)

In the same way we find the next guess as

T4 = T3 — /(@) =1.37735 — 1.31228 - 10° = 1.37734

f'(x3)
Clearly x4 agrees with x3 to 4 significant figures. Thus the root is 1.377 to 4 significant figures.
By using the Newton-Raphson method, find that root of the equation f(z) = In(xz + 3) — 1 which is near to x = —1. Give your answer correct to
5 significant figures.
d{f (=)} L

dx z+3
Now we set zo = —1 and we find

Tr1 = To — f (o) = —1+0.613706 = —0.386294
f'(xo)
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In the same way we find the next guess as

To = T1 — f(z1) = —0.386294 + 0.102538 = —0.283756
I'(x1)

In the same way we find the next guess as

T3 = T — f(w2) = —0.283756 + 0.00203706 = —0.281719
['(x2)

In the same way we find the next guess as

T4 =23 — f,(x3) = —0.281719 — 8.28459 - 10" = —0.281718
f'(@3)
Clearly x4 agrees with z3 to 5 significant figures. Thus the root is -0.28171 to 5 significant figures.
77) By using the Newton-Raphson method, find that root of the equation f(z) = w + 0.1 which is near to z = 5. Give your answer correct to 6
significant figures.

d{f(x)} _ xcos(x)—sin(x)

dx 72

Now we set o = 5 and we find

T1 = To — f(a;o) =54 0.965248 = 5.96525
0

In the same way we find the next guess as

T2 = X1 — ]j:,((zl)) = 5.96525 — 0.283271 = 5.68198
1

In the same way we find the next guess as

T3 =22 — F(22) _ 5 68198 — 0.0027712 = 5.67921
f'(@2)

In the same way we find the next guess as

Ty = T3 — f(w3) = 5.67921 — 2.20368 - 107° = 5.67921

f'(@s)
Clearly x4 agrees with z3 t0 6 sigr;ificant figures. Thus the root is 5.67921 to 6 significant figures.
xrcos(y — F)—

78) Evaluate the limit lim .
T—27 sin (&

When z = 27, the numerator of tﬁe fraction becomes

2
accos.(E — ?ﬂ) -7

2 1
5 :27rcos(7r—%)—W:2wcos(g)—7r=27r§—7r:0

=27

and the denominator becomes

sin (E) =sin(m) =0
2 =27
Therefore we use LHbpitals rule as follows.
d (2 27y
x 27 {:L‘COS(2 3 ) ﬂ-} x 27 T x 27
i weos(3 — F) -7 d _ cos(3 — %) — gsin(3 — %)
11 . T - . T - 1 z
=2 sin(3) d{sin (3)} 3008 (3) oon
dx =27
_ cos(m — 2%) — wsin(r — 27) %—@ Y S
1 cos(m) -1

2> — 3522 + 3662 — 1080
—2 1 10z — 48

79) Evaluate the limit lim
rz—12

When z = 12, we find

x® — 352% + 3662 — 1080| _,, = 1728 — 5040 + 4392 — 1080 = 0

and
1‘2
—— + 10x — 48 =-T72+120—48 =0

2 =12
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Therefore we use LHbpitals rule as follows.

d {a® — 352 + 366z — 1080}

i z® — 352% + 3662 — 1080 A
z—12 7§+10x748 d{_§+10$_4g}
dx z=12
32 — 70z + 366 _3~122770-12+366_742_21
B —z+10 | _,, —12+10 -2

log, (Va2 —21) — 1
80) Evaluate the limit lim 010 (V )

z—11 ez—10 _ ¢

When z = 11, we find

10g,o (\/ﬁ - 21) —1

=

and
x—10 _11-10

[4 —e|l_:11—e —e=¢—e¢e=0

Therefore we use LHbpitals rule as follows.

= log,, (VI2T = 21) — 1 = logy, (\/100) —1=1logp10—1=1—-1=0
1

SV
d {logy, (Va2 —21) — 1} In 10
lim log, (V? —21) — 1 _ dz = dx
Jm o—10 _ ¢ d {81710 — e} ¢*—10
 dz z=11
=11
1 d{lnyaZ =211} 1 d{nya? =21} 1 Inve? — 21, dva® —21
_ 10 dz _ 1o d _ Inl0 dva? — 21 e
= e —10 = ez —10 - ¢r—10
z=11 z=11 e=11
1 1n\/$2_21><d\/x2_21Xd(x2—21) 1 #XEX;X(%)
_ In10 dy/zZ —21 = d(2? —21) dz _ ml0ver-2a1 2 V@ -20)
— em—lO - e.’z—lO
z=11 z=11
e 11 1
(@ —2D)ln 10 ~ (121-21)In10 _ (100)In10 11
= ¢x—10 - ell—10 o [ "~ 100e1n 10
x=11
—z? + 11z — 28

81) Evaluate the limit il_}m7 2% 1 1822 — 952 + 126

When z = 7, we find

—a® + 11z — 28| . =—49+11xT—28=—49+ 77— 28 =0

and
—2® + 182" — 952 +126| __ = —7" +18 x 7° — 95 x 7+ 126
= —343 4+ 882 — 665 + 126 = 1008 — 1008 =0
Therefore we use the LHopitals rule as follows.
d{—a”+ 11z — 28}

lim —2® + 11z — 28 B dx B -2z + 11
e=7 —a3 4 1822 — 952 + 126 d{—a® + 182" — 95z + 126} |  —32% + 36z —95[,_,
dx =7
—2x 7411 —14+11 -3 -3 3

T 3 XT2+36x7—95 -3x49+36x7—-95 —147+252—-95 10 10
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1y
2)

3)

4)

5)

6)

7

8)

9)

10)

1)
12)

13)

XIII. EXERCISES ON INTEGRALS
integralsem1all.tex

DAY1 . .
What is 1 + 12 +

(9 [an)

Solve 2log,(z) +3 =10
We work under the condition of z > 0.

“logy(a) = -2 = —glogﬁl —log,(4 %) = log, ((2%) %) =log, (2 9)) 1o, (27°) =

2

Calculate %a —0fora=2
1 1 1 2
a @ g >
Rearrange t = /= to make x the subject.
t= Vo t'=2x

Find the /modm.

Find the /id:c
2x

1 1 1 1
Sdr == [ Zdr= =1
/Qxdx 2/acdac 5 n|z|+c

/idx:—/ldxz—lnbd—&—c
—x x

Find the /de
—x

1
Find the /—Qdac.

1 1 _ 1 _ 1 _ _
/Tﬁdm:_/xjdm:_\/m Qd.T:—TH.T 2+1+C:—j1 1+C:.T1+C:
Find the/—achac.
/—xde:—/xde:— ! x2+1+c:—lm3+c
2+1 3

. 1
Flndthe/ dx.

z+1

1
/x—i—ldm

=lnjz+1|+c¢

Find the / le—i— 1 dz.

« First method

1
—+c
x



« Second method If we let u = 2z + 1, then we have du = 2dx and the integral becomes
1
/ 1
1 du 1 1
—/57—5/;“
1 1
:an|u|+c:§ln|2x—|—1|+c @

Although you seem to be getting the different results from these two methods, they are identical from the view point of integration, taking

into account "c”. When you furthermore manipulate @,

In |2 1 In2+1 1
ln|2x+1|+c: n‘(x+2)|+cz n +n|x+2‘+c
2 2 2
In2 In|z+ 3 In|z+ 3| 2 In |z + 3|
B R S e i R s S
In2 . . . L
where C' = ¢+~~~ and @ and @ are mathematically identical. Therefore © and @ are both correct. When you have a definite integral, from

the first method, you get

b4
b 1 11° ln|b+l|71n|a+l} In a.ﬁ’ In gfii
/ de=|=In|z+ = = 2 21 — 21 @
o 2x4+1 2 2 a 2 2 2

From the second method

b b In | 2641
1 1 In|2b+ 1| —In|2a + 1| 2a+1
dr=|=1In|2 1 = = ®
/a 2+ 10" {2 n 2z + |L 2 2

14) Find the dx

@ and ® are identical.
7 1—2z

1 1 1 1 1 1
= = — _—ZInlz— =
/I—Qxdx /—Q(x—%)dx — x_%dl‘ 2n|:c 2|—i—c
15) Find the /sin(—t)dt.
. 1
/sm(—t)dt =-= cos(—t) + ¢ = cos(—t) + ¢ =cos(t) + ¢
16) Find the /cos(—t)dt.
1 . . .
/cos(—t)dt =3 sin(—t) + ¢ = —sin(—t) + ¢ =sin(¢) + ¢
17) Find the /tan(ft)dt.
1
/tan(ft)dt =-= In|cos(—t)| + ¢ =1n|cos(t)| + ¢
18) Find the /e*"de.
0, 1 _g )
e 0—:2 +c=—-¢ +c
19) Find the /3“’d9.
- 377 377
09 3 __3
/3 d0—(_1).ln(3)+c +c

20) Find the / cos® (—t)dt.

