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I. PREREQUISITES

In order to successfully complete this Engineering Mathematics course you must be competent with the following
material. If you are unfamiliar with the any of the following material it is recommended that you attempt some
practice questions before undertaking the main course material.

1) Logarithms

log,.b
log, b= O8c
log,.a
2) Indices
a™ - g = a(ern)
L = glmm)
a
(am)n _ a(m n)
1
a = —m
a
am/m) — gm
a®=1
at=a

3) Trigonometric Identities

y =sin"'x = arcsinz <= 1z = siny

Y= cos 'x = arccosx <= x = cos Yy

Y= tan" 'z = arctanz <= x = tany

1
COSEC T = —
sin x
1
secr =
CcoS T
cotx =
tanx
1 1
Y =COSEC T <= T = COSeC Y = —
sin y
. 1
Y ==5eCc T < T =secy =
cos Y
yzcot_lx < x =coty =
tany
sin (x
tan (x) = sin ()
cos ()



sin (A =+ B) =sin (A) cos (B) % cos (A) sin (B)
cos (A+ B) = cos (A) cos (B) F sinjglAj):sin (g)
tan tan

tan (A + B) = 1F tan Atan B
sin (2A4) = 2sin (A4) cos (A)
cos (24) = cos? (A) — sin? (A)
=2cos’ (A) — 1
=1 — 2sin? (A)

2tan (A)
1 — tan? (A)
2sin (A) cos (B) = sin (A + B) +sin (A — B)
2cos (A)sin (B) =sin (A + B) —sin (A — B)
+ cos (A — B)
)

tan (2A4) =

2cos (A) cos (B) = cos (A + B)
—2sin (A)sin(B) = cos (A+ B) —cos (A — B
e 4 e
cos (x) = 5
T _ e
sin (z) = ¢ 2;

4) Hyperbolic Identities

tanh (z) = (" —e¢ ) /(e +¢77)
cosh? (A) — sinh? (A4) = 1
When you need = which satisfies cosh(x) = o where « is a real number,
et e
2
St e =2
¥ +1=2ae"
St =2 4+ 1 = 0
e =atVa?—
,,len(oz:i:\/oﬂ— )

When you need = which satisfies sinh(z) = o where « is a real number,

=

et =" =2
e 1 = 2"
e — 200" — 1 =0

e =afVaz+1



5) Completing the Square

sr=Inlatvaz+1)

sr=In(la+va?+1)(-A>0for InA)

4a% —

20 —5=0

We can solve the above equation by completing the square as follows

6) Quadratic Equation

42
1
:L‘—_
4

1
T

—2r—5=
42° — 2w =5
2o Sy 2
27 4
15
> 5 1
) =it
1\? 21
1 [21
47 V16

We can use completing the square to derive the quadratic equation.

4a?
_ 4 b? — dac
N 4a?
==Y b2 — 4dac
N 2a

b n Vb2 — 4dac

2a 2a

B —b+ Vb2 — 4dac

2a



7) Polynomial Long Division
If we know one factor of a polynomial equation, in order to find out the other factor we perform a division.
In this example we know that 22 — 9z — 10 has a factor of = + 1. Therefore
z—10
r+1)2? —92—10
—)z* 4z
—10z—10
—-) —10z—10

0 0
Thus, we find the other factor to be
z — 10

In order to confirm this is correct we can multiply this factor by the known factor to find the original polynomial.
(x —10)(z +1) = 2® + 2 — 10z — 10
=22 - 92— 10

8) Area of a Triangle in Vector Form
When a triangle is defined with two sides |p| and |g| and the angle between these two sides is 6, the area of
triangle is

1
5Pl lal - sind
9) Inequalities
Symbol Meaning
< is less than
> is greater than
< is less than or equal to
> is greater than or equal to

The one rule for inequalities is if you multiply or divide by a negative number the inequality sign is reversed
as follows

—axr+c<d
—ar<d-c
(d—c)

T > —

X
——f>g
—e

X
—>g+f
—e

< —e(g+f)

10) Modulus
The modulus symbol is ||. Anything that is enclosed within this can not evaluate to a negative number. For



example | — 4 + 2| = 2.




II. KEY POINTS ON VECTORS

Key Points
%, 7, and k are unit vector in x, y, and z directions respectively. 7 is v/ —1.

1) A vector has a x component, y component, and z component

« A vector is expressed as ¢ when it has only a x component and its modulus is 1.

« A vector is expressed as 3 when it has only a y component and its modulus is 1.

o A vector is expressed as k when it has only a z component and its modulus is 1.
z

2) When a vector has an amount of a in z component, an amount of b in y component, and an amount of ¢ in z
component, the vector can be expressed as

n =at+ by + ck

= b (1)

3) A unit vector can be found by dividing a vector by its modulus.
n

n= n] 2)

a
where |n| is va? + b% 4 ¢ when n = ai + bj + ck = ( b |.
c

4) Vector addition




When there are two vectors

a1
a=at+ayj +ak =1 a
as
and
by
b="0b11+byj +bsk=1| b
bs
the addition of the vectors is
ay by
at+b=| a |+ | b
as bg
a) + b1
as + by
as + b3
5) The position vector of P with coordinates (a, b, ¢) is
OP = ai +bj + ck
6) When there are two vectors
a1
a=at+ayj+ak=1| a
as
and
by
b="011+byj +bsk=1| b
bs

and these two vectors subtend an angle 6,

the scalar product of a and b is

a-b=a; by +ay-by+as- by =|al|b|cosb
7) When there are two vectors

51
a:ali—l—agj—l—agk: (05}

a3
and

b=byi+boj+bsk=| b

3)

4

®)



aXb

Fig. 1.

b
0

a

a X b is perpendicular to the plane containing a and b

and these two vectors subtend an angle 6, the vector product of a and b is

aq b1
( a b ) = a9 b2
as b3

as by
as bz

axb:‘

az bs
T ‘ aq bl
aq b1

T a9 b2

= (Clgbg — agbg)’i
+(a3b1 — CL1b3)j
+(a1b2 — a2b1>k

= |al|b| sinfn

where 7 is a unit vector and the direction of n is the same as a x b in Fig.

(6)



8) The vector equation of the line which goes through a point A and is parallel to a vector c is

r=a-+tc (7)

EEE NN )

where ¢ is the real number. Please note that x’,y’,’ 2’ are not involved in the vector equation. The cartesian
form of Equation (/) is obtained as follows:

X aq C1
Y = as +t| c
z as C3
T ay C1
y | —| a | =t| c
z as C3
T — aq C1
y—az | =t| c
Z — as C3

This can be expressed in the scalar manner as

r—a =t
r — aq

C3
By getting rid of ¢ in these three equations, we get the cartesian equation:
r — aq Yy — as Z — as

- = 8)

C1 Co C3

9) The vector equation of the line through points A and B with position vectors a, b is

r=a-+tb-a) )

9 99 9

where ¢ is the real number. Please note that *z’,’y’,’ 2’ are not involved in the vector equation. When 0 < ¢ <1,
then r is in-between A and B. The cartesian form of Equation (9) is obtained as follows:

T aq b1 aq
y | =1 a |+t by | — | a2
z as b3 as

y—az | =1
Z — as

ISIINS
|
[SERS]
o =
I
~

——— N
>~ o
N
[
[SERS]
o=

10



This can be expressed in the scalar manner as

r — aq :t(bl —al)
t

. x_a/l_

--bl_al_

y—CLQ:t(bg—ag)
Y — Qg

=1
b2_a2

Z—agzt(bg—ag)
Z — as

c =1
b3—a3

By getting rid of ¢ in these three equations, we get the cartesian equation:

T — aq . Yy — asg . Z — as

(10)

bl—al N bg—ag N bg—ag
10) A plane perpendicular to the vector n and passing through the point with position vector a, has equation

rm=a-n (11)

11) A plane with unit normal 7, which has a perpendicular distance d from the origin is given by
r-n=d (12)

r-n=d

12) A plane which goes through A(a), B(b) and C(c) is given by

r—OA+ sAB + tAC (13)

If the point R(r) is inside of the triangle ABC then 0 <s, 0 <t¢, and s+t < 1.
r=OA+ sAB + tAC

13) A point R(r) which is inside the tetrahedron O, A(a), B(b) and C(c) is given by
r=aa+ b+ yc (14)
where «, (3, v are real numbers and satisfy

a+pf+7v<1,0<a, 0<pB, 0<7y (15)

11



r=aa + b+ ye

12



)%

O

Fig. 2.

D

2)

3)

The relashionship between polar and Cartesian coordinates

III. KEY POINTS ON COORDINATES
Key Points

If the Cartesian coordinates of a point P are (x,y) then P can be located on a Cartesian plane as indicated
in Fig. 2| r is the distance of P from the origin and € is the angle, measured anti-clockwise, which the line
OP makes when measured from the positive z—direction. If (z,y) are the Cartesian coordinates and [r, §] the
polar coordinates of a point P, then

xr=rcosf, y=rsinf (16)

r=+/22+y? tanf =y/z (17)

If the Cartesian coordinates (x,y) are any point P on a circle of radius » whose centre is at the origin. Then
since y/x2 + y? is the distance of P from the origin, the equation of the circle is,

r=+22+y2 *+yi=r’ (18)

If the Cartesian coordinates (x,y) are any point P on a circle of radius  whose centre is (g, yo). Then since
V(x —x,)2 + (y — yo)? is the distance of P from the origin, the equation of the circle is,
r=ViE—w) +y—wP (- z)+ - w)’ =1’ (19)
Note that if 2o = yo = 0 (i.e. the circle is at the origin) then Equation (I9) reduces to Equation (L8).
Y
P
i

13



4) An ellipse with centre (x¢, o) satifies the equation

(z — 56’0)2 4 (y — Z/o)2 _

=1
a? b2
i
1
or
_ R
(z = x0)”  (y 2yo) 1

»@

1

(20)

1)

The parameter b is called the semiminor axis by analogy with the parameter a, which is called the semimajor
axis (assuming a > b). When the major axis is horizontal use Equation (20). If on the other hand the major

axis is vertical use Equation (21).

5) The minimum distance between a point Q)(«, §) and a line ax + by + ¢ = 0 is expressed as

laa 4+ b3 + ¢|
Va? 4+ b?

(@, 8)

laa+bS+c|
Va?+b?