/COS2(*t)dt: /(Cos(ft))th: /(COS(t))2 dt = /Cosg(t)dt:/lq_cfos(%)dt
= %/1+COS(2t)dt = %(t+ %sin(%)) te= w ‘e
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21) Find the / sin®(—6)d6.
/sin2(—0)d6’:/(sin(—@))zdﬁ:/(—sin(e))2 cl9:/(sin(9))2 do = [ sin*(0)do
6 — sin(#) cos(0)

_ [ l—cos(20) , 1 B 11 _
—/fdé?— 2/1 cos(26)df = 2(9 2sm(20))+c— — +c

22) Find the /1n(29)d9.

/ln(29)d0 =60In(20) — 6 +c

. 1
23) Find the /md&

/ COS21 do = tan(—0) +c=—tan(—0) +c=—(— tan(&)) Jeo= tan(e) Ny

sm-(—

/.21 do = — ! +c= ! +c:¥+c S +c
sin®(—6) (—1) tan(—0) tan(—0) —tan(0) tan(0)
25) Find /12d:c and /12dt and /12xtdaz and /12xtdt
/12d:r: 12/dx:12/x“dx:12~ %ch: 122+ ¢
In the same way
/12dt: 12/dt: 12/t“dt: 12 %tlJrc: 12t + ¢

/12xtdx =12t /xdw = 127%1:2 +e=6tz’ +c

/12wtdt = 12:L'/tdt = 12%# +ec=6xt’ +¢
26) Find
/ 12t*2°dz  and / 12%2°dt
In case / 12t223dx , we see 12t2z°% as a function of z. Therefore
/IZthde = 12t2/x3dx =12¢2. ixd‘ =3tz + ¢

In the same way,
) . 1. o -
/12t2m3dt = 12:1,-‘/t2dt =122%. gt“ =422% + ¢

27) Find
/(\/fﬁ—sinx)dt and /(\/E—&—sinx)dx
. . 1 . 1 144 .
(Vt+sinz)dt = [ Vitdt + [ sinzdt = [ t2dt +sinz dt = ——t 2 +isinx+ec
1+
2
1 3
:%tH? +tsinm+c:§t2 +tsinx + ¢
5
/(\/i—l—sinx)dx:/\ﬁdm—i—/sinmd:v:\/E/d:c—i—/sin:cdx:\ﬁ-x—cosm—l—c
28)
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a) Find p(z) and ¢(z) when )
p@) = [ )@ —a/2ar

q(z) = =2z +/O p(t)dt.

When you find a function which reduces its order by differentiation, then set the function to f(x).
When you find a function which does not change its order by integration, then set the function to g(z).

Let 2
a:/ p(t)dt,
0

q(z) = -2z +a.

then
Thus
)= [ ato)s - /2y
- /01(—% +a)(3t — /2)dt
= /01(—6t2 + tz + 3at — ax/2)dt

2 1
= {—21&3 + (x4 3a)% — axt/Z}
0

=—-2+4+2/2+3a/2 —ax/2
3a  (1—a)x
—_94 2=
+ 2 + 2
We now put
(x)__2+3ﬁ+w
P = 2 2

a= /02 p(t)dt.

a= /02 p(t)dt

:/02(72+37a+@>dt

3a (1—a)t? ?
= {(—2-1-?)2&-1-74 L
=—4+4+3a+1—a

= -3+ 2a

c.a=-342a

3=a

into

Therefore,

_ 3a  (1—a)z
p(x) = -2+ 5 + 5

9 (1-3)=

and
g(z)=z+a=2+3

b) Find p(z) and ¢(z) when .
p@) = [ o-att
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Let

then

Thus

We now put

into

Therefore,

and
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DAY2
29) Evaluate f(2) — f(0) when f(z) =1n|1 + z|
In14+2|—1In|1+0|
=In|3| —In|1]
=In|3| " In|l|=0

y+38

30) Rearrange 22 + 7 = y—14

to make y the subject.

y+8
y—4
LR+ T(y—4)=y+8
S22y +Ty—8x —28=y+8
S 2xy+Ty—y=8+28+ 8
SyRe+7-1)=36+8z
36 + 8z

2x + 6
18 + 4x

x+3

2¢ + Tx =

LYy =

Sy =

31) Solve y = 2242 + 1 for .

2z +3

Y=Levs !

2z +3

4z 45
(y—1)(dzw +5) =22 +3
Sx(dy—4)+5y—5=2x+3
sr(dy—4)—2x=5—-5y+3
Soz(dy —6) =8 — by

v — 8 — by
4y — 6
32) Solve for z of the following |z + 3| = 4.
|+ 3| =4
SLr+3==4
Srx=+4-3
x=4-3,-4-3
Sx=1,-7

33) Evaluate /xQexdx.

Y

3 T T
25 (x? —2x 4 2)e”

o
()]
T
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Usually we let f(z) equal the polynomial function in this case f(z) = =2 and let g(z) equal the non linear function, in this case, g(z) = ¢”.

/ i

:f(a:)‘/g(m)dx /(d{f d:p)
:xz-/eﬂ”dx /(d{xz} /zd:c> dx
— 2 — /12x ") da
:xQ-em—Q/(mew)dx

In order to find /(xez) dz, we apply "by-parts” again as follows: This time, f(x) is changed to f(z) = = whilst g(x) is the same as before.

/(me”)dm
:/fx da
— 1@ [owe [ (LD [o@ar) ao
:x./e”dm (d{m} ¢“d | dx

. e-1/<1eﬂ

=z-¢" " +ec

dx

B puttlng
/ Ydr =z -e¢” —¢” into

2e%de = a2 - " — 2/ (ze”) dx
get

\

/xQeIdm
=z —2/(mew)dm

=2 " —2x-¢" — " 40
=(2® - 20 +2)" +C

34) Evaluate /e_” sin zdzx.

Y

6000 F \

4000 | 0.5(—e % sin(x) — cos(x)e %)
2000

O -
-2000

-4000 '
-10 -9 -8 -7 -6 -5

Usually we let f(x) equal the polynomial function. But there is no polynomial function in this case. So we set f(z) = sinz and let g(z)
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equal the non linear function, in this case, g(z) = ¢ *.

/ ¢ sinxdz

~ [ 1@ g(wis

:f(m)./g(a:)dx /(d{f )i / da:) dz
—sing- (—e ") — / (cosz - (—e%)) da
=sinx-(—e*“)+/(cosme*’”)dx

In order to find / (coswe™ ") dx, we apply "by-parts” again as follows: This time, f(x) is changed to f(z) = cos = whilst g(x) is the same as
before.

/ (cosz-e ") dw
~ [ 1) gtw)is

:f(m)./g(a:)dx /(d{f )i / dac) dz
:cosx-/e_xdm /(d{cosx} / _xdm>

:cosx~(—e_z)—/(—s1n:c e )
:—cos:m*m—/(smm e

)dJc
)

dx

By putting
/(cos:r . e_z) dr = —cosxe * — / (sin:t . e_z) dz into

¢ “sinzdr = —e “sinz + / (cosz e ") dx
we get:

/eiz sinzdr = —e¢ “sinz — cosxe” ¥ — /eiz sin zdx

2/6_‘7C sinzdr = —¢ “sinz — cosxe ©
. —e¢ Tginx —cosxe *
,',/e *sinzdx = 3 +C
Alternatively, we can find a function whose differentiated function becomes ¢~ sin «.

d {e*” sinbx} a

= ae”” sin bz + be”” cos bx ©)
dx
d{edit‘:;sbx} = ae® cosbr — be®” sin bz @)

Oxa - @xb gives us

ad{e smbx}_bd{e COSbm}:age”sinbx—i—b%”sinbx

dx dx
d {e*® sinbx} d {e*® cosbx}
a -b
dx dx a

=¢"“sinbx

a? +b?
When we set a = —1 and b = 1 we obtain
d{eﬂ” sinx} d{f”” cosx}
dx dx

¢ Usinx =

By taking the integral of both sides,
d{eil sinx} d{eﬂ” cosx}

/eir sin xdx = / dx 3 dx dz

—e¢ Psinx —e¢ Fcosx
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35) Evaluate / xIn zdx
1

Y

3 T T T T T T
25T
o b
1.5
1k
0.5

x In(x) \

In(x)% — = + 0,

O L 1 1 1 1 1
1 1.2 1.4 1.6 1.8 2 2.2

X

When you see Inz, it is safe to set f(x) to Inx and g(x) to the rest of the function. In this case, we set f(z) =

/xlnxd:c:/fx
:f(x)~/g(a:)dx /(d{f dm)
=Inz- /xdx /(d{lm} )d:c
)

dx

2
=lnx - — — < % dx
T
=Inx- —f/(i)dx
1x~x——:ﬁ+0
2 4

Thus the definite integral is :

14
/ r Inxdx
1

2

[
El
8
|
|
s

(]
+ =8

N

36) Find

210

2.4 2.6

Inz and g(z) = x.
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-10 —22e T _2xe T _2e % -

X

When you find a function which reduces its order by differentiation, then set the function to f(z).
When you find a function which does not change its order by integration, then set the function to g(z).
Since 2 reduces its order by differentiation, we let f(x) = 22 and g(x) = ¢~*. Using Equation

d 2
/xZefmdm:mQ/eﬂdx—/ <{m} e””dm) dx
dz

e Cr / ((22) - (—¢77)) da

)

Since we can not get /2we’zd:}c straightaway, we need to apply Equation 1» again for /2xe*zdx. In this case, let f(z) = 2z and

/azze_”dx

= meefer/er*Idm

= —a:2e*z+2x/efzdx—/(d{2x} /eﬂ”dw> dx
dx
=zl + 230(—27”“’)—/2 (—e ")dx

=z’ "2 20 ") +¢

2 _ _ _
=—x%¢ " —2ze "2 " +c

T

g(x) =e7 7.

37) Evaluate/ ¢ “zsinxzdr
0

Y
0.6 T T T T T

05 [ we_‘”(sin(a})—l—cos(m)) e ®cos(x)

0.4 —2 2

0.3

0.2

0.1
0
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Usually we let f(x) equal the polynomial function, in this case f(x) = x and let g(z) equal the non linear function, in this case, g(z) =
¢ “sinx

/ f(2) - g(a)dz

:f(x)~/g(x)dm—/<%-/g(m)dw) da
:x~/ef’”sina:dm—/ (%-/eﬂsinxd:ﬂ) dx
:x./e*fsmdx—/(/f@sinxda) do

Now we need to find out /e“” sin zdz. Rather than using Equation , this will demonstrate the alternative approach.

d{e “sinx _ _

gz—e “sinxz 4+¢ “cosx ®
dx

d{e_zcosm} 71 .

— 2 = —¢ Pcosx —¢ “sinz ®
dx

@+ @ gives us:
d {ef‘"” sinm} . d {eﬂ” cosx} B

. . —2¢ “sinzx
d {e_”c sinx} n d {e_“ cosa:}
e Tsing — dx dx
L 5
. /eiz sinzdp — &SR —I—Qe cosw @

Putting @ into @:

x-/eizsinxdx—/ (@‘/(I sinxdw) dx
dx

¢ “sinz +e¢ “cosx ¢ “sinz+e¢ “cosx
=x- — dx

-2 -2

T . L 1 B -
—z. ¢ SNz + ¢ cosx+7 (e “sinx + ¢ Icosx)dx ®
—2 2
@- ® gives us:
d{e *sinx d{e¢ ®cosw
{ } - { } =2¢ "cosz
dx dxr
1 d{efz sing —e * cosm}
¢ = -
cosz = 5 .
/e " cospda — ¢ sinx — e~ * cosx ®
2
Putting @ and ® into ®:
i - 1 —z . _
2. smx—i—; cosx+§/(e ®sinz + ¢~ cos ) do
¢ “sinz+e “cosx e Fsinx+e Tcosxr e Tsinx—e “cosx
= . J— +
—2 4 4
¢ sinx +e “cosx e “cosx
= 1;‘ . J—
—2 2

Now we need to find the value of the definite integral :

_, sinx+cosx ¢ “cosx,

[ze™ - 5 - B 16
. =1 T (=) 1
T 5 T3

g Tm+ 1 l
- 2 2

38) Evaluate/ (Inz)?dx
1
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0.8
0.6
0.4

0.2

When you see Inz, it is safe to set f(z) to Inx and g(x) to the rest of the function. In this case, we set f(z) =

(In(z))?
z(In(z))? — 2(x In(x

1

1.2 1.4 1.6 1.8 2

[ 1@ g(@yis
—f(:r)~/g(x)dx7/ (m/g(x)dx dz

- )
(Inz)> /ld /( {(tna)’} /1d1:> do
:x(lnm)2—/<21nm‘%-aj) dz

=z(nz)® - 2/ (Inz)dz
=z(lnz)’ —2xnz —z)(. Equation)

Now we find the value of the definite integral :

[z(Inz)® — 2(zInz — z)]}
=e¢e—2e+2—2
=¢—2

39) Find p(x) and g(x) when

p(@) = [ % a0sin(a =y,

g(z) =z + /0 2 p(t)dt.

When you find a function which reduces its order by differentiation, then set the function to f(z).
When you find a function which does not change its order by integration, then set the function to g(z).

Let

then

Thus

yis

a= [ sy,
q(z) =z +a.
/ sm T — t
/ 2 (¢ + a)sin(z — t)dt
—[(t+a) / sin(a—t)d2 / 2 dft -+ U [ in(a—t)dt)dt

is

= [(t+ a)(~ cos(z — 1) - (- D] — / 2 (~ cos(a—1)) - (1))t
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=[(t+a)cos(z — )] — [~ sin(z — 1)|Z
=[(t+ a) s(z — t)+sin(z — )] 2
= [( 3 + a) cos(xz — 5) + sin(z — )] [(a) cos(x) + sin(z)]

= (5 + a)sinz — cosx — acos(z) —sinx

= E—|—a—1 sinz — (14 a)cosx
2
We now put x
p(z):(§+a—1)sinx—(1+a)cosx
into %
a:/ p(t)dt.
0
3
a:/ p(t)dt
0
bl
:/ (( +a—1)sint — (1+a) cost)d
0 7T -
[(——i—a—l)( cost) — (1 +a) Slﬂ?f]7
2 0
p ™
[(5—&—@—1)( cosz) (1+ a)sin 2}
[(g—ka—l)(—cosO) (1+a)sin 0]
T T
Therefore,
() = (z4r77271)smx7(1+z*2)60897j
:(7r73)sin;cf(gfl)cosx
and
g(z) =z +a
— _A'_E_Q
=x 5

40) Find /assinmd:c

—x cos(x) + sin(x) |

x sin(x)

&
LI L L

_7 1 1 1
0 1 2 3 4 5 6
X

Compare /xsin xzdx with Equation and we choose f(z) = z and g(z) = sinz. This is because

d{f(z)} _
dx =1
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and

/g(x)d:v
:/sinxdm

= —COSx.