\

ar +by+c=10
Proof: The line az + by + ¢ = 0 goes through the point R(r) where

r:(%)

and it is parallel to

A point P(p) on the line can be written as

(22)



where t is a real value. Since

oP L1
we can express this as the following equation:
QP -1
=(p—-q)-l
=(r+tl—qu)-l
=(r—q)-L+tll>=0
Lo lg—7r)-l
B Uk
Now we need to get Q? as follows:
QPE =Ip - af
= |r 4t — q]?
= |r]* + |q* + *|1]* + 2trl — 2tlq — 2rq
((g—r)-1)° (g—r)-1
=|r>+|q]* + T P+ QT(H —lq) — 2rq
(g—7)-)* _(g—r)-1
= [r[* +lq|* + TEREETTE (q— )l —2rq
(g—r)-0* _((g—m))?
= |r|*+|q* + e -2 e —2rq
—7r)-1)?
— |'T'|2 + ’q‘Q o ((q mg) ) - 27‘(]
_Jaa+ b3 + cf?
B a? + b2
' ? B lace + b5 + ¢
SR = e

6) 3D Cylindrical polar coordinate (p, ¢, z) in Fig. |3| can be obtained from

p=r2+y%o=tan" (Q)
x
T = pcoso,y = psing

You need to draw a diagram to determine the correct ¢

15

(23)
(24)



SN

@)

Fig. 3. The relashionship between Cylindrical and Cartesian coordinates

16



@)

Fig. 4.  The relashionship between Spherical and Cartesian coordinates

7) 3D Spherical polar coordinate (7,6, ¢) in Fig. E| can be obtained from

r= a2+ y2+ 22,0 =cos ! (E> ¢ =tan (g) (25)
r x
x=rsinfcos¢;y = rsinfsing; z = rcosf (26)

You need to draw a diagram to determine the correct ¢. 6 should satisfy 0 < 6 < 7w without a diagram

17



IV. KEY POINTS ON COMPLEX NUMBERS

Key Points
1) The symbol j is such that

F=-1  g=vV-1

27)
Imaginary
standard a + 70 = re?? modulus Jargument
9b = grsinf
/ s
1
J2n+5)T _
> 0+ 2m /22T = ) =#1
N
2D
?e real
eJ(2n+1)T
= —1
a=1rcosb n 1s an mnteger
_1
2) In Argand diagram, the complex number a + jb (the standard form) can be expressed as
a+gb =re’’ = r(cosd + 7sinf) (28)
,which is the modulus/argument form,where
r=latpl=V@TE  tanf=_ (29)
a =rcosb b=rsind 30)
Be careful: a — b% + 2aby = (a + 7b)* # |a + yb|* = a* + b
aj a ., aj

18



3)

4)

5)

6)

7

8)

9)

From the figure, £ can be expressed as
)= eg], —)= e_%J
If a + 7b is any complex number then its complex conjugate is

a— jb

In the Argand diagram, the argument can be 27n rotated to have an identical value:

2]6 _ e](9+27rn)

where n is an integer.
De Moivre’s theorem

(re?)" = [r(cos @ + 7sin 0)]" = r"(cos nd + ysinnf) = r"e?

n’" roots of complex numbers

If
2" =re? =r(cosf + ysin )
then
= YO k0 41 Lo

In other words, if

ae’® = ce?
then
a=-c
b=d+2nm
If a+ )b =c+ jd , where a, b, ¢, and d, are real, then we can say
a=cb=d
Ifa+p=0,thena=0=0
cosh z and sinh z are defined as
coshx = i,sinhx _t-e
2 2

eC+e " e? —e¢”
T = CcOoS ( 5 ) , T = sin ( 5 )

tanh (z) = (¢ —e¢™*)/(e" +¢7%)
cosh? (A) — sinh? (4) =1

19

€1y

(32)

(33)

(34)

(35)

(36)

(37)



When you need 2 which satisfies cosh(x) = o where « is a real number, using 2 = cosh™' < )

get
¢r +e "
—_— =
2
et et =2
e 41 = 200"

e —2ae" +1=0
et =atVa?-1
s o =cosh™!(a) =In(a+ Va2 —1)

T

. . : . . o1 (et —e
When you need = which satisfies sinh(z) = o where « is a real number, using z = sinh™" (T
get
e —e "
=«
2
St —e T =2

L — 1= 200"

s 200" —1=0

Lt =aEtVai+1

Lr=InlatvaZ+1)

sz =sinh (o) = In(a+ Va2 +1)(- A >0 for In A)

20

e 4+ e "
— ] we

—x
) we



10) cos6 and sin @ are defined as
90 —0 20 _ =90
cos@zi,sirﬂzi (38)
2 29
Proof: We know that

¢’ = cosf + 7sin 6 @

By replacing 7 in ® with —) we get

% = cosf — ysinf @

¢
@ + @ gives us

e + ¢ =2cosb

el 4 ¢ o
" ————— = Cos
2
@® - @ gives us
90— ¢79% = 29sinf
el — ¢
: = sinf
2

11) The expression of sinh(z), cosh(z),sin(z), cos(z) in in standard form.

sinh(a + jb) = sinh(a) cos(b) + ycosh(a) sin(b
cosh(a + jb) = cosh(a) cos(b) + 7sinh(a) sin(b
sin(a £ 7b) = sin(a) cosh(b) + jcos(a) sinh(b
cos(a £ yb) = cos(a) cosh(b) F ysin(a) sinh(b) @

They are useful but in most cases you need to prove these before you can use them. Therefore you should go
through the following proof and practice the proof.

e The proof of ®

) @
) @
) ®

ea—l—jb - e—(a+]b) ea,—‘,-]b o e—a—]b eaejb - e—ae—jb

sinh(a + 7b) = 5 = 5 = 5
_ ¢%(cosb+ gsinb) — e *(cos(—b) + ysin(—b))  e*(cosb + ysinb) — e ?(cosb — jsinb)
B 2 N 2
_cosbe” + jsin be” _ cos be™® — gsinbe™  cosbe” + jsinbe®  —cosbe * + jsinbe”*
N 2 2 B 2 2
_ cos be —zcosbe +]smbe —1—281nbe _ cos(b)e —¢ +jsin(b)e +e
= sinh(a) cos(b) + 7 cosh(a) sin(b)
e The proof of @
ea—f—jb + e—(a—&-]b) ea—&-]b 4 e—a—]b eae]b 4 e—ae—]b
cosh(a + jb) = 5 = 5 = 5
_¢%(cos(b) 4 gsin(b)) + ¢~*(cos(—b) + gsin(—b))  e*(cos(b) + ysin(b)) + ¢~ *(cos(b) — 7sin(b))
N 2 B 2
¢® cos(b) + ge*sin(b) + ¢~ cos(b) — ge*sin(b)  e®cos(b) + e~ cos(b) — je~*sin(b) + e sin(b)
- 2 B 2
~e%cos(b) + e cos(b) + j(—e sin(b) + e?sin(b))  e¢”cos(b) 4+ e *cos(b) . J(—e *sin(b)) + e sin(b))
B 2 B 2 2
= cos(b) ¢ e + ]Siﬂ(b)% = cosh(a) cos(b) 4+ ysinh(a) sin(b)

21



o The proof of ®

e](a:i:]b) . e—j(a:l:jb) ea]j:fb _ e—a]:FJQb ea]:Fb - e—a]:tb ejae:Fb . e—jaeib

sin(a + jb) = 2 = 2 = 2 = 2
(cos(a) + gsin(a))e™ — (cos(a) — gsin(a))e™®  cos(a)e™ + ysin(a)e™ — cos(a)e™ + jsin(a)e™®
B 2 B 2)
_cos(a)(e™ — e*) + ysin(a)(eT + ) cos(a)(eT — ¢*) 4 ysin(a)(eT’ + e*P)
- 2 - 2
~ —jcos(a) (e —e*) — sin(a)(eF0 4 ¢*)  —jcos(a)(eT — ¢*) + sin(a) (e’ + e*P)
2 2
—gcos(a)(e® —e*)  sin(a)(e™ +¢*®)  jcos(a)(—eT® + e*?)  sin(a)(eF® + )
= + = +
2 2 2 2
= ]COS((I)M + sin(a)E = 47 cos(a) sinh(b) + sin(a) cosh(b)

2 2

o The proof of @

e](a:l:jb) + e*](a:l:]b) ea]:l:ﬁb + efaj¥]2b ea]¥b + efaj:tb e]aeib + e*]ae:tb
cos(a £ jb) = = = =

2 2 2 2
_ (cos(a) + gsin(a))e™ + (cos(a) — ysin(a))e*®  cos(a)e™ + ysin(a)e™ + cos(a)e* — jsin(a)e®?
N 2 R 2
cos(a)(e™ 4 ¢*) + gysin(a) (e — ¢*)  cos(a)(eTP 4 ¢**)  gsin(a)(eF’ — *P)
B 2 B 2 2
Th | kb oFb _ oD by ot
= cos(a) + gsin(a) = cos(a) cosh(b) — ysin(a)

2 2 2
= cos(a) cosh(b) — gsin(a)(+£ sinh(b)) = cos(a) cosh(b) F ysin(a) sinh(b)

22



V. KEY POINTS ON DIFFERENTIATION
Key points

}( Differentiation )x/ Integral

the area =

2z -(20) ' x X (2x)
) S 2
_ d(z’ | =

l = [2xdx

X wr - VX
r—0 x x+90 — = |
| < 20 — |
1) Product rule
) _ g ydotel) | 40D .
2) Chain rule
a) When y = f(u) and u = g(z),
d{y} _ d{u} 9{y} 40)

dz dx ou

It is important that you know the fundamental differentiable functions of Equation (46) ~ Equation
so that a cocated function can be simplified to one of the fundamental functions of Equation

d 5954—2
~ Equation (54). For example, if you know that 5 can be differentiable, you can change B to
x

d{5%

Q where X = 2% — 2.
x

b) Function and variables

23



Equation

4

Number of letters > 2 7

Yes No
such as such as
flx,y) == 3=wy
of . I . N . S
—— and —— exist <= f is a function of & and y. y is the fuction of . @ is the function of y.
o Oy y y y
x and y are variables.  f is not a variable. x is a variable. y is a variable.
I
Can apply — and —.  Can not apply — Can apply — and —— to the equation
pply Py By PP1 af PPLy Y P q
x and y are independent of each other x and y are dependent of each other
0 % o li@
T T
o _ 9% _ 0 and %y exist
dy Oz oy

aqwy - d{w}

¢) When W is a function of x, y and z and =z, y, z are the function of s and ¢, o 7
S

can not
be directly calculated but can be calculated as follows:

diwy _ d{W} diz}  d{W} diy} diW} d{z}

dt dx dt dy dt dz dt
a{wy d{w} d{z} N d{w} d{y} N d{W} d{z}
ds dx ds dy ds dz ds
d) When W is a function of z, y and z, the total differential dW}' can be obtained by
dW = de + d{W}dy + d{W}dz
dx dy dz
e) When W is a function of z, y and z, the gradient VIV is defined as
d{W}
dx
d{wW}. d{w}. d{W} d{W?}
W = k= 2\ S
v a T Ta YT gy dy
d{Ww}
dz
3
N w=1"+2-(05)>
w
1 v
0 | 1 |
-1 0 1
ow X
9p X=0.5 Gy ¥=05
y=0.5 y=0.5

24



3) Quotient rule

& () @b

Check if g(z) is really a function. If g(x) is a constant, you do not have to use the quatient rule. If f(z) and
g(x) are polynomial, check the order of f(x) and g(z). If the order of f(x) is higher than that of ¢g(z) then
modify % so that the order of the numerator of the resultant function is always lower than the order of
denominator.

4) When z and y are the function of ¢,

d{yt _d{y} d{t} _d{y} (d{x})l

de — dt de  dt dt

@_d{%}_d{t}d{%}_ sy )
de®> dv  dw dt _(dt) dt

5) Let F'(x) and G(y) the function of z and y, respectively.

and

d
a) % for F(xz) + G(y) = 0 is obtained as

F(x)+G(y) =0
LAF@ + W)Y _ {0}

dx dx
@) d{Ow)
o dx dx
CF @)} | diy d{GW)}
o dx dx dy
d{F(z)}
. d{y} _ __ dx
Cdx d{G(y)}
dy
b) dixy} for F(z) - G(y) = 0 is obtained as
F(z)-G(y) =0
d{Fl2)-G)} _ d{0)
o dx dx
JEICE PR 1)
PGy |y 401G
d{F(z
cd{yr {da(c He)
SEZER (€01}

dy

25



6) When a graph has a local minimum and local maximum at (z,,, Y ),
d? 2
]d_;;|(x:y)=(mm,ym) > 0, then (x,,, y,n) is the local minimum point. If
ocal maximum point.

dx?

d{y}|
dx (@

) =(m.ym) = 0. Furthermore, if

|(x,y)=(xm,ym) < 0, then ({Km, ym) is the

7) L’Hopital’s Rule
Let’s assume we have a function of Pl2)
y = f(z) 0@
If we want 1i_r>n f(z) but we find out P(a) = Q(a) = 0 then we can still find f(a) by
: ~ P'(a)
i 1) =
dP(x)
Please do not mix up with d];(;) here % — Pl{ﬂ@(?y‘(ﬂj@)/@(@ B 4 S:EZ; .
20

You are NOT finding a gradient but you are trying to obtain the value of f(a) =

Q(a)
Proof: When we use Equation (82) we can write
P
P(a+h):P(a)+hd{ ! + -
dr |,_,
and
d
Q(a+h)=Q(a)+hﬁ + -
dr |,_,
Then we can get the limit as
d{P}
P h——
CP@) . Pla+n . D@rheEe
Q@) R Q) A Q|
T—a i —> a —
h
Qa) + h—r .
P P d{P
0 P Ld1P) r)
J— 1' dl’ r=a __ 1' dl’ r=a __ dm T=a
0 L d{QF) w0 d{QY  d{Q)
0+h—— h——— —==
dr |,_, dr |,_, dr |,_,

(42)

(43)

(44)

8) Newton-Raphson method The crossing point between y = f(z) and X axis can be estimated in an iterative
manner as is shown in Fig. |5l The (n + 1)th guess of the crossing point is obtained using nth guess as in
Equation (42)).

f(zn)
ot = f'(zn)

9) Multivariable higher order differentiation

] {d{f(w)}}
d*f(z,y) B dx
de? dx

o Lite)
*f(x,y) dx
oyox dy
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y = f(zo)(z — x0) + f(x0)

y = f(x1)(x —z1) + flz1)

The true place we would like to get

_/ /55’:2 /l$1 37:0 a

Oth guess
\ 2nd guess st guess
_ gt B
y = f(z) 0= f'w)) (g — 1) + flzy) 9= F(zo)z1—x0) 2;6({)(%)
- _ S\ therefore z1 = xy —
therefore 9 = x4 e (o)

Fig. 5. Estimation of the crossing point between y = f(z) and X axis.