Applying Equation we obtain

/xsinazdl’
:x/sinmd:cf/ (1 . /sinwd;z:) dx

=z(—cosz) — / (—cosz)dx
= —zcosz—(—sinz) +¢
= —xcosz+sinz +c

/lna:dm
Although we do not know the integral of Inz, we do know the derivative of Inz which is % Thus let f(z) = Inz and g(z) = 1. Using
Equation (55),
/lnxdac:lnx/ldx—/ (M/lda:> dx
dr |
1
zlna:/ldat—/<f~a:> dx
. x

:lnx-x—/lda:

41) By writing Inx as 1 X Inz find

:mlnx—':l:—kc

42) Find

/22 coskzdz and / 2% cos kzdk

Let f(z) = 2% and g(x) = cos kz. Using Equation , Here, in order to find /zsin kzdz, let f(z) = zand g(z) = sinkz

/z2 cos kzdz
2
= zz/cos kzdz—/(%/cos kzdz) dz

2 .
zsinkz 2

- — E/(zsmk:z)dz
_ 2sinkz 2 . _ d{z}/
=z A % X {z/smkzdz /( P sinkzdz | dz
2 .
z%sinkz 2 1 1
= Tz {z(—% cos kz) —/1~ (_E coskz) dz}

2 .
z“sinkz 2 1 1.
— {z(—% cos Icz)—i——k2 bmkz} +c

2 .
z°sinkz 2z

2
ZT—F?coskz—kﬁsinkz—i—c

/z2 cos kzdk = 2* /cos kzdk = 2'21 sinkz = zsinkz + ¢
z

/01 tq(t)dt
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when p(x) and g(x) satisfy )
p(z) = ze” +/ tq(t)dt
0

and

ae) = [ ple— v

1 1 1
Leta = / tq(t)dt. In this case, p(z) = ze” +/ tq(t)dt = ze” + a. We now put p(z) = xze® + a into g(z) = / p(z — t)dt as follows:
0 0 0
1
@ = [ plo o
0
1
:/ {(z—t)e" " +a}dt
10 1
= / (z—t)e" "dt +/ adt
0 0
1 1 - 1
= {(x —t) / em_tdt} - / (d{xditt} / e'r_tdt> dt +/ adt
0 0 0
1 1 1
= |:(x — t)/em‘tdt} — / (=1 (=¢"7"))dt +/ adt
0 0 0
1 1 1
= {(m —t) / e””‘tdt} - / T hdt +/ adt
0 0 0

=[-(z— t)ezft}(l) — [~ +a tle

= [~(z— )"+ Fat],

=[~(z —1)e" " + " +a] — [ (2)e” + 7]
=@2—2)" " +a+(z—1)"

=2-2)" " ta+t (ze—e)” "
=(z(e—1)+2—0)" ' +a

1
We now put ¢(z) = (z(e — 1) +2 —¢)e* ' +aintoa = / tq(t)dt.
0
Thus a = %a +e—4+4e ! givesus a = 2(e — 4+ 4e7t).

a:/ltq(t)dt
:/ tle—1)+2—e)e' " +a)dt
1 e = 1)+ (2 —e)t)e' ' + at)dt

(e — D% + (2 — e)te'™ " + atdt

[
i

simply split up the intergral

1 1 1
/ (e — 1)t ! +/ (2 —e)te"™! —|—/ atdt
0 0 0

Now you can integrate each bit of the integral above separately by performing "by parts” twice.

1
/ (e — 1)t*e' 'dt =
0

(e — 1)/ t*¢"'dt - (e — 1) is constant
0

Using by parts, letting f(t) = t* and g(t) = ¢/ !
where f'(t) = 2t ( means differential)and /g(t)dt =t
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1
(e — 1)/ tPe'dt =
0

(e~ 1) (f(t) [otwar- [ [ (g(t))dw)
(e—1) (t2 et - /Qt . et_ldt)
/2t-et_1dt =92t = /2 et hae

=2t-et 2.t
== D [T =2t 12 etil)];
_(e—2)(e—1)

4

Using the same method as above we get

/1(2 —e)te T rdt = (2—¢) (et*1 (t—1))
0

=@2—¢ (e (t-1))],

=@2-¢[(1-0) = (=e")]

=(2-¢) -gfl)

This is a simple intergral

1 1 1
/ at - dt = {fatﬂ
0 2 0

= %a —0= %a
Therefore,
1 1 1
/ (e — 1)t%e" " +/ (2 —e)te' +/ atdt
0 0 0
Becomes
—2)-(e—1 2 — 1
= e-1)  2-9 1
¢ [4 2

Thusa = La+¢— 4+ 4¢7" givesus a = 2(e — 4 + 4e1).

44) Evaluate /2 2$\/1—|-7d$.

Y
50 T T T T T T T

45 r ]
40 r ]
35T ]
30 [
25 r
20
15
10
5 -
0 s
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1 1
If we let u = 1 + 2 the integral becomes /2x\/ﬂdm but remember /u = u2 therefore /Qm\/ﬂdx is the same as /2xu? dx.

d{u}
=2
dx *
codu = 2xdx

The integral now just becomes

1
1
45) Evaluate dx
) /0 V1422

Y
]

095
09
0.85
08
0.75
0.7 : : : :

0 0.2 0.4 0.6 0.8
X

o First method

. . L . . dx L 1 /(x
Th | h E 7 hk=1.A ————— =ginh -
e integral in question is the same as Equation || wit s / T sin (k)

ool
/ dx
0o V1+ 2
_ [sinn—t (Z)]
= [ (3)],
= sinh™" (1) — sinh ™" (0)
We need sinh ™' (1) and sinh ™" (0). As

0 -6
e —¢
inh (0) =
sinh (0) 3
0 —0
@ =sinh ' [ =5
sin ( B
. . U . o o . e "
we need to find out # which satisfies = 1forsinh™" (1) and = 0 for sinh™" (0). When 5 =1
6 —0
¢ —¢
=1
2
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.69_2i\/4+4
o 2
=14++2

Since ¢ > 0,
29:1+\/§
.:9:1n(1+x/§)

Thus the final answer is
1
1
/ S
o Vita®
= sinh™" (1) — sinh ™" (0)
= (1+v2) -0
=In (1 +v2

~——r

« Second method
When you see

6 —0
ae’ —e
a? +b2x2,setxr = ————
0 o b 2

In this case we setz = ° = sinh(0).

q
&I\J

29
= 1 _
+(—

20 —2972
:\/HL

I
~
|
B

~—
»

(e +¢—9)2
4
¢f 1 o—?

0 —0
cdp=2T +2° do

We also need to find out the range of 6 based on 0 < z < 1: When x = 0,

219

2

-0
= sinh(0). In general when you see va? + 22, setz = as

= sinh(0).



Whenz =1,

=112
sl =14 V2(0 ¢ > ove)
- In(e?) = In(1 4+ v/2)
0 =In(14+V?2)
Thus

/1 vV 1

—dx

0 1 + 1,‘2
In(1+v2) 9 0 -6

— / 7$d9
0 e/ +e—? 2

In(1+v2)
= / do
0

In(142
i

=1In(1+ \/5)
1
46) Evaluate / V1 + z2dx.
0

b 4
When you see va? + b?z?, set P

6 _ 0 _ o~
£t = sinh(0) In this case we set z = £t

5 5 = sinh(#).

—
_|_
&m

0 _ »—0
= 1_;'_(%)2

\/ 020 4 ¢—20 _ 9
= 1 _—
4

020 + e—20 +2
4

¢20 + ¢—20 +2
4

(ef +¢9)2

_l’_

e/ — e ?

2
0 -0
) e +te
..dxfiz df

We also need to find out the range of 6 based on 0 < z < 1: When x = 0,

€r=

When z =1,

s2=e" —¢?

e 2 —1=0

el =1+V2

sl =14 V200 > 0ve)
- In(e?) = In(1 + v2)

S 0=In(1+?2)
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Thus

1
/ V14 22dx
0
In(1+v?2) 6 -6 ,0 -0
_ / e’ +e e +e a0
o 2 2
In(14+v2) (,0 —0\2
_ / T 4e)
0 4
In(14+v2) 26 —20
_ / e’ +e + 2d9
0 4
_ 2 =5 4 2000
= ; :

O — e 440 ma+va)
0

2
¢
=
2 n(1+v2) _ (—2In(1+V2) +41n(1 + \/ﬁ)
8
B nAHVD? (V)2 +4In(1 + \/5)
8

Now that ¢!"¢ = a, we can simplify the terms above a bit more
Jn(+v2)? _ In(1+v2)~? +4In(1+ v?2)

8
(14+v2)? - (14+v2)?+4In(1+v?2)

8
(1+v2) - (1+v2)™  In(l+v2)
8 2
(14++v2)* -1 Jrln(1+\/§)
8(1+ v/2)2 2
(1+\/§)471+ln(1+\/§)
8(1++/2)2 2
174+ 12v/2 -1 In(1++?2)
O 8(1+v2)2 2
(16 +12v/2)(v/2 — 1)? N In(1 + v/2)
8(1+v2)2(V2 - 1)? 2
(16 +12v/2)(v/2 — 1)2 N In(1 + v/2)
8 2
(16 + 12v/2)(3 — 2v/2) N In(1+ v/2)
8

2
:@+1n(1+\/§)

8 2
V2 In(1+V2)

2 2

47) Find

2
/ V16 — x2dx
0
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4 — T T T
39r1
38T
37T
36T
3571
3 4 1 1 1
0 0.5 1 1.5 2
X
= 4sin6.
Let sinf. Then dﬁ_d4sin9_4 ,
d9 = d9 = 4COSU.
. dx = 4 cos0do.
When z varies from 0 to 2, sin 6 varies from 0 to%(: sin % Therefore 0 varies from 0 to %
2
/ V16 — z2dx

/6 v/16 — (4sin 0)2(4 cos 6d6)

yis
/6 16(1 — sin® 6)(4 cos 0d6)
0

T
= /6 V' 16c0s?6(4 cos 0d6)
0

iy
:/6(4c059)-(4c056’d9)
° T
:16/6 cos 20do
0
T
_ 16/6 1+C0520d0(','00529: 1—|—c20529)
1 T
=806+ sin 20] 8
:8[%+%sin2%]
r 1V3
=55 +§7]
:?4‘ \[
48) Find
16 dx
1 V4V
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05 1 1 1 1 1 1 1
045 7
04r 7
o | o+ ) ]
03[ / i
0.25 i
0.2 i
01 5 1 1 1 1 1 1 1
2 4 6 8 10 12 14
X
Let
t =V,
) \
t ==z
Th
- '} dfe)
de ~ dz’
ie., 211}
3 _
4t O 1.
Therefore,
4% dt = d.
When z varies from 1 to 16, ¢ varies from 1 to 2(= v/16). Thus Using Equation (56),
16 dx
1 VetV

_/2 4t°dt
L P4t
2 t2
:4/ dt
L t+1

2,2
::4/ ﬁdt','tQ—l—klth
1

t+1
2
:4X/ (t-DE+D+1,
L t+1
2 1
= t—1)4+ —— > dt
4></1 {( )+t+1}

1 2

=4x {42 —t—l—]n|t+1|]
2 1

:4{(%22 o4 mf2+1))

—(%12—1—|—ln|1—|—1|)}

=4 {ln 3] — (—% +1In |2\)}

3
=4ln—- +2
n2+

49) Find [ (3z +5)%dx

Hint: let
t=3xz+5.
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Y

1e+06
900000 “
800000 r b
700000 .
600000 I b
500000 b
400000 b
300000 r 1 7 b
200000 [ 57(3x +5)" + 1]
100000 .
0 ——— !
0 0.5 X 1.5 2
Let
t=3x+5.
Thus d{t}__3
dr
So
dt = 3dx.
/(3x+5)6d:v
=/t6dm
[
N 3
= 2—11(‘3x+5)7+c
50) Find
9 dzx
Hint: ¢t = /3 — /.
Y
1 T T T T
0.8 _
06 > i
/3 —
04 r .
0.2r _
0 1 1 1 1
4 5 6 X 7 8 9
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Lett = +/3 —/x.

t=1/3—+x

P =3-x
3=V
LBt =2

We need to find the relationship between dx and dt. Let u = 3 — 2. Then

d{(3—1t%)?*} _ d{z}

dt dt
cd{v?}  d{a}

o dt dt
Cd{u} o{w’} _ dia}

odt ou dt
A3 ), afw)

o dt dt

. oy _ d{z}

L2231t = =

o—AH(3 — t7)dt = dx
When z varies from 4 to 9, ¢ varies from 1(= /'3 — v/4) to 0(= v/3 — v/9). Thus

51) Find

Hint: let z = 2sin 6.

Y

2
1.95
1.9
1.85
1.8
1.75

225

0.5




. . . . . . . o dx -1 (T
« First method The integral in question is the same as Equation with & = 2. As / T sin (

/1 dx
-1 y4 — 22

b G

We need sin~! (%) and sin~! (;1) . As

c.sin (0) =
0=
and
-1
— -1 P
0 = sin ( 5
. —1
cosin (0) = >
s
0= ~%
the final answer is
/1 dx
14— 22

« Second method

Let
T = 2sin6.

Then

di _ d2sin0 — 9c0s0

o~ do ’

c.dxr = 2cos0do.
When z varies from -1 to 1, sin 6 varies from —% to%. Therefore 6 varies from —% to %
1 dx
-1 v4 — 2?2

/g 2 cos 0d0
~F V4 —4sin®0

yis
_ [6 2cosfdf =~ _
= B 5 cos 0 (. cos® > 0for

Il
ol
|
|
|

w| =
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1
z+1
52) Evaluate A mdl’

Y
1.2 T T T T
1.1 /
1
o9r
08 r
0.7
06r

0.5
0.4

(14+x2)2

0 0.2 0.4 X 0.6 0.8 1

In general, if you find / ¥d:c it is better to set z = £ tan 6. In this case, x = tan 6.
a2x2 + b2 a

z |0
610

ISE]=

T = tan6

e = cos2 0

/1907“%

o (z2+1)?

:/Z tar21c9+1 1 a0
o (tan?6 4 1)2 cos? 6

_[F 19 1
=/ (tan6 + 1) cos 9md9

= /4 (tan 6 + 1) cos” 6db
0

B 2 2
= / (tan 6 cos” 6 4 cos” 0)do
0

= /4 (sin@ cos 6 + 1—~_(1'72082(9)d9
0

= /4(lsin29+ 71+C0820)d9
, 2 2

= 1/4(sin29—i—1—&—c0520)d9
0

2
1.1 1. z
—5[ §c0529+9+551n29}0
1 4
= Z[_ cos 20 + 20 + sin 20]

1 g
— - [T 1}
4{4+ *
1 s
— - [T 2}
4{4+
_r. 1
T8 2

1
53) Evaluate/ In(z® + 3)dx
0
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Y
1.4 -
135
1.3
125
12
1.15
1.1 T

1.05 : : : :
0 0.2 0.4 X 0.6 0.8 1

When you see In z, it is safe to set f(z) to Inx and g(z) to the rest of the function. In this case, we set f(x) = In(2* + 3) and g(z) = 1.

/ln(ﬂc2+3)dﬂc

/f
:f(x)-/g(w)da:—/(d{f / 2)dz
@ 13). /ldw_/<d{lnx +3}

=In(z®+3)-= (

dx

dx

U

)
o)
2 +3 x)
)
)
%)

T

dx

=zl
=zn(z® +3) — (m2—|—3
<2x +6—6

d
Jc2+3

)

=zln(z® +3) —

dx

=zln(z® +3) — (

f:rlnm +3) 2d:r+/

+3
= zIn(z” —|—3)—2x+/ 2+3d

We now need to find out / Qde.
z? + 3
o First method

Using Equation , we can modify / %_i_gd:p as

/%de = 6/ md:ﬁ = %tan—l (%) — 23 tan-" (%>

Thus
! 2 2 1 1
/o In(z* + 3)dz = [zIn(z +3)72x}0+/0 x2—|—3dx
1
_ _ 1 _ 0
= |zln(z® + 3) — 22 + 2v/3tan 1(i>} =In(1+3 —2+2\/§<tan 1<—)—tan 1(—))
Here we need to find out tan~* (i> and tan? (i)
V3 3
0



s tanf =0

60=0
Finally
1
/ In(z® + 3)dz = In(4) — 2 + 2v/3 (3 —o) Cn(a)— 24 V3T
) 6 3
o Second method 1
In general, if you find mdm it is better to set z = £ tan 6. In this case, z = v/3tan 6.
z | 0 1
ARE
z=+3tan6
V3
dxr C0829d9
Thus
6
/71:2 T 3dm
6 V3
o / 3tan20—|—300529€h9
_/#ﬁ
) tan?260+ 1 cos26
_ 2, V3
f/2cos 0c0529d0
:/2\/§d9
=230+ C
Finally
1 ™
/ In(z® + 3)dz = [z1In(z® + 3) — 2z]p + [2V/30]¢
0
:ln4—2+2\/§% :1n4—2+\/§§
2
54) Evaluate / Iz,
1 a
Y
02 I I T T
0.18 ( )
0.16 [ In(x
014 F 22 T~
o2 r
01
0.08 | 1
nx 1
0.06 [ —— —5T1
0.04
0.02 r
0 1 1 1 1
1 1.2 1.4 X 1.6 1.8