Please pay attention

*f(z,y)
0yox

Please also be aware the following difference: Let

f(z,y) = azry + bx + cy.

4 d{f(z,y} d{f(z,y)}
dy de

d

When we need M, then you assume z and y are independent and we obtain
x
d
LEACIE)) S
dz

d

but if we need ;y} for f(z,y) =0, then f(z,y) = 0 tells you that x and y are dependent of each other and
T
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xy can be regarded as the multiplication of two function z and y and then we obtain

d{f(z,y)} _ d{0}

dx dx
d{axy + bx + cy}
=0
dx
. d{z} di{y} d{z} d{y}
LAy vty s b e =0
dx dx
d{y}
) — —qu—b
o (ax + ) - ay
cd{y}  —ay—b
U odx ar + ¢

10) Local minimum and local maximum
When f(z,y) has a local minimum or a local maximum at x = a and y = b, then f(x,y) satisfies:

d{f(z,y)} d{f(z,y)}

=0
dx ’ dy

r=a,y=>b

—0 (45)

r=a,y=>b

d b d b
This does NOT mean that if {féa’ )} =0, {fc(la’ )} = 0, then f(a,b) is a local minimum or a local
x Y

maximum

whon A47@ B} d{f(a.b)}

b

= 0 1s satisfied;

dx dy
a) f(a,b) is the local maximum when

d2f(a,b) 9 f(a,b) 92f(a,b)\” 0
‘( Oyd ) g

dx? oy?

480 r
470 T
460
450
440 T
430
420 T

b) f(a,b) is the local minimum when

d2f(a,b) 9 f(a,b) 92f(a,b)\” 0
dz? 0y? _< Oyox ) ~
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410
-420 |
-430 P
-440 |
-450 |
-460 [
-470 |

¢) f(a,b) is a saddle point when

& f(a,0) *f(a,b)  (0*f(a,b))
i (Ta) <

1% 0.5 1

d) We do not know whether or not f(a,b) is a local maximum or minimum when

df(a,b) 0*f(a,b) <82f(a,b))2 0

dz? oy? dyox
2 d d
Attention: 361)/ 8fx is different from C{b]:} . ;E_yf}
Basic derivative:
d (e%
—{x } S (46)
dx

29



Attention: When you see a fraction, get rid of a fraction such as x%l immediately by changing it to x=°.

diz"} _ a1 (47)
dx
d kx
ol RPN (48)
dx
d{ln(kz)} 1
B S St/ S 4
dx T (49)
d{log,(kx)} 1
dx ~zlna (50)
M =a"lna (51)
dx
disinkr} ke (52)
dx
—d {cosk} = —ksinkx (53)
dx
d{tan kz} k
dz cos? kx >4
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VI. KEY POINTS ON INTEGRATION
Key points

1) Integral by Parts

/a ) - gy (55)
_ [f(x)-/g(:c)d:v}i—/ab (w-/g(x)dx) dz

Hint: Let f(x) equate the polynomial part or logarithmic part of the intergral.

/ sin" zdx and / cos" xdx can be obtained using “Integral by Parts” in order to reduce the power as follows

/cos” xdxr = /cos”_1 x - cos xdx

~ 1) [gtoye— [ (d{{;; o)) da

n—1
= Cos”_lx-/cosa:daz —/ (d{cos 7} /cos xda:) dz

=cos" tz-sinw — / ((n—1)cos" ?z(—sinz) - sinz) da
=cos" tx-sinz + (n—1) / (cos"?z - sin®z) du
:COS"_lx-sinx+(n—1)/(008” 2+ (1—cos’z)) dx
=cos" 'x-sinz + (n—1) / (cos"?z — cos™ x) du

=cos" tx-sinz + (n—1) /COS”2 xdr — (n—1) /cos” xdx

/Cos" zdr + (n—1) /cos” zdr = cos" 'z -sinz + (n —1) /003"2 vde
(0 =1) [ cos™ 2

1

n / cos" xdx = cos" ' x -sinx + n—2

n—1 Ccos T

dx

/sin” rdx = /Sinn_lz-sinxdx = f(x) - /g(x)dx /(d{éi dx)
n—1
=sin" - /sin xdx —/ (d{su;x m} /sm xdx) dx

=sin" 'z (—cosx) — / ((n—1)sin" ?z(cos x) - (— cosz)) dx
= —sinnlx'cosij/((n—l)sm z(cos’ z)) dx
_—sin"‘lx-cosx+(n—1)/(sin z(1 — sin®z)) dx
=—sin" 'z-cosz+ (n—1) / (sin"?z — sin" z) da
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= —sin" 'z -cosx+ (n—1) / (sin"?z) dz — (n — 1) / (sin" x) dx
/sin" xdr + (n — 1) / (sin" 2)dz = —sin" 'z - cosz + (n — 1) / (sin"*z) dx

n/ (sin" 2)dz = —sin" 'z - cosz + (n — 1) / (sin"*z) dx

2) Integral by substitution

d{g(x)}

When a function f(z) can be written as h(g(x))d—, you can let ¢t = g(x) therefore,
T
dit) _ d{g(e)}
dx de

[ rwye = [toen B8 g, 56

. / h(t)%dx: / h(t)dt

s 2m+1

e For [ sin xdx , set t = cos .

e For [ sin®™xdx , set t = sinz.

C082m+1

o For xdx , set t = sin x.

e For [ cos®™ zdx , sett = cosz.

—— e —

where m is an integer. But in case of even power such as 2m, it is better to decrease the power such as

1—cos2z\? 1—2cos?2 297 1—2cos2z 1
sind 7 — (sin2 x)2 _ ( (3205 x) _ CoS 4x+cos T Zos T +Zcos2 0
B 1 —2cos2x n 11+ cosdx B 2 —4cos2x n 1+ cos4dx B 3 —4cos2x + cosdx
N 4 4 2 N 8 8 N 8

If the power is higher than 4, then use “Integral by Parts” as shown above.

TH
When we carry out / f(z)dz, the procedure of ’integral by substitution’ is as follows
L

0 _ ,—0
a) set the new variable 6 for substitution such as x = A

N e/ +¢7?
b) find the relationship between dx and df such as dx = 5 do

c¢) find the range for the new variable 6

0 —0

I'L:e —¢ —>9L:1n(l‘L—|—\/l‘%—|—1)
of _ o0
Ty = 7 —>9HIIH(SL’H—|—\/QZ%I+1)

d) manipulate the original function f(x) to remove z . f(z) = ¢(0)
9

e) calculate the final modified integral such as / g(0) 5 df
oL
3) Integral of f(x)k%ffﬂ for k = —1, i.e., /J}((j)) dz
L d{f(x)}, _
/ e = @)+ (57)
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Proof:

d{ln[f(z)[} _ d{ln[A[}
dx B dx (A

2 f(2)) = d{A}d{n|A]} d{f(z)}1 _ [f'(z)
dx dA de A f(x)
f’( ) _ d{In|f(=)]}

dz

/% /d{lnlf dz _/aln|f — In|f(z)|

4) Integral of f(x)kd{{i;x)} for k # —1

5) P(z) and Q(x) are the mth and nth order polynomlals, respectively.

P
e When m > n, / (x)dx can be obtained as follows:

Q(x)
P
a) Find the answer of A(x) and the remainer R(x) of ngi which satisfy P(x) = Q(x)A(x) + R(x)
T
b) Find the answer of C' and the remainder of E of C};’((x)) which satisfy R(z) =C - Q'(z) + E
x

0 /%m:/(mchg&) +Qﬁj))dx:/A(x)dx—i—Cln\Q(xﬂ+/Q<Ex>dx

P
e When m < n, / (m)dx can be obtained as follows:
Q(z)
P(x) :
a) Find the answer of C' and the remainder of £ of ——= ] which satisfy P(x) = C - Q'(x) +
x

%), 2 ) [
b —d = C —— | de =C1 d
e o= | ( Q@) Q@) =R | g
6) Calculation of Area(A), Arc-length (L), Surface area(S), Volume(V)

Example:

y:(x—1)3+1<:> x:(y—l)%—l—l

% =3(z — 1)% %j} = %(y —1)7
Using a parameter ¢, y = (x — 1)® 4+ 1 can be expressed as
r=t+1
y=1t>+1
08 18 [y |1

x
t1-02(08 ¢t 0|1

In this case

d{z}
il S S |
dt
d{y} 2
=3t
dt =3

33



o Area (A)

y=(r—13+1—*
B | A
= |y|dx _ 2 Y - d
v - A= dAa_ [ Jz|dy e
s N r-rdl db)
16 I O A W R 4 \ y
Yo o 08 18 dyIj y=(@=1’+1 //
A= [dA=]|yldz Oi|||||||| r - rd@ r-r a@ X
= [lyto)| Ot o [—— =1 ot
dA = |z]dy 2 Ot
Area bounded by the X-axis Area bounded by the Y -axis Area in polar coordlnates
2
/dA / ydx A:/dA:/xdy
1
2
= {x—l + 1} da :/{(y—l)é—l—l}dy
0.8 1
A= /dA A= /dA
o dfa) N ()
/_Olzy() dt /Ox() o
0.8 1
:/ {#+1}-1-adt :/{t+1}-3t2-dt
—0.2 0
0.8 1
z/ {£* +1}dt —/ {3t + 3t*} dt
—0.2 0
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o Arc-length (L)

|CZ£I|;| | | | |
s s
L—/dL
= [\(dz)* + (dy)?
dy2
— 1+ |Y
dx\?
— — 1d
/ d + 1dy
dx\?  (dy)\?
— [ Y
Il +(dt)

35

V(D)2 + (3t2)%dt

2

SRICIRCE

0.8
= / V14 9ttdt
—0.2



« Surface area () of solid of revolution

%
A
2_
dS = 2m|y|ldL =
- = —
ds = 2rlz|d —
e dL]: /L
g S \ S=/dS
ST\ — JonluldL
=  2nly}\(dx)? + (dy)? =/ 2nfa|{(dn)* + (dy)?
| du\2 dx)\?
—/27r|y|1+ il dx = [2rm|z| ||| +1dy
da: dy 5
dz\>  (dy)? dx)? (dy)
— hut A =/2 —=| dt
=/ 2mly®)] | o o) /7r|a:()|l = Tl

Rotation about the X-axis

:/dS:/()jwa,/lJr (Z—i)d:@
o {(z —1)® + 1} /1 + 3(z — 1)2dz
S = /dS -

[ o[ (Y (Y
= /(:)82 21 (t3 4+ 1)1/ (1)% + (3t2)2dt

0.8
— / 27 (t* + 1)V'1 + 9tidt
—0.2

/1.8
0.8

36

Rotation about the Y-axis

/dS / 27r$’/ + 1dy

/127r{(y—1)é }\/3 (y—1)73 + 1dy

_ /1 ot + 1)1/ (1) + (3t2)2dt
= /1 27 (t + 1)mdt



e Volume (V) of solid of revolution

Y
A
dV = 7ry2d:£ / o
s I
T V=/dV = /rzd
— . d
- /W(m(t))Qd‘zdt
0 A
0.8 1.8 ——— 11— —
dV = maldy B
V=/dv ldy d
= [my’da s \ % f
= —dt
[ ()
Rotation about the X -axis Rotation about the Y -axis
1.8
:/dV:/ myde /dV / T
0.8
18 2 1
:/ m{(x—1)°+1} dz _/w{(y 1)5—1—1} dy
0.8 1
V= /dV = V = /dV =
0.8
[ oy Sk [ oy A
0.2 t 0
0.8 ) 1
:/ m(t*+1)"-1-dt /7rt+1 - 367 - dt
—0.2 0
0.8 )
:/ m (£ +1)"dt :/37T(t2+t) - dt
—0.2 0

7) Line integrals of a function which has dz,dy, and dz such as [ = | (F,dx + F,dy + F.dz) .

. .. . C .
Consider a curve C'. The position vector of a point on the curve C' is written as

y | =1 v
z 2(t)

a<t<b

Denote
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and its derivative with respect to ¢ as

d{r}
ary | afy
R T

dt

When a vector function is expressed as

a line integral of F(r) over a curve C is defined by

t=b Fx
/F-dr:/ F |- Ay
C t=a Fz dt
d{x}
t=b Fz t
:/ F, _d?ty} dt
VA W
dt
= d{z} d{y} d{z}
— F, F, F, dt 5
/ta( a e T dt) (59)
_ / (Fude + F,dy + F.dz) (60)
a=b dy dz
= /x:d (Fw + Fy% + an)dﬁ (61)

Thus the procedure to solve the line integral is

a) Express x,y,z on the curve C using ¢ and set the range of ¢
b) Express F as the function of ¢

d{z}
t
d
c) Express c{i:} = ig} using ¢
e
dt

d
d) Put all of them into [F - Z}ﬁ

8) Line integrals of a function (which does not have dz,dy or dz explicitly) with respect to arc length such as
/ f(z,y, z)ds.

c . .. . . .
Consider a curve C. The position vector of a point on the curve C' is written as

x x(t)

y | =1 v@®

z z(t)
a<t<bd
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Denoting

and its derivative with respect to t as
d{r}
t
atry _ | iy
dt t
()
dt
the line integral of a function with respect to arc length is defined by

/C Fo.y, 2)ds

SR CORCTRCL
S RGRCE

The procedure to solve this type of the line integral is

a) Express x,y, 2z on the curve C using ¢ and set the range of ¢
b) Express f(x,y,z) as the function of ¢

where

d{z}
t
c) Express % = iﬁ_j} using ¢
e
dt

d) Put all of them into

[ (R G (5

9) Multiple integration

b opd ff
[:///f(x,y,z)dxdydz

e<z<f
c<y<d
a<z<b

has the following range:

The procedure for the calculation is

a)
f
A:/ f(&?,y,Z)d.T

39
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b)

—/ab/chdy
I—/adez
[ ffdxdydz# bfda:x dfdyx ffdz
iy g [ |

10) Reversing the order of multiple integration

c)

Please be aware that

10
I—// fx,y)dzxdy I—/ fxydxdywherec()

1
2

»bl@
I

Yy = C(«’L’)
v
z = c(y)

40



[ gdxdy ! [ fdydx
Dra%vll Y Dra\g/vu
:Constant X :Constant

line line
and 6 and
move it move it

01 2 3 5 01 2 3_ 5 012 3_ 5

X X X
£ f fdydx [ fdydx 5 Brdydx
a) Find the original range of integration
) <c<dy) Y- j<a<?
a<y<b 6<y<10

b) Sketch the range of integration
c) If necessary, manipulate the equation of x = c¢(y) to make y the subject of the equation such as

y =C(z).

For example z = Y s changed to y = 4z + 2 and x = ¥ is changed to y = 2z
d) Find out the range of y when z is fixed such as
a<y<C(x) for a<z<p 6<y<d4dr+2 for 1<x<2
a<y<b for f<xr<v¥y 6 <y<10 for 2<x<3
Dx)<y<b for y<x<( 2 <y <10 for 3<x<5

e) Rewrite the integral such as

I= /j /aC(z) [z, y)dydx + /; /ab f(z,y)dydx + /j /Db(x) f(z,y)dydx
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2 4x+2 3 10 5 10
I=/ / f(x,y)dydwr/ / f(ﬂc,y)dyd:rJr/ f(x,y)dydx
1 6 2 6 3 2x

b rd(x) 2 pdz+2
I = / / f(z,y)dydx I = / / f(z,y)dydx where c(z) = 2z, d(z) =4z + 2
a Je(x) 1 Jox

z.=D(y). -
v 0

N

Q. W=
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/ .ﬁdy@
A2
Draw
X :Constant line
and move it
10
Y
6
4 =
2
1 X 2
10
Y
6
s
2
1 X 2
[/ fdxd:y
Al
Draw
l :Constant line

and move it

43
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a) Find the original range of integration
clx) <y <d(zx) 20 <y <4dx+2
a<z<b 1<z <2

b) Sketch the range of integration
c¢) If necessary, manipulate the question of y = c¢(z) to make x the subject of the equation such as

z =C(y).
For example y = 2z is changed to = = Y and y = 4x + 2 is changed to x = % —
d) Find out the range of x when y is constant such as

a<z<C(y) for a<y<p
a<z<b for f<y<~y
D(y) <z <b for y<y<( 4 -

e) Rewrite the integral such as

I—// f:rydxdy+//f:vydazdy
//fxydxder//fxydxdy—i—

11) Implicit multiple integration I = / f(z,y)dA
D

/ f(z,y)dedy
D(y)

\H\\

/y " fey)dedy

a) Sketch the integral region

b) Set the range for x and y
The range of either x or y should be fixed without any variables.

c) Set the variable with fixed limits as the second integral variable and the other one as the first integral
variable.

d) Do the first integral

e) Do the second integral
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Function

. I = // 2 + 2y%dA I = 2 + 2y%dA
given D D
Ingegral re- | D is the region bounded by —1 < x < 2 and | D is the region bounded by 1 < x < 3 and
gion given | 1 <y <3. Vi <y<u.
Sketch the y

integral re-
gion

Set the
range of z
and y

Set the
variable with
fixed limits
as the second
integral

variable and
the other
one as the
first integral
variable

3 2
I = // v + 2yidady =
1J-1

2y dydzx

Do the first
integral

3 r2

I = / / 22 + 2y dxdy
1J-1
x3

3
= [ 15+ 2l dy

8

3
1
= | 2+ 44— = +22d
/1[3+y 3+y]y

37
=/ 5 + 6y°]dy
L

3 rx
I = // 2? + 2y dydx
1/

S 23
:/1[xy—|—§y]ﬁdx

3
2 2
— / [333 + _:B3 o 332'5 o —.731'5]d33
1

Do
second
integral

the

57
:/ [§+6y2]dy

1

7
=[§y+2y3]§’
7 170
=74+54 - =—2=—
+ 3 3

3
12 3.5 7.5
L 1—33° n 1 -
12 3.9

What you
got is the
volume
;  the
curve
s =z =
.ZC2 + 2y2

red




Integrals of common functions.

Some are very similar to the fundamental functions for differentiation. So please do not mix up!, especially signs
such as + or —.

n# —1 and /kx"dm =1 ka1 + ¢ (63)
n
k
n=—1 and /kx”dx:/gda::kln|x|—|—c (64)
/cos kxdx = % sinkx + ¢ (65)
/sin kxdr = —% coskx + ¢ (66)
1
/tan kxdr = ~ In|coskz|+c (67)
1
/ Frdy = Eek’” +c (68)
N akr
/a da::klna+c(a>0) (69)
1
/cosz(kx)da: = %(k’x + sin(kx) cos(kx)) (70)
1 tan kx
dr = 71
/ cos?(kx) v k 71
1 1
/ sin?(kx) g ktan kx (72)
1
/ sin?(ka)dz = o (ke — sin(ka) cos(kx)) (73)
/ln krxdex = xInkx — x (74)
dz /(T
/ﬁ = cosh (E) (75)
dx x
T _ginh ! (2 76
[ = (B) as)
dz . (T
/ g = sin <E) (77)
dz 1.,/
| avm=re (7) 09
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Proof of Equation (71])

e Lol ) L)kl
~ tan(kx) T St dx ~ dr 7 " cos?(kx)  dv dt
k 1d{t} k 1 cos?(kx)
: - . dv = ——dt ; .dx=-— dt
" cos?(kx) t2 dv 7 77 cos?(kx) v o kt?

1 1 cos®(kx) 1 1 1, 11 1 tan(kx)
— dr= . dt)=—= [ (Zdt) = —Z(—t === == tan(kz) =
/ cos2(ka) / 0082(kx)( Kt? ) K / <t2 ) P =g T g tanke) k
Proof of Equation (72))

1 1 d{; d{i
tan(kx) t dx dx cos?(kx) de dt
k 1d{t} k 1 cos?(kx) / 1
. - = . . dr = ——dt - Cdr = — . d
" cos?(kx) t2 dx 7 cos?(kx) ‘ o kt? ’ cos?(kx) v

:/ Sinzl(k’x) (_Cos;gf x)dt) T / % (%C@ == / m (%dt)
:_/t2(%dt :-/(%dt) :_éz_m
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VII. KEY POINTS ON SEQUENCES AND SERIES
Key points

1) Sequences and Series

a) Arithmetic progressions. Consider a sequence that starts at » and we add d each time. This forms the

b)

Arithemtic series as follows.

a=r
as=1+d
az =1+ 2d
CL4:T+3CZ

ap, =1+ (n—1)d

Here d is the difference or common difference between successive terms. The sum of an arthimetic
progression is as follows.

S, = a1+ as +as+ as + as + a,
Sp=r++d+(r+2d)+--+r+(n-1)d

Sn—rn—i—w

Geometric progressions. Suppose we let the first term equal a and times each successive term by r then
we get.

(79)

To find the sum of this progression to n terms, we sum all the terms up until 7.
S, =a+ar+ar’*+ar®*+art,+ - +ar"!
Since r - S,, is written as
rS, =ar+ar® +ar* +art, +-- +ar" + ar”
Using these two equations, we calculate S,, — rS,, as follows:
Sp—rS,=a—ar"

This leads to :
a(r*—1) a(l—1")

Sy = = 80
r—1 11— (80)
If —1 <r <1 therefore the sum to infinity of an geomteric series is given by the following
S = — 1)
1—r

2) Taylor polynomial with one variable,e.g., x. This is the example of one-dimensional Taylor series expansion
as there is only one variable in the equation.
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T location of
center of approximation
expansion

More information at https://www.scss.tcd.ie/Rozenn.Dahyot/CS1BA1/T2007_04_10_CS1BA1.pdf
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 https://www.scss.tcd.ie/Rozenn.Dahyot/CS1BA1/T2007_04_10_CS1BA1.pdf 

sin(x) Linear approximation at x =
degree one

us

4

us

Quadratic approximation at z =
degree two degree three

Cubic approximation at x =

N

A Taylor series is a series expansion of a function about a point. The Taylor polynomial approximates/expresses
the part of the function around = = a using several polynomials.

A one-dimensional Taylor series is an expansion of a real function f(z) about the point at = a up to degree
n (|x — a| < 1) which is given by

@)= f@) + - L) DTS

If a = 0, the expansion is known as a Maclaurin series.
In the end, in order to obtain the taylor series

a) Obtain ? oof o
X

> 9z’ ozx™
- _ of  92f o f
b) Substitute x = a into f(x)., S s A7Es e Goiw
c¢) Put all of them into Equation (]Qap
3) Taylor polynomial with two variable,e.g., z and y. This is the example of two-dimensional Taylor series
expansion as there are two variables in the equation.