When you see Inz, it is safe to set f(x) to Inz and g(z) to the rest of the function. In this case, we set f(x) = Inz and g(z) = 272

- / f(2) - g()da

— 1@ [o@e~ [ (LD [o@yar) ao
:1nx-/:p*2dm—/<%~/x*2d:p) dzx
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Thus the definite integral is

55) Find the definite integral

Y
160 1 1 1 1 1 1 1 1
140 [
120
100 [
80
60 [
40 [
20 [ 7
0 1 1 1 1 1 1 1 1
1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4
X
Let t = 2?. Since { b = 2z, we obtain dt = 2xdz. When 2 varies from 1 to v/2, t varies from 1(= 12?)to2(= v/2)?.
\/§ 2
/ 210" dx
V2 12 1
:/1 10° 3 2zdz
:/jmt —dt = %/ 10°dt
1 t
{5 In10
_ 110" 1o
2In10 21In10

110°-10 _ 1 90

T2 10 2 mio
45
" In10

56) Find the definite integral

4
/ 3Vde
0
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Y
9
s b
7
6
5
4
3

1 1.5 2 X 2.5 3 3.5
Lett = v/x , s0 t* = 2. Thus 2tdt = dz. When z is varied from 0 to 4, ¢ varies from 0(= v/0) to 2(= v/4).
z | 0|4
t| 0|2

Using Equation (56),

4 2
/ 3Vodr = / 3totdt
0 0

/3t2tdt = 2t/3fdtf/(%/3fdt) dt
i at
3t 3
- 2.2
tlnS /( ln3> dt

2.3 2
"~ In3 In3

2t-38 2 3
= - 2 2 (- Bquati
m3  In3ingl- Pauation(69)

2t-3t 2.3

In3  (In3)°

2
/ 3totdt
0

3 {2t.3f 2.3 r
0

Let f(t) = 2t, g(t) = 3¢,

3tdt

Thus

In3  (In3)>
_2.2.3 2.3 23"
=g (ln3)2) - (_(ln3)2)
36 18 2
3 (3’ (n3)?
(ca”=1)
36 16
" In3  (In3)°

57) Evaluate / dz for x > 1 by setting © = ﬁ (0<o<3)

1
22?2 —1
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35 1 1 1 1 1 1
3 =
25T
o 1
z24/(z?—1)
15T
1 -
05r
0 | 1 — L L L
1 1.5 2 2.5 3 3.5 4
X
1
" sinf
—cos @
dr = de
e sin? 6
Using this,
;dx
212 —
_ / —cos@ 40
sm26 V sm26 -1 sin 0
_ / —cos 6
51112 0
/ —cos @
/1— sln2 9
“sin2 0
cos@
cos? 9
sin2 6
—cosf
= / ) do
sin 6
= /(fsinﬁ)dﬁ
=cosf+ C
Since this is the indefinite integral, the answer has to be expressed using x. This we now express cos 6 using z:
1
" sind
c.sinf = 1
T
1
w2
c.sin” 6 = s
‘,lfsin29:1fi2
x
1
. 2 __
c.cos0=1-— 2
2
.'.COSQZ\/l—i2 \/:v !
T T

58) Find the definite integral

%
/ cos® zdx
0
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1
08r
06
04 r
02
0 ] ] ]
0 0.2 0.4 0.6 X 0.8 1.2 1.4
If a - a® = a® then cos® x = cos® z - cos z. Using this
T
/7 cos® zdx
0

yis

2 o
= cos” x cos xdx
0

yis
= /?2(1 — sin’® z) cos zdx
0

2 .2 2 .2
(. cos”x+sin“z=1,cos”z=1—sin"z)

d{u}

Whenweletu:sinm,wecangetd—:cosx.
XL

T 0 — %
u=sinx 0 — 1

Using this we get:

/ 1- sin? z) cos xdx

du

:/u:0 (1~ w?)cosa 2L
:/1(1—u2) u
=[+-37)

1)

Or alternatively;

s

/ 2 cos® zdx
0

yis

2 2
= cos” x cos xdx
0

vy )
= Aj(l —sin® w)%dm

_/72r asinx_singmasinx da
/o Ox Ox

s . s .
:/72 d{smx}dxi/j Singmd{smx}dx
0 dz 0 dx

T
2

. 1.3
= |sinz — —sin°z
3 0
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st

59) Evaluate /4 m
0

cos? x

Y
16 1 1 1 1 1 1 1
14}
12}
b
08 y = x
0.6 [ (COSQ{ZBZ
0.4
0.2

y = xtan(x) + In | cos(x)]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
X

is integrable, we set g(z) =

and the rest is f(z). In this case, we set f(z) = = and

/cosixdw

~ [ 1@)- g(a)da

:f(:r)~/g(x)dx—/ (%ﬁf”/g(x)day) dx
:I'/cosimdx_/ <d§i} ‘/co;xdx) du

:x~tanx7/tanxdx

=ztanz — (—In|cosx|) (.- Equation(67))
=ztanz + In|cosz| + ¢

1
cos? x

Since Equation tells us that
9(@) = s

cos? T

Finally the definite integral is

™

1 x
5 dx
o cos?w

= [ztanz + In|cosz|]§

4 V2
T 1
—Zfiln2

60) Given points A(0,0) B(2,2) and C(9,3) Work out the equation of the lines AB and BC.
In general, an equation of a line whose gradient is m, going through (z., y.)can be written as

Y—Ya =m(T — xa).

As for the line AB, since the line goes through the point A(0,0)
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As for the line BC, since the line goes through the point B(2,2),

e[l'
61) Find [ ——d
) Fin /ez 1%

Y

y—yp =m(z — )
SLy—2=m(z —2)
sy=m(z—2)+2

4
35T
3t
25T
o
15T
1 F
0.5

_3-2 1
’ 9—-2 7

1 2
y=grog T2

oyl 2, 14
V=Rt T T
L1

Y= get

1 1
In |e” + 1|

0

Since

when we let

then

62) Find/ id
Va2 +1

dx

-2 X 0
d{e”" +1}
dx ¢

Fla) =" +1,

/Iidx
e’ +1
d{f(=)}

_ dx -
@) ¢
By
f(z)
=In|f(z)|+c
=lnle"+1]+¢
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Y

0.8
0.6
0.4
0.2
0
-0.2
-0.4
-0.6
-0.8

-1 -0.5 X 0 0.5 1

Ifwelett:mQ—i—lThen#:%
X

Therefore 9t = 9z - 2z which equals % -Ot=0zx-x

/de
Va2 +1
_ (1 o= L
—/2 \/Edt.t—w + 1 and Oz z=g ot
1 1
o)
1 _1
:i/t 2 dt
Loys
1
:tj +c
:(x2+1)%+c( t=a"+1)
63) Find the indefinite integral
/ dx
z(Inz)?
Y
4 T T T
3'2 I T —1 ]
L -1 -
.| (In(z))%z log() = (jog(1.5)) -
2 - -
15T .
1 - —
05 i
0 1 1 1
1.5 2 X 2.5 3 3.5
Lett:lnmthereforewzl.
dx x

x -0t =0x
The integral now becomes
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o 8 =
S
wnlio.t N
== 8 8
=
8 —0 |
R
~—~ 1 &
<
=
RS
— %

y

ct=Inx
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DAY3 A
64) Whatis 5 + 7 + 5 + 2.

65) Simplify

2 —3\3 —5 2,0
66) Simplity 1024 )" (=22 "y")

64(zy)”

67) Solve the system of

. 52° — 9 + 4
We assume

LR,
2 5
x5  10m  Arx2  2x10

9x5 710 T 5x2 T 10
5r 10 8 20
10 10 " 10 10
57 + 10w + 87 + 20

10
231+ 20

10

(78042(773)2

(—8a2b_3)2
— (78)20,2)(2[)73)(2

= 64a’*b™"

(162%y %) (=220~ 5y?)°
64(xy)®
1632273y ~3%3 .1
o 64x5y®

B 1632590

T 64adyd
. 40962° 5y 7070

B 64

= 64$y714

20 43y =4
rz+2y=3

522 — 9z + 4 A B C

z(2 — 3z)(1 — 2z) x+2—3m+1—2m
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When we multiply @ with z(2 — 3z)(1 — 2x) we obtain

(52" — 9z +4) = A(2 — 3z)(1 — 22) + Bx(1 — 2z) + Cz(2 — 3z) @

When we put z = 1 into @, we obtain

5 18 16 1 4
G-1t7)=¢3 G5
3 1
1791
3=C
When we put z = 2 into @, we obtain
2\° 2 2 2
2) —9.244=B21-2.2
6(3) ~o-3+9-pia-23
20 54 36 2.3 4
Y Gl Y=BZ(Z - Z
"(9 9+9) 3(3 3)
R
9 9
. —1=B
When we put z = 0 into @, we obtain
4 =2A
2=A

Thus

522 — 9z + 4 2 1 3
/x(273m)(172x)d$_/<;_273x+172x)dm

1 1
—21n|m\+§1n|m—§ —§ln|x—§|+c
) 2322 + 222 + 2
69) Find
) Fin /(2m—1)(m+2)(3m+1) o
We assume
2322 4 222 + 2 A B C

T° + 222 + _ n I ®

2z —-1)(z+2)Bz+1) 22-1 z+4+2 3zx+1
When we multiply ©® with (2z — 1)(x + 2)(3z + 1) we obtain
(232° 4+ 222 +2) = A(x +2)(3z+ 1) + B2z —1)(3z+ 1)+ C2z — 1)(z +2) @

When we put z = 1 into @, we obtain

1\2 1 1 1
23 44 8 1 4.3 2
22 YA+ D24 2
(4+4+4) (2 2)(2+2)
75 5.5
22— A E
1 (2)(2)
75 25
S pq 22
"4 4
3=A

When we put z = —2 into @, we obtain
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When we put z = — 3 into @, we obtain

(23 (-i)Q +22. (-%) +2)=C(2 (—%) ~1)(~3 +2)

23 22 2 1 6
5~ 3 t2=C(-3-D(-3+3)
23 66 18 2 3.5
99 Ty~ 3))
25 5.5
_22 o=y 2
9 (=3)(3)
25 25
_f o=
9 =3)
1=C
Thus
2322 + 222 + 2 3 2 1
de = d
/(2x—1)(m+2)(39}+1) v /(2x—1+1’+2+31’+1) v
—/ AN NI S S T
- 2 :c—% r+2 3 m—f—%
3 1 1 1
—Eln|x75\+2ln|x+2|+§ln|x+§|+c
) da? + 372+ 7
70) Find / @+ @3z —1)™
We assume

42° + 372 + 7 __A B C ®
2z +1)(z—3)dz—1) 2z+1 =x-3 4dz-—1

When we multiply @ with (22 4+ 1)(z — 3)(4z — 1) we obtain
(42> + 37Tz +7) = A(z — 3)(4z — 1) + Bz +1)(4z - 1) + C2z + )(z —3) @

When we put z = —1 into @, we obtain

1\? 1 1

(4 (-5) +37- (—5> +7) = A(—5 = 3)(~4- 5~ 1)
4 74 28 1 6

(G-t ) =ACg =21

42 7
—7 = A3
_a_, 2

When we put x = 3 into @, we obtain
4-(3)°+37-3+7=B(2-3+1)(4-3-1)
494111 4+7=B(64+1)(12-1)
536+ 111+ 7 = B(7)(11)

. 154 = TTB
S.2=8B
When we put z = 1 into @, we obtain

1\° 1 1 1
(4(1> +37- 14D =02+ (- 3)
4148 112 1,21 12
TR G TR R AT R
264 3, 11
6 = ¢Q=7)
33 33
2 -0y
—-4=C
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Thus

/ 42 437247 /_ L2 4\,
(2z 4+ 1)(z — 3)(4z — 1) 22+1 -3 4ox-—-1

—/—l 1+2—1 dx
- 2 z+4 -3 z-—1

4

1 1 1
:—§ln\m+§|+21n|x—3|—ln|m—Z|+c

—2> + 132 +6
71) Find | ———————
) Fin /x(m—Z)(Qx—&—?))dx
We assume
—2* 13246 A B C
z(r—2)2x+3) =z -2 2x+3

When we multiply @ with z(z — 2)(2z + 3) we obtain

(—2®+ 1324+ 6) = A(x —2)(2x +3) + Bz(2z +3) + Cx(z —2) @
When we put z = 0 into @, we obtain

When we put z = 2 into @, we obtain

—2°4+13-24+6=B-2-(2-2+3)
. —442646=B-2(4+3)

.28 = 14B
-.2=B
When we put z = —2 into @, we obtain
3\ 2 3 3 3
N 13- (=2 = -z _Z_9
(-3) +15(-3) +e=c(-5) (-5-2)
9 39 3 3 4
172 6—0(“>(‘§‘5>
9 78 24 37
1iTa1 1% 3
63 21
“1 797
- —3=C
Thus

—2>+13z+6 1 2 3
———dx = —= — d
/ac(m—Q)(Qw—i—S) v /( x+x—2 2x+3) v

1 2 3 1
7/<_E+m—2_§'w+%>dx

:—ln|9:|—|—21n|x—2\—gln|x+g\+c

us

4 1
72) Evaluate /

5 dx
o cosdw
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).<

3 T T T T T T T
28
26
24 1
22T
2 -
1.8
1.6
1471
1.2
0 é 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
X
When we set ¢ = sin, dt = cos zdx and the function to be integrated will have cos* « = (cos® z)? = (1 — sin® z)*.
z |0 T
EALIE:

1
d
/cos3x v
_/ 1 dt
") cos®zcosx
1
= dt
/cos4x
1
=t
/(cos%c)2
1
= | ————dt
/(1fsin2m)2
1
- [ et

1
= / a—narnpe”
= 1 dt

_/klfﬂ%1+ﬂ2
1 H .
We now assume (e can be separated into four terms as :
1 __ A B, C D
t—12(1+t)2 (1482 (t—-1)2 1+t t-—1
=0t -1)A+(t+1)’B+ 1 +t)(t—1)°CH+(t—1)(t+1)°D

When we putt =1 into @

1=4B
.B=1/4 ®
When we putt = —1into @
1=4A
LA=1/4 @
When we putt = 0 and ® and @ into @,
1 1
l=2+,+C-D
1
PE— — D
Sy c ®
When we put ¢t = 2 and ® and @ into @,
1:%+30+9D
—6
..Tf36’+9D
.’.%1:0+3D ®
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®x3 + ® gives

1=4C

1
"C_Z @

By putting @ into ®, we obtain
1 1

371 P
1y

1=

By putting ®,®,@, and ® into @, we obtain
1
| aoara
—1/ LN A .
T4 1+t)2 " (t-12 1+t t-—1

(A+) 2+ @E—1D) 2+ (1+t) = (@-1)"Y)at

] —

(7(1+t)71f(tf1)71+ln|1+t|fln|t71\)

Thus the definite integral is

1
—(1+t)—1—(t—1)—1+1n|1+t|—1n|t—1\]ﬁ

4 0
1y-1 1 -1 1 1 S L —— +ln|1+%|+2
:—(1+ﬁ) (-1 +ln|1+ﬁ|—ln|ﬁ—1|+2: I | L1
4 4
I D | +ln|l+%\+2 _ % —|—ln|‘/§+1|+2
s ! 51 0+ 1-v2
B 4 B 4
2
73 (vV2+1)?
Il Easl 2 S+ m|(VE+ 1) +2
N 4 h 4
_%+21n|\/§+1|+2_%+ln|\/§+1|—|—l_\/§ 1 1
= 1 = D) f7+§ln|\/§+1|+§
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73)

74)

75)