@—ap &F) L r—a)0f
3! ox3 | _ n! oxm

a r=a

(82)

r=a r=a
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Cubic approximation

Quadratic approximation
The taylor series for two variables is very similar to that of one variable. The same method is used to find the

series.

The Taylor polynomial approximates/expresses the part of the function around (z,y) = (a,b) using several
polynomials.

The Taylor series expansion about the point at (x,y) = (a,b), where a and b are known constants, up to and

including terms of degree three in z — a and y — b (Jr — a| < 1 and |y — b| < 1) is expressed as

fla,y) = (83)
d d
y==>b y==>b
1 bz 9 f(z,
o | —a)? *’;(;y)x 12 —a)y—b) gy(gxy)m )
y=> Y=
+(y b)282fa($2’ y) Tr=a
Y
y==
1 9 0 f
+5 |(@—a)’ J;(;y)x:a +3(z — a)*(y — b) 8y(§x§/)$:a
Y= Y=
5 f(x, 9 f(z,
sae-a - -y Q;iy)ng
Y =

51



d f T,y d .f Z,
SRR 1)1 ML 1)1
Y
y=> y=>
1 A flx,y *f(z,y
+5 QC’O("L‘_Q)2 dEEQ ) T =a +2 Cl($_a)(y_b) ay(@a: ) T =a
y==b y=="b
Pf(x,y
+2Co((y — b)° a(yz : T=a ]
y==b
1 383f(x7 y) (93f(a:, y)
+§ 300(.% ) W r=aq +3 Cl(x_a)2<y_b) 83/833’2 T =a
y = y=>b
P f(x,y) P f(x,y)
+3Cs(z —a)(y — b)QW Tr=a +3 C3(y — b)g By T =a
— y = b .
4
1 4—m m 84f(x,y)
+@ —~ 4Crm(z —a) (y ) ymogi—m|T = a
| ™= y=>=b J
5
1 5—m m 65f(x,y)
+a — 5Cm(x —a) ( b) dymPxs—m |T = a
[ =0 y="> i
6
1 6—m m aGf(x y)
+a Z 6Cm(x — CL) (y — ) —@yma;pﬁ—m T=a e
m=0 _
y==
In the end, in order to obtain the taylor series
d 2 2 2
a) Obtain {f(z, y)}’d ()} and if you need the second degree, then obtain " f(z, y)’a Sz, y),G f(@y)
dx dy \ , , dx? , Oyox 0y?
as well, and if you need the third degree, then obtain of, y), O, y),ﬁ fl, y)’ﬁ f(xy) as well.
ox3 oyox? ~ 0y?0x oy3
d{f(z,y)} d{f(z,y)} @f(z,y) P[(z,y)

b) Substitute x = a and y = b into dy ST a?  Oyon

$ b
f(x,y) Pflxy) Pf(x,y) Pfla.y) Pf(z,y)
oy 7 Ox3 7 Oydx?  _Oy20x T OyB
c) Put all of them into Equation (§3).
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VIII. KEY POINTS ON ORDINARY DIFFERENTIAL EQUATIONS

Key points
d
1) The solution of the equation iy} = f(z)g(y) may be found from separating the variables and integrating
x
1
——dy = /f x)dx (84)
| % @
Procedure:
a) Allocate f(z) and g(x)
b) Calculate )
—dy = / f(x)dx
/ 9(y) )
d
2) When the differential equation can be written as ;y} + P(x)y = Q(x) then the answer is
x
1
V=50 [ / @(x)Q(x)dHc] (85)
where
D(z) = of Pl@)de (86)
Procedure:
a) Allocate P(x) and Q(x)
b) Calculate A = / P(z)dx
¢) Obtain &(z) = ¢*
d) Calculate B = /@(m)@(x)dm
1
e) Obtain the general solution y = —— [B + (]
®()
f) Apply the condition to y = () [B + ¢] in order to find out ¢ and thus the particular solution
x
Proof:

When we multiply

dr (x)y = Q(z) with &(x), we get:

@(x)% + &(x)P(z)y = ¢(x)Q(x). Since,

{0()} _ d{e/ P}

dz dx

= efP(x)dxM
dx

= ef P(x)dxp(x)

= &(x) P(x),

2(0)Q(x) = (1) ¢ a(w)P(a)y

_ d{y®(z)}
dx
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d{y}

because

+ P(z)y = Q(x) and d{®(x)} = ®(z)P(x).
d{y®(z)}
dx

When we integrate = ®(x)Q(x) with respect to x,

/ wd;ﬂ _ / B(2)Q(x)dz

Sy®(z) = /Cb(x)Q(a:)dx +c

50 Vq)(a;)cg(x)d:c + c]

d
3) When f can be written as a function of y/x = 2, the solution of the equation iy} =
X
as
dz 1
—— = | —dx =1
/f@%—z /?rx nere

Procedure:

2) Fhuif(%)
b) Calculate

[ =20
c) Set In(x) + ¢ = g(z)

d) Replace z with = so that In(z) + ¢ = g(¥) is the answer

T
Proof: yy/x = z can be written as y = zz. Thus d{y} = d{z}:zr + zd{x} = ;):—d {2} +
f(y/x) = f(2) can be written as
d{=} ~_
dx +z=/()
d
RO
1 1

.'./f(z)l_zdz:/idlenx—i-c

4) When the differential equation can be written as f(z,y)dz + g(z,y)dy = 0 and if
d{f(x,y)} _ d{g(z,y)}
dy de
then there is a function U(x,y) which satisfies
d d
Wiy~ MUY, AU
dx dy

= f(z,y)dz + g(z,y)dy =0

dU(z,y) = 0 gives
Ulz,y) = c
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(87)

z. Thus M =
dx

(88)
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which is the answer. In order to find U(x,y), we first perform

Ua) = [ Flo)ds+ iy o1)
then we find Ah(y) from
d{U(z,y)} d{f f(z,y)dx + h(y)}

= 92
dy dy 92)
=g(z,y)
The alternative approach to obtain U(z,y) is
@ y
Ulz,y) = / fz,y)dz +/ 9(wo, y)dy (93)
Yo

where x and 7, are arbitrary constants. Please be aware of g(zo,y) which is not g(z,y)
zo and y, can be added into ¢ in Equation (90) as they are arbitrary constants.
Procedure:
a) Allocate f(z,y) and g(x,y)
b) Confirm
d{f(x,y)} _ d{g(z,y)}

dy dx

@ Yy
c) Apply/ f(x,y)der/ 9(wo,y)dy = c

zo J Yo
d) Merge all the terms which have x( and y,
Proof: Let’s assume there is a function

Ule,y) = / e+ / gmoyydy=c O

When you calculate f f(z,y)dz, you assume y is a constant and let it be yo. Thus we can write

/fxydx—/fxyodx— Flz,y0) @

In the similar way we can write

/g(:co,y)dy 2 G(woy) @
By putting @ and ® into @, we get

Uz, y)
= F(z,y0) — F(x0,90) + G(x0,y) — G(wo,90) = ¢ @

Since U(z,y) = ¢ from @, we can write

U (z,y) = de i Mdy -0 ®

dx dy
Using @, we obtain diU(z,y)} and iU, y)} as follows:
dx dy
d{U(x,
WD} _ fa)  ©
d{U(x,
Wi iy o
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5)

By putting ® and @ into ®, we get

d{U(z,y)} d{U(z,y
Ir dx + { i )}dy
= f(z,y0)dz + g(xo,y)dy =0  ©
Now since
d{f(r,y0)} _ d{g(zo,y)}
dy dx

we can conclude that @ satisfies ® and @. In other words, when ® and @ are given, we can say O is valid.

(=0) @

The solution of Jean Bernoulli equation
d
T @y =g @#0) o4)
is obtained by solving
d{y
41— @)y = (1 - a)ala) 5)
where
Y=y (96)

In other words, Y ( = y'~2, be aware that this is not y but Y'!!) is obtained from
Y = ﬁ [/ @(z)Q(z)dx + c] where ®(z) = ¢/ P@d= and P(z) = (1 — a)p(z) and Q(z) = (1 — a)q(x).
The steps to the solution are:

a) allocate p(z) and ¢(z)
b) identify the value of «
c¢) allocate P(z) = (1 — a)p(x) and Q(z) = (1 — a)q(z)

d) calculate | P(x)dz

e) calculate ®(z) = o Pl@)dz

PrZ)Ofi:alculate Yyt = ﬁ[ / O (2)Q(x)dx + ]
T 4 payy = atww
Ty gy = gt
e Ay = ()
Since

d{y'™} _d{y'}d{y}
dx dy dx

=(1- a)ylal%qj}

=(1- a)y“%

1 dfyttey o d{y)
T—a dz Y T
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we can manipulate the equation as follows:

y‘“% + p(x)y' ™ = q(x)

S L
ST ey

= (1—-a)q(x)

2 0wy = (1- )l

The answer can be obtained from Equation (83) where

P(z) = (1 - a)p(x)
Qx) = (1 —a)q(x)

6) Clairaut type

can be solved as follows:

d
a) Allocate f (M)
x
b) Write down tﬁe general solution of
y=azr+ f(a)

which is the answer!. State a i1s a constant value.
c) Differentiate

y = ax+ f(a)

with respect to a
d) Express a as a function of z, let’s say a = g(x)
e) Insert a = g(x) into the general solution to get a particular solution of

y=z-g(z)+ [ (9(z))
Proof:

dx

afy) i ()}
)

_|_

dr dx dx?
d{y}
aw e U

TT S+

d
_ddabdl) | Py i (!
)

i Tda? 6{%@»} e
RENRUCII

dx dz? a{d{y}} da?
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Thus we obtain

or

2

From ¢y _ 0 we obtain
da?

where a and b are the arbitrary constants. Substituting y = ax + b and

we get

Therefore

0=2— +
da? d{y}
8{ dz
e
O0=1]z+
d{y}
8{ dz
d*y
dz?

d?y

' CZT =0

8(%) =0-0x

../ ﬂx?) /ocn
"d{y}

dy—a dx

/dy—/a dx

Sy=ar+Db

. d{y} d{ar+0b} _

dr dx

L (f(d{y}>

dx
nar+b=x-a+ f(a)
Sob= f(a)
y =ax+ f(a)
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X

= a into the original equation,
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is a general solution with an arbitrary constant of a. Furthermore, when we take the differentiation of the
equation with respect to a, we get

oy} 0{aw+ f(a))
da da
9{f(a)}
da

0=+

0
M = (. The resultant expression of

We solve the equation for a. Let’s assume a = A(x) satisfies x +
a
a using x, which is A(z) is put into y = ax + f(a) to obtain a particular solution of Equation (101).

y=A(z)-z+ f(A(z)) (101)
7) In order to solve second order differential equations
d’y  d{y}

) + I + wy = r(x), (102)

where v, w are the constant values,

a) Production of an auxiliary equation by forcing r(z) to 0
By substituting

d*y d{y}
Il A =Ay=\ =1 103
into the original original equation, forcing r(x) to zero, we solve the auxiliary equation of
NM+ud+w=0 (104)

and we obtain the answers A = « and /.
b) Set complementary function as follows:

i) a and (8 are real and o # 3
Set the complementary function Y;(x) as

Yi(z) = ae™® + be” (105)

where a, b are constant value which is found from the initial condition.
ii) « and [ are real and o = f3
Set the complementary function Y;(x) as

Yi(z) = ae®® + bxre™® (106)

iii) a and 8 are complex numbers and p 4+ jq (where p, q are real)
Set the complementary function Y;(x) as

Yi(z) = e?*(acos qr + bsin qz) (107)

¢) Check the characteristics of r(z) and set the particular integral
i) r(x) is proportional to ¢“*, where c is a constant value

A) a#cand §#c
Set the particular integral Y5(x) as

Yo(z) = ge™ (108)
where g is a constant value which is found from Equation (102).
B get_tlie particular integral Y>(z) as
Yy(x) = gate (109)
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where kis 1 or2or3 ...
ii) r(x) is nth order polynomial
A) a#0and f#0
Set the particular integral Y5(z) as

Ya(w) =) gma™ (110)
m=0

where g, is a constant value which is found from Equation (102]).
B) a=0
Set the particular integral Ys(x) as

Yy(z) = 2 (Z gmxm> (111)
m=0

where kis 1 or 2 or 3 ...
iii) 7(z) is in the form of P(x)e* where P(z) is the nth order polynomial.