DAY4
Find [T
V2 —2x
When we complete the square of 2> — 2z
2 —2e=(z-1)7-1=(z—-1)>-1

Thus

/ dx _ / dx
Va? -2z Ve —1)2 —12
Using Equation with the replacement of z to z — 1 and k to 1, the answer is

r—1

/736 = cosh™! (
V2 -2z 1

) +c=cosh '(z—1)+¢

Find /
Va2 —6x+ 13

When we complete the square of 2> — 6z + 13
2 —6r+13=(x—3)>—-9+13=(z—3)>+4=(z—3)*+2°
Thus

Using Equation with the replacement of = to x — 3 and & to 2, the answer is

/ —smhl(m73>+c
\/TH 2

Findfix
V2x2 +4x + 3

When we complete the square of 2z + 4x + 3

20 +4x +3 =2(2° +2z) + 3
=2((z+1)>*-1)+3
=2x4+1)7>-2+3
=2(x+1)>+1

:2((;c+1)2+%)
=2 ((a}—!— 1)? + (\2)2>

/ T
V2x2 +4x + 3
dx

\/2{(x+1)2+ (%)2}
a ()
-5 ﬁ

Using Equation (76) with the replacement of z to z 4+ 1 and & to 7 the answer is

/mw/\/—

= % sinh ™! (\/E(x —+ 1)) +c

Thus the original integral can be re-written as
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76) Find / I
V312 4+ 122 + 8

When we complete the square of 3z + 12z + 8

322 + 122+ 8
—3(m2+4x)+8
=3((z —4) +8
3(2:-1—2) —12+38
:3(x+2) —4

:3{(1‘4—2)2—%}
fe (1)

/ T
V3r2 4+ 122 + 8
dx

/\/3{(a;+2)2(\/§)2}
=

dx

Thus the original integral can be re-written as

“ul ]

2
(z+2)2 - %)
Using Equation with the replacement of z to z 4+ 2 and & to \/g, the answer is

T+ 2

/ cosh™! +c
V3x? + 12 4
x*+ 122+ 8 \f \/;
1
— — cosh™? (M) Ty
V3 2
5z° —102® + 31z — 13
77) Find
) Fin 2545 ‘dx . . o
As the order of numerator is higher than the denominator we perform the following polynomial division
5x
z? — 2z + 5 )52 — 10274312 —13
—)52% —1022 425z
6x—13
Thus we obtain
5z — 102% + 31z — 13 6z — 13
=+ 5
2 —-2x+5 2 —-2x+5
d{z* -2z +5
As {:cd—x} = 2z — 2, by doing the following division
i
__ 3
2z — 2 )6x—13
—)6z —6
-7
we manipulate the original equation as
5% — 10z% + 31z — 13 e 32z —-2) 7
2 —-2x+5 B 2 —-2x+5 x22—-2x+5
d {x2 — 2z + 5}
3 dx 7
= 5 —
S 2 —-2x+5 2 —-2x+5
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When we complete the square of 2> — 2z + 5, we obtain
22— 22+5
=(z—-17-1+5
=(z—1)°+4
=(z—-1>2+2°
Therefore the original integral can be re-written as
3d {1:2 — 2z + 5}

dx 7
5 _
/ L Goirg2 |

Using Equation and Equation with the replacement of  with z — 1 and k with 2, the answer is

§w2+31n|x2—2m+5|—%tan71 (x—l) +c

2 2
8z% — 42 — 102°
Fi - @ @ @ @ @ O 0000
78) Find i 14z 13 "
As the order of numerator is higher than the denominator we perform the following polynomial division

222 —3z—1
422 4 4z + 3)8z% —42°—1027
—)8x~ + T —+6x
8zt 48z +622

—122%—16x2
—)—122%-122% -9z
— 42749z
—) —4a*—4x-3
13z+3
Thus we obtain
8zt — 423 — 1027 2 132+ 3
- T ot — —1 L SR
4% + 4z + 3 e e e 13
d{4z” + 4z +3 . R
As % = 8z + 4, by doing the following division
x 13
___ 8
8x +4)13z +3
—)132+6.5
—-3.5
we manipulate the original equation as
8zt — 423 — 102 2 13 8z + 4 3.5
= T =2 314 2 -
4x2 +4x + 3 8 4dx?2+4x+3 4z +4x+3
When we complete the square of 422 + 42 + 3, we obtain
4o + 4z + 3
=4(z° + ) +3
=4((z+0.5)> —0.25) + 3
=4(x+05)>-1+3
= 4(x +0.5)° +2
—4 {(x +0.5)° + (\/0.5)2}
Therefore the original integral can be re-written as
d{4z® + 4z + 3}
13 gz 35 1
2 -3z —14+——_ar 27 dx
/ 8 4dx?44x+3 (z +0.5)2 + (+/0.5)2

Using Equation and Equation with the replacement of = with = + 0.5 and k with /0.5, the answer is

2 3 3 2 13 2 3.5 —1 ($+05>
-z — -z —xz+ —Inl|dx” +4x + 3| — tan +c
3 2 8 | | 44/0.5 V0.5
—3—z?—2x+1
79) Find
) Fin 2 + 22+ 2 dx

As the order of numerator is higher than the denominator we perform the following polynomial division
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—x+1
2?4224+ 2)—2® —x?—2x+1
—)—a® 2222z
z2 +1
—) 2 42x+2
—2x—1
Thus we obtain

—2®—a2? -2 +1 — el —2x —1
2 + 22+ 2 - 2+ 22+ 2
d{z?+ 2z +2 . . .
As % = 2z + 2, by doing the following division
-1
22 4+ 2 )—2z—1
)
1
we manipulate the original equation as
z T 2$+1:—x+1+ (22 + 2) 1
2 + 22+ 2 2 +2x+2 x2+2x+2
d {x2 + 2z + 2}
dx 1

= —g41—
vt 2 +2x + 2 Jr;152—|—295—|—2

When we complete the square of 2% + 2z + 2, we obtain
224+ 22+ 2
=(z+1)°"—1+2
=(z+1)7+1
= (z+ 1)2 412
Therefore the original integral can be re-written as
d {x2 + 2x + 2}

dx 1
- 1+ — d
/ S S T R e |

Using Equation (57) and Equation (78) with the replacement of = with z + 1 and & with 1, the answer is
—%x2+x—ln|x2+2x+2|+tan_1 (z4+1)+c¢

: —102® — 259
80) Find / 227 — 4z 120 i

As the order of numerator is higher than the denominator we perform the following polynomial division

-5z —10

227 — 4z + 20 )— 10z —259

—)—10234202%—100z
—20z% 100x—259
—)—202% 440x—200

60x —59
Thus we obtain
—10z3 — 259 60z — 59
= 5104
242 — 4z + 20 0t e T ar 20
d{2z% — 4z + 20 . N
As {2 d; } = 4x — 4, by doing the following division
15
4z — 4 )602—59
—)60z—60
1
we manipulate the original equation as
J— 3 — —
100° =250 . o 15(4x — 4) 1
222 — 4z + 20 222 —4x +20 222 — 4z + 20
15 {22* — 4z + 20}
dz 1
=—5x—1
S T T e 120 T 22—z 1 20
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When we complete the square of 22> — 4z + 20, we obtain
2z% — 4a + 20
=2(z° — 2z + 10)
=2((z—1)>—1+10)
=2((x — 1) +9)
=2((z —1)° +3)

Therefore the original integral can be re-written as

5d{2x2 — 4z + 20}

1 v )
—5r—1 L d
/ 0 e v 20 T |

Using Equation (57) and Equation (78) with the replacement of = with = — 1 and k with 2, the answer is

11 -1
—gm2—10x+151n|2x2—4m+20|—|—§-f-tarfl (a:g >+c

1 —1
:—%aﬂ—10:c+15ln|21;2—4a:+20\+6tan71 (mg )—l—c

248



	Prerequisites
	Key points on vectors
	Key points on coordinates
	Key points on complex numbers
	Key points on differentiation 
	Key points on integration 
	Key points on sequences and series 
	Key points on ordinary differential equations 
	Exercises on Vectors
	DAY1
	DAY2
	DAY3
	DAY4
	DAY5

	Exercises on Coordinate
	Exercises on Complex numbers
	Exercises on Differentiation
	Exercises on Integrals