A) a#cand §#c

Set the particular integral Y5(z) as

Yy(z) = ¢ (Z gmxm> (112)
m=0

where g,,, is a constant value which is found from Equation (102).
B) a=c
Set the particular integral Ys(x) as

Yo(x) = e“ak (Z gmxm> (113)

m=0

where kis 1 or2or3 ...
iv) r(z) is the combination of coswx and sinwz

A) a# tjyw and [ # +jw
Set the particular integral Y5(z) as

Ys(z) = gcoswz + hsinwzx (114)

where g and h are constant values which is found from Equation (102)).
B) a=+4jw
Set the particular integral Ys(z) as

Ya(x) = 2*(g coswx + hsinwz) (115)

where kis 1 or2or3 ...
v) r(x) is the combination of ¢ coswz and ¢ sinwzx
A) a#ct+jywand § #c+ jw
Set the particular integral Y5(x) as

Yo(z) = (g coswz + hsinwx) (116)

where g and h are constant values which is found from Equation (102).
B a=c+jw
Set the particular integral Ys(x) as
Ya(x) = 2% (g cos wa + hsinwr) (117)

where kislor2or3 ...
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d) Find the constant values g and h by
d*Yy(z)
dz?

%)
dx

+ wYs(x)

=r(z) (118)

e) Get the general solution of The general solution is y = Y;(z) + Y5(x) leaving a and b unknown.

f) Find the constant values a and b

d
Usually there are initial conditions for y(0) and %
T
g) The particular solution is y = Yi(z) + Ya(x).
summary Procedure of 2nd order ODE d_ + % +wy = r(x)

a)
b)
c)
d)
€)
f)

g)
8) Lookup table for 2nd order ODE

d*Ys(x)

2

d{Y:
Find g and h from v {a(w)} + wYs(x)

Find a and b using the initial conditions

Produce and solve an auxiliary equation by setting r(z
Set the complementary function Y7 (x) with the unknown variables a and b
Set particular integral Y5(z) with the unknown variables ¢ and h

= ()

T
Get the general solution y = Y7(x) + Y2(x) with unknown a and b

|s=0- Using these conditions, a and b are found.

) =0

Get the particular solution y = Y;(x) + Y2(x) with known @ and b

r(z) particular integral Y5(x)
TaZcIEc T
¢ a=c gate
mex 0,540 > gnt"
m=0
mex a=0 D g™
m;O
CImeiL‘ ,a#c,B#c echgmxm
m=0
eCT meI a=c x/{:ecx ngxm
m=0
plcosw:l:+pgsmwx a # tw, B # jw gcoswx + hsinwz
L1 COS WT + P2 SIN WT, v = T Jw z*(g coswx + hsinwr)
“(pycoswr + pasinwr), a # ¢ + Jw, B #c+gw| e“(gcoswr + hsinwr)
“(pycoswx + pasinwr), @ = ¢ £ Jw 2¥e? (g coswx + hsinww)

TABLE I

PARTICULAR INTEGRAL FOR THE SECOND ORDER ODE
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9) Summary for 2nd order ODE

:@ Solution: Y =Y + Y5

Y: :Comprementary function Y, :Particular integral

(1) Solve A + v\ +w =0 (2) Set Ya
1 Set V4 r= mx —Yy = gr+h
A= a,a =Y = ae™ + bre*t r=_ me” =Y, = ge’
A= a8 =Y = et 4 pebT r= msnwr — Y= gsinwz+ hcoswz
A= p+ig =Y, = el (acosqr + bsingz) = meTsmwr =Y = e“(gsinwx + hcoswz)
r= mze’ —=Yy= e“(gx + h)

I Yes No

Set Yo = z - (any one of the values of Y»
stated above ) .
If the multiplication of x still doesn’t
differenciate the terms in Y7 and Y5 then use

22 instead of z.

(6) Find out a and b from initial conditions of (4) Find out g and h from
dy d2Yy  dYs
(z,Y) anf (z, %) 722 + v dﬂi +wYy =r

(7) Get the particular solution of Y = Y] + Y5 (5)

N N N N (NI N (NI NI NN

he general solution of Y =Y] + Yo

NI NI NS NI NI IND NI NI NS

unknown values of ¢ and b
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10) Summary for 1st order ODE

Equation type Procedure to follow
a) Allocate f(r) and g(z)
d{y} _ ()al) b) Calculate )
o~ @ [ imiv= [ fwys
9(y)

a) Find f(¥)
b) Calculate

dz A
1 — g [ =200

c) Set In(x) + ¢ = g(z)
d) Replace z with = so that In(x) + ¢ = g(%) is the
answer v

a) Allocate f(x,y) and g(z,y)

b) Confirm
d{f(z,y)} _ dig(z,y)}

d{y} _ flz,y) dy dr
dz 9(x,y) 2 y
c) Apply / f(z, y)dx +/ 9(xo, y)dy = ¢
d) Merge aicl0 the terms Whig}ol have zy and
a) Allocate P(z) and Q(x)
a{y) b) Calculate / P(z)dz
Y
de —P(2)y + Q() c¢) Calculate ¢(z) :1 of Pl@)de
d) Calculate y = @) {/ O(2)Q(z)dx + c}
a) allocate p(z) and ¢(x)
b) identify the value of «
¢) allocate P(z) = (1—a)p(z) and Q(z) = (1—a)q(x)
d
CZ{} = —p(x)y + q(z)y° d) calculate /P(x)dx
e) calculate ®(z) = ¢ P(®4d
1
lculate y'~* = ®
f) calculate y 501) [/ (x)Q(x)dx + ¢
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a) Allocate f (M)

b) Write down tﬁg general solution of
y =ax+ f(a)
which is the answer!. State a is a constant value.
d{y} Y N lf (d{y}) ¢) Differentiate )= az 4 )
dx x dx

with respect to a

d) Express a as a function of z, let’s say a = g(x)

e) Insert a = g(x) into the general solution to get a
particular solution of

y=ux-g(x)+ f(g9(z))
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diffsem?2all.tex

1) DAY1
%) Find d{f(z,9)} dif(z.y)} Efley) Pfry) Pfley) ) = 1 1
der dy ~  dx?2 °  Oyox = Oy Y= sin(z)  cos(y)
ey _ d{lsint) ™ + (eosp) M} _ dflsinte) Y
dx dx dx
d{f(z,y)}  d{(sin(x))~" + (cos(y))™'}  d{(cos(y)'} _ Y _ o
TR i = i = —(cos(y)) " (—sin(y)) = (cos(y)) ~sin(y)
({2t
itey) Nl f d{feint) Teos(w)} _ (i) ) o {eosto)
dx? dx dx dx dx
= 2(sin(z)) " cos®(z) + (sin(z)) 2 sin(z) = 2(sin(x)) " cos®(x) + (sin(x)) ™!
o[t
f(zy) _ dy _ d{(cos(y))*sin(y)} _
Oyox dx dx
d{d{f(ﬂ%y)}}
P f(z,y) dy d{(cos(y))?sin(y)} _ d{(cos(y))*} _pd{sin(y)}

0r y = i = a0 sin(y) + (cos(y)) " —4~
= 2(cos(y)) 7 sin®(y) + (cos(y))~* cos(y) = 2(cos(y)) " sin®(y) + (cos(y)) ™"

3) Fing @)} dif(@.y)} Cfx,y) Ff(ry) Pf(ry) Of(zy) Of(wy) Pfley)  0f(@.y)
N de dy °  da2 ° Oyoxr °  Oy? T 0x3 T Oydx? ~ Oy20x oy’
when
f(z,y) =m+1ﬂy
d{f(z,y)} _d{Zz+Iny} d{1-2)™} L d{lny}
B dx dx dx dx

_ %;:}3{5; } FO(rull—g) = d{ld; x}(—uﬁ) = (u ) =u=(1-2)?
Ay} A o)

dy dy
_d{gE)  d{lny} 1
Ty Ay oy

d{f(z y)}

I S S (A

dx? dx dx
_d{u}o{u?}  d{l-=} —3y _ -3y _ -3

geon " Pmlg_ﬁkmt)_Qu_@
d{f(z,y ) d{if(z,y
Wf@w):d{ 5y }:d{z}zo. Wf@w):d{ &y }::ww*}:_yq
Oyox dx dx ’ oy? dy dy
& f(z,y)

TS o QR TR

ox3 dx dx
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_ d{u}d{2u=3} _ d{l— x}(—6u_4) — (—6u ) =6(1 —x)*

dx ou dx
d{6‘2f(x,y)} {02f(w,y)}

PFflry) oyor J _d{0}y _, Oflzy) _ dy? _d{=y?

oyor? dx ode 7 O0y20r dx - dx

d{82f(x,y)}

Fflry) dy* A A P

oy dy Ty Y

4y Fing @0} d{f (@ y)} Cfry) Pf(ry) f(ry) Pflry) Pfley) P flry) P f(z.y)
doe dy ~°  da2 7 Oyoxr °  Oy? T 0x3 T Oyox? T Oy20x oy

when
f(z,y) =logyx + cosy

d{f(x,y)}:d{log2x+cosy}:d{logZx}+d{cosy}:d{E—§ 40 1 d{lnz} 1

dx dx dx dx dx  In2 dr  zln?2

d{f(z,y)} d{logyw+cosy} d{logyz} d{cosy} :
_ — + = —siny

dy dy dy dy
d{d{f(x,y)}}

& f(z,y) _ dx _ d{x11n2} 1 d{z"'} _ L

dz?2 dx T dr 2 dr 2"

d{d{f(l‘,y)}} d{d{f(x,y)}}
0?f(z,y) _ dy :d{—siny}:O . P,y _ dy :d{—siny} — —cosy
Oyox dx dx ’ Oy? dy dy
y {dzf(%y)}

Pflxy) dx? - d{—Z527%}  ld{e?y 2

or3 dx n dx T l2 dz 2"

d{82f(x,y)} {821‘(937?;)}
Pflxy) oyor J _d{0} _,  Oflzy) _ Oy J _ d{=cosy} _
OyOx? dx dx " Oy20x dx dx
J {82f(l‘,y)}

Ffla,y) oy* J _d{—cosy}
0 2 = a = siny
5) Fing A @0} d{f(@.y)} Cfx,y) Pf(ry) Pf(ry) Of(zy) 8flwy) Pflry) O f(@.y)

when de ~ dy da2 T Oyoxr °  Oyr T Ox® 7 OyOxr? T Oy20x oy

[z, y) = cos(z®y)
d{f(z,y)} _ d{cos(a’y)} _ d{A}d{COS(A)}(, AL = d {2y}

dx dzx dzx dA ’ )= dzx

d{f(z,y)} _ d{cos(a®y)} d{A}d{cos(A)} =, 5 > d{z’y} oo
i = i =4 1 (A=Y = a0 (—sin(A)) = —a*sin(xy)
d{f(z y)}
Pl(ry) d{ &z } _ d{~2uysin(z?y))
FZSEQ ) dx dr
= —d{—diwy} sin(z?y) — 2xy—d {SH;(; v} = —2ysin(z?y) — nydc{if} d {Sill;(lA)}
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*y)

= —2ysin(2?y) — (2zy)* cos(z?y)

cos(A) = —2ysin(z%y) — 22y (2zy) cos(x

d 2
= —2ysin(z?y) — 2zy {xxy}

d{f(z,y)}
*f(z,y) _ d{ dy } _ d{-a®sin(a%y)} _d{-2?} o d {sin(z’y)}

Oyox dx dx dx dx
= —2zsin(2%y) — 2°(2xy) cos(x?y) = —2x sin(x?y) — 2%y cos(2?y)
gL (@ y)}
dy _d{—a?sin(a?y)}

sin(z?y) —

f(z.y) _
y? dy dy
_ 2d{Ad{sin(4)}  ,d{a%y} _ .4 2
=—z i A =—x —d cos(A) = —x" cos(z7y)
f(z,y)
f(zy) d{ da? } _ d{-2ysin(a?y) — (2zy)* cos(z?y)}
o0x3 o, dx ) dx )
— _2yd{sn;<;f y)} + d{_E;;:y) }COS<I'2y) . (21‘3/)2(1{00:;5‘ y)}

= —2y(2zy) cos(a’y) — 4(22)y” cos(z”y) — (2zy)*(2zy)(— sin(z’y))
= —day® cos(x?y) — 8xy® cos(z?y) + (2xy)? sin(z%y)

0*f(,y)
Pflx,y) Oyox _d{—2xsin(z?y) — 223y cos(x?y)}
oyoz? dx B dx
_ (2 _9.3 2
_ d{—2z} sin(a2y) — 2xd{sm(w y)} N d{—2z°y} cos(a%y) — 2x3yd{cos(x y)}
dx dx dx
= —2sin(2?y) — 22(22y) cos(z?y) — 62y cos(x?y) + 22°y(2xy) sin(2*y)
= —2sin(z%y) — (27)%y cos(a?y) — 6%y cos(z?y) + 4x'y? sin(2?y)
g {Pf(.y)
*fla,y) _ oy* ) _d{-a'cos(a’y)} _d{-a'} 1d{cos(z?y)}
oy20r dx N dx  dx cos(a’y) — dx
= —423 cos(2?y) — 2*(2zy)(— sin(z?y)) = —4a® cos(x?y) + 22°y sin(2%y)
{1 (x.y)
Py N\ oap | d{=ateos@y) | dfeos@®} 4o o
0 i = a0 =—z —a —z*x*(—sin(z%y)) = z° sin(z*y)
o g LU0} U@} PIy) Phey) Py Pfy) Py) Flay) | P L)
N de dy ~°  daz ° Oyoxr °  Oy? T 0x3 T Oydx? T Oy20x oy
when

flz,y) = x1n(z® + )
d{In(z* +y)}
dx

d{f(z.y)} _d{zrln@’+y)} dfz}
dx

l 2
dz dz (@ +y)+e

d{A} d{ln(A)} d{z*>+y} 1
— 2 S - S’ — 2
=In(z"+vy)+=z I ) (A= +y) =In(z"+y) +x T
= In(z® + y) + z(2x) ! =In(z* +y) + 20
a Y 224y YTy
d{f(z.9)} _ d{zln@® +y)} L x
= = —_=
dy dy »?+y 224y
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d{f(r,y)} )
d2f(m,y) B d{ dx B d {hl(l‘Q + y) + m%iy}
dz? dx N dx
2x24-2y—2
B d{ln(z? +y)} N d{ :chfy y} 2 N d{2 - 2121111}
B dx dx a2ty dx
2r 2 —2 2r 2 —2
2y 2y(—=1)(2" +y)"(22) = . + dzy(z” +y)

=2z(2* +y) ' +day(a® +y)? = 22(2® +y)(2® +y) T+ day(2® +y) 2
= (22° + 22y) (2 + y) 7 + day(2® + y) " = (22° + 6ay)(2® + y)

d{f(z.y)}
P flry) _ d{ i } ) apw
Oyox dx dx dx

d{(z*+y)"}

= (z*+y) " +a o = (@® +y) " F (=1 +y)2(20) = (2% +y) T 2272 +y)
= (@ +y)(@* +y) 7 = 272" +y) 7 = (0 +y - 207) (2" +y) P = (y — 27 (2" +y)
d{f(z,y)}
by O a{;
0 fa(y; y) — { dcziyy } — {dy } — SL‘(—l)(iIZ‘Z _|_y)72 — —:C(SL‘2 _i_y)fZ
4’ f(z,y)
Pflxy) d{ dz? } _ d{(22° + 6ay)(2? + y)~*}
ox3 , dx dx ) i
— d{QI d;— 6'Ty} <x2 + y)72 + (21‘3 + 6:1:y)d{(x d—;y) }
= (62° + 6y) (¢ +y)* + (22° + 62y)(—2)(z* + y) (2
= (62” + 6y)(z* + y) > — 4w (22° + 6xy) (z* + y)7°
d{éﬂf(:v?y)}
f(zy) _ oyor J _df(y—a)(@*+y)*}
Jyor? dx dx
_ d{yd;x }(x2+y)—2+ (y_xz)d{(x dJ;y) }
= —22(z% +y) 2+ (y — 2°)(=2) (2" + ) P (22) = —2u(2® +y) 72 — da(y — 2°) (2 +y) 7
d{02f(x,y)}
Pf(zy) _ oy> ) _d{—z(@®+y)7*}
oy?0x dx dx
=W gy GHEEITT ey ey 1))
= —(®4y) P+ (20)* (2 +y)°
0*f(x,y)
3 T d —2 —XT I‘2 -2
0 ];(yz;y) — { nyy } — d{ (dy+ y) } — —JJ(—Q)(SL’2 _i_y)f:s — Zx(xz _i_y)f?;
7) Find d{f(z,9)} d{f(x.9)} &f(z.y) Pf(r,y) Pflry) Pf(wy) Of(z.y) Pf(zy) P f(zy)
N de ~ dy da2 T Oyoxr °  Oyr T Ox3 7 OyOxr? ° Oy20x oy?
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fla,y) =a* —y° + 2%
d{f(z,y)} d{z*—y°+ 2%}

B 43 5,7
ph - 7 =4z° 4 62°y
d{f(z,y)} _ dfz? —y° + 2%} = —5y* + Taby"
dy dy
d2f(z,y) dx d {4x® + 62°y"} 2 4,7
e _ p — - = 12z° + 3027y
{d {f(=, y)}}
0 (x.y) dy  J _A{B T s
dydx dx dx
0 f(x,y) dy d{=5y" + 7°y"} 3 406,
5y _ % — a = —20y° 4+ 422"y
J{ ¢y
& f(z,y) dx2 d {1222 + 30z%y"} 3.7
o = - — o = 24z + 120z2°y
{82f(x,y)}
5 — 5,6
*f(x,y) _ Oydw J _ d{422°y°} 2102*y°
Y2 dx dx
8@y
Pf(xy) Oy [ _ d{=20y° +420%°} o0 5 s
0y20r dr - da I
d{82f<x,y>}
5 5 o3 6,5
O flx,y) _ dy _ {20y + 42077 —60y* + 21025y
oy3 dy dy
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DAY2
_cd{f(xy)}y d{f(z,y)} Ef(xy) f(x,y) P flx,y)
8) Find d:g , a0 , FICI W M and 8—y2 when
flz,y) =3
TRVIERY) SO G A Gl SRV PR
dz dz dz dz ’
1 11113
= (3¥)*In3v = 3v
(3v) »
ey 43 3%} pawy_0370B
y  dy  dy Ty 9By
oz o1
—3%n3 <y> —3%n3 <y>
Y dy
1 %
= (3°In3) - %’y ):3Bx(—y—2)1n3——3—fl 3
& f(x,y) { dx B {3173} 1n3d{3”}_1n3 :n3 . (In3\°
de? dx N dx oy dx oy y Yy
d{f(x,y)}} .
=In3 = In3
pren UUEDS ol afsihg ()
oydx dy dy  dy oy dy
_d{gy}hl_3+3; {m73}
dy vy dy
y z -1 % z
——32x1n3-1n3 Al }1n3_—32$1 5. 3 g 2g
Yy Yy dy Yy Yy
3vz , 3vIn3
= (In3)” — /2
d{f(x,y)}} o .
_3vx 2y . —2 v —2
92 f(x,y) { 4y _ { 7 ln3} :d{ 3vx -y ln3} :_xlngd{g }
Oy? dy dy dy dy

d{:ﬁ} d {2 33 .
(L 3;M) _ _$1n3(—y—2x1n3 2430 (=2)y7Y)
vxl .
=xIn3 (3 3541(13 +2: 3yy_3>
y

9 ping W @9} d{f(@y)} Efley) Pfley) Pflxy) Pf(zy) Ff(ry) Oflry)  fy)
dv ~ dy 7 da2 T Oyoxr °  Oy2 T Ox® 7 OyOr? ° Oy20xr oy3
when
fz,y) = 3

2x9Qy 2x 2z 9y Y
d{f($7y)}:d{e 3 } :3yd{e }:2_3316290 : d{f(:c,y)}:d{e 3 } ZQQxd{B }:e2x3yln3
dx dx dx dy dy dy
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d{d{f(-r,y)}}
P fx,y) dx d{2 3ve?r} d{e**} .
dz? dx dx =23 dx =430
2 d{d{f(%y)}} 2 i
flx,y) dy _ d{e**3YIn 3} y d{e*} a2

oydr dx N dx =3 3=r— dx =23 I3
d{d{f(x,y)}}

dy _ d{e**3VIn3} _ 2 3d{3y}

82f(x y) 2 2
) — x€x 1 y
oy a0 i i ¢“*(In3)°3
d*f(z,y)
P f(x,y) da? d{4-3ve*} d{e*}
) _ _ —4.3Y — Q. Q2T
ox3 dx dx 3 dx 8- 3%

*f(x,y)
Pflx,y) { Oyox } ~ d{2-3¥¢*"In3}

2:)3
=2.3YIn3 {d } =4-3YIn3e?**

oyox? dx N dx

q {82f(:v,y)}
Pfxy) Oy? d{e2x(ln3)233”} yd{em’} y 2
oy20r dx dx = (In3)°3 dx 2(In3)"3%¢’

q {82f(fv,y)}

o 2 d {¢**(In 3)23v ,d{3"}
ing AW @y)} d{f(y)} &f(r,y) Pf(v,y) f(z,y)
10) Find . ; i , a2 oyor I when
oy =1y
d{f(z,y)} _d{z(1+2°+y°)'} d{a} d{(1+2*+¢°)"}

_ 1 3 3y—1
dx dx dx (I+at+yl) 4o dx

— (1 +£E3 +y3)—1 _ x(l + 1’3 +y3)_2(31‘2) — (1 _'_1,3 +y3)—1 _ 3%3(1 —I—ZL‘3 _'_y3)—2

=1+ + )1 +2° +9°) 77 =31+ 2° + )P = (1 -2 + ) (1 +2° + )77

GRS Syl SIS P S (KL S

dy B dy dy
= —2(1+2°+4°)7°(3y”) = =3xy(1 + 2° + ¢*)
{d{f(fc,y)}}
Efey) dr_J _d{(1=220+ (1420 + %))
d$23 _3 o ) da 3 3\—2
_d{d —Zz +y )}(1—|—x3+y3)_2—|— (1 _2x3+y3)d{(1+$d;‘y )"}
= —62%(1+2” + %)% = 2(1 = 22° + ) (1 + 2 + ¢°) (32%)
d{d{f(:r,y)}}
Pfzy) _ de | d{(1-2%+ )1+ 1407
oyor dy - dy

9.3 3
_di@d Zz +y)}(1+x3+y3)_2+(1—2x3+y3)

d{(1+z*+y*)?}
dy
=31+ 2" +¢°) 2 — 21 —22° + ) (1 + 2° + 4*) *(3y)
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d{f(z,y)}
d{ dy } _d{BzP(l+27+y°)7%)

0*f(x,y) _
y* dy dy
_ d{-3xy?} 2d{(1+2° +4°)7%}

(1+2°+¢°) — 32y

dy dy
= —6ay(l+2° + y*) 2 + 62y’ (1 + 2° + y*) 7 (3y%)

1 Fmdd{f(x,y)}, d{f(x,y)} &f(z,y) Pf(z,y) Pf(z.y) Of(wy) P fley) Pflry)  Of(z.y)

dx dy 7 da2 T Oyoxr °  Oyr T Oxd 7 OyOxr? T Oy20xr 1 oy
when -
f(z,y) = 2”sin (y)

d{f(z,y)} _d{a*sin(y)} _d{2?}
dx

sin (y) = 2z sin (y)

dx dx
d{f(z,y)} _ d{z*sin (y)} — sz = 2% cos ()
dy dy dy

d{f(z,y)}
P f(2,9) d{ &z }:d&mm@n_dm@.

pr— —_— - 2 1
dz? dx dx dx sin (y) sin (y)

a1f ()
G }:dm%w@» a{a}

P flx,y) _ _
oyor dr do = g O (y) = 2z cos (y)
[l
0> d{a? d
J;;:Z, y) _ dc;y _ dfz ZZS W)} _ 2 {C(;Sy W _ e ()
{de(l“,y)}
Pf(x,y) dz? _d{Zsin(y)} _
ox3 dx dx
4 {821‘(:6,3/)}
P f(z,y) _ Oyox _d{2xcos(y)} d{2x} cos () = 2 cos (y)
{02f(93,y)}
Pf(z,y) dy* _d{-a?sin(y)} d{-2’} :
eyl - = e = —7—sin (y) = —2xsin (y)
J {GZf(x,y)}
P f(x 0y? d{—x?sin od {sin 9
J;(zﬁ o dgj/ -4 dZ e % = o cos(y)
12) Find d{filz,y)}’ d{ffia; y)}, d?;;(;y)’ 82éfy(g;:y)’ a?,,;;,w, when f(z.y) = sin G)

a4 ()} apnoy,

dzx dz dz (.t
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_ CZ} d{c?; (0} _ y% (= sin (£))

S s o) = (s (1))
piwn N i) e () sy (2) - L0
)

- (5) g 1§y oyt (5) - LR
— o 6)_ 2V i 1)) =~y cos (f) S o )

TPV G L A | TS B B T

oy? - dy - dy - dy “\y dy
__dfy? (@ —pd{t} d{cos ()} _ o (2 od{ry™}
=—x i cos ) xy i o = —x(—2)y ° cos Ty i (—sin(t))

i

= —x(=2)y~* cos (5) —xy*(=D)ay (= sin (1)) = 22y~ cos (g) Ty (§>
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DAY3

13) Express

d
ﬁ and w using s and ¢ when
ds dt

f=x+logsy
r=t—s

Yy=-
S

d{fy _ . d{f}

Since f is the function of x and y we can express g and i as follows:
S

dify _ dizpd{f}  diy}dif}

ds ds dx ds dy
dify _ diz}d{f} diy}dif}
dt dt dx dt dy

d{f} d{f} df«} d{y} d{z} d{y}
de > dy > ds ’ ds ' dt ’ dt

d{f} _dfe+loggyy _dfz} , d{Bf}

Thus we need

dx dx dx dx
d{fy _d{e+logyy) _d{z} d{@f} 1
dy dy dy dy yIn3
di{z} d{t—s} d{t} d{s} _ .
ds ds - ds ds
d{z} d{t—s} d{t} d{s} _ I
dt—  dt  dt dt
iy d{th a{t} ¢
ds ds ds 52
d{y} _d{} _1afty 1
dt — dt s dt s
Therefore
A{f} _d{a}d{fy dfydify ot 1
ds ds dx ds dy s?2 yln3 s?yln3
Since the answer should not have y we substitute y = £ into @ as follows:
t t 1
_ e
s2yln3 32-£ln3 sln3
S
. d
In the same way we can obtain % as follows:
A{f} _d{e}d{f} d{d{y 11 1
dt dt dx dt dy s yln3 syln3
Since the answer should not have y we substitute y = £ into @ as follows:
SR S
syln3 s-zln?) tln3
S
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14) Express using s, t and v when

f=3v
r=s+u
Yy = stu
. . . d d
Since f is the function of =, and y we can express c{if} and ;{1{} as follows:

0} _ twpdify | Oty dif}

ou ou dx ou dy
A} ALY 0ds} o 0t

Thus we need

dr ’ dy ° Ou ou

ay ) et ap o el
P o = SA=3v)=A"InA=(3v)"In3v = 3v ;
an ) amey {260} agramey {5

dy dy T dy dy T dy df dy
a1 A a0
i f—xln3 G f—xln?)( 5)
Cd{f} s rln3 42 rln3 3vzln3

Tay Ty T T Ty T T
8{x}_8{8+u}_8{3}+8{u}_1

"o et oty

o{yy  Ofstu} = O{u}
ou  Ou = st ou = st

Therefore

Oy _ Hwpdify | 0{wpdif} _

43 t3%x1n3
ou ou dx ou dy Yy ° y?

Since the answer should not have x, and y, we substitute © = s + u and y = stu into ® as follows:

@

2 In 3 3vzln3 stuln3 3% (s +u)ln3

37 _ t = stu t
’ Y ° Y2 stu (stu)?
stu stu stu stu
~ 3swInd  st(s+w)3sw In3 35w Ind (s+wu)dsw In3
- stu s2t2u? - stu stu?

15) What is (3z +6) - (0) +3-(=1)+1n3?
Bz +6)-(0)+3- (=) +In3=I3-3( a-0=0)

16) Differentiate y = Inx

y=lnx ; _d{y} = 1
dx

X
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17) Evaluate /8-9+2 — 11 —51
V8 90-2—11-51=/72-2—-11-51=+36—11—-51=+v25—-51 =5—51 = —46

d )
18) Find W of = 043¢t e,
dz

Y

28+08 T T T T T T T
1.5e+08 [ 2
1e+08 F 2:1326233 +2x+3
5e+07
0 -
-5e+07 T \
-1e+08 [ 93T +21
-1.5e+08 [

-2e+08 : :
-5 -4 -3 -2 -1 0 1 2 3

First we split the function in to f(z) and g(z). Letting f(z) = 22* and g(z) = ¢* 2. Then applying the

chain rule to g(z). 2 {g(x)} d{u}
glx)} diu

, as follows:
ou dx

Let u = 2* + 2. Therefore g(z) = ¢* We can pre-calculate

ofg(x)) _ofe) _ . d{u)

- Sl L S IS
ou ou ¢ d T

Thus
d{g(z)} d{u} 0{g(z)}

T S = (22 +2)-¢" = (22 42) - ¢ (w2 2% + 22)

Simultaneously

f(z) =22° ; d{fl;m)} = 622
Now by substituting in to the product rule we get:
d{y} _ d{g(x)} d{f(x)} _, 3 P42 | 2242 g 2
— = (x) T T g(x) e 22° - (2x + 2)e +e 6

— 222 127 (22 + 2) + 3) = 222" Y27 (22?4 22 + 3)

d
19) Express

using s and ¢ when

f — ™Yz
x = log, st
y = sin(st)

z = st
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{f}

Since f is the function of z, y, z, we can express —— as follows:
dify _diz}dif} d{y}d{f}+d{z}d{f}
ds ds dx ds dy ds dz

d{f} dif} d{f}y dixz} d{y} d{z}

Th )
us we need de > dy ’ dz ' ds ' ds ’ ds

d{f} _ dfe™}

g = rY=
dr PR
d TYz
U _ ey,
dy dy
d{f} d{e™*} .
dz dz = rye
1
d{z} d{log st} d{}% d{l““nt _ s 1
ds ds a ds ds " In4  sln4d  2sIn?2
d{y} B d {sin(st)} B
1s = s = t cos(st)
d{z} B d{st} B
ds  ds
Therefore
d{f} _ dfx}d{f} d{y}d{f} d{Z}d{f}
ds ds dx ds dy ds dz
Yyz
— . Tyz X TYyz . TYZ _ ,TYZ
SRR L + tcos(st) - xze™* 4+t - xye e (2 o 2+xztcos(st)+xyt)

Since the answer should not have z, y, and z, we substitute x, y and z with = = log, st, y = sin(st), and
z = st as follows:

; tsin(st
exyz(QSyln 5+ z2t cos(st) 4 ayt) = e*tsin(st)logs St(%néz) + st?log,(st) cos(st) + tsin(st) log,(st))
t sin(st)

stsin(st) logy st(

=¢ + st? log, (st) cos(st) + t sin(st) log,(st))

2ln2
20) Differentiate f(x) = 23** In(5x — 11) with respect to z.

If we let f(z) = 23! and g(x) = In(5z — 11) using Equation (39) we get,
d{f(@)} _ jsprrd{in(5z—11)} =~ d{2%"} B
— =2 - + " In(5z — 11)

dif(z)} and d{Zlf)}. First of all, we work out d{ln(5§x_ 11)}.

We now need to work out .
Using the chain rule, When v = 5z — 11,

d{ln(5z —11)}  d{ln(uw)} d{u}0d{(Inu)}

dz - dx dx ou

_d{5x—11}8{lnu}_51_ 5

N dx ou  u  br—11
d{sz—i—l}

Now we need to work out . Let v = 32 + 1. Then we obtain

T
3x+1 v v v
di2") = di2'} = div} 912 )}.Using the chain rule we have to work out o4(2 )}. Let's assume
dz dx dz v ov
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g(x) = 2v. If we apply the natural logarithm to both sides of this equation g(z) = 27, we get In(g(x)) =
In(2") = vIn(2). When we differentiate both sides of this equation In(g(x)) = vIn(2), we get

Oiln(g(x))} _ O{vln@)} —  O{ln(g(@)} _ 9{g(x)} d{lng(x)} _I{vIn(2)}

v B v T v - Ov o{g(x)}y v
- a{ggjx)}ﬁzln@) ;o a{g(f)} — g(z) In(2) = 2" In(2)
. d{QZH} - d;;;}ag} - di;’} In(2) = d{?’z; Y 00 1n(2) = 329 In(2) = 3- 2 In(2)
Thus we found out that
d{ln(5;x— 1)} _ _ i _ d{2;;+1} 3. 9% Iy (2)

Therefore by substituting in to the product rule we get,
d{f(z)} ozt d {In(52 —11)} ~d{2°"*'} _o3e4l D 3z4+1

Or using the alternative method:
Lety = f(z) = 23* T In(5z — 11), v = 23! and u = In(5z — 11). To find the differential of 3 with respect
to x we must use the product rule which is

dgh _ dfu} i)

dr dx dz
Now let’s find ch} Start by taking In of both sides of v = 237*1
Inv = In(2%* ) = (32 +1) - In2(. Inb* = alnb)
cLd{v} _ o d{v} d{v} 3z+1 A o3z+1
o =3In2 ; .. I =3n2-v ; .. . =3In2-2°"7 ("0 = 2977

Now let’s find % Let g £ 5r —11,u =1Ing . g = 5z — 11. Using the chain rule
X

d{u}_f%,d{g},d{u}_5,1(,,d{g}_58_U_1),d{u}_ 5
de 99 dx ~ dx g dx  d¢g ¢ dr  bxr—11

Now substituting into the product rule, we get

(. g=5x—11)

5 . 3z+1

S5r — 11

d{y} _ gdrtl L 1+ 3n2- 2%t In(5z — 11) =

1 . 3x+1_1 -~ 11
. ] +3In2-2 n(5x )

21) Differentiate f(z,y) = In(z? + y*) with respect to y.

Y

; | | | " 2%(log(@) + 1)— '
2r x® xz%(log(x) + 1 -
N —
0
1 F \
_2—
3 L

0 0.2 0.4 0.6 0.8 1 12 14

X
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s g? g

A{f @)} _ d(nG?+)) _d{in@) _ d{u}9{in@w) _ a5} 0]} _, 1
dy dy dy dy ou dy ou U

3y2

$2+y3

22) Differentiate f(x,y) = In(z? + y*) with respect to z.
d
Let u = 2% + y3 therefore d—u =2z and f(z,y) =Inu
T

d{f(z.,y)} _0f(wy) diup 1, _

dx ou dx

2x
2+ y3

23) Differentiate f(z) = x® with respect to .
let y = z® therefore take In’s of both sides.

Iny=Inz* ; - lny=zlhhz
The differentiation of both sides gives you

1d{y} d{zInz}

y dx dx

leand@

1 .
= —. Using the product rule we get.
X T

d{xlnx}:d{uv}zv d{u} d{v} 1nx.1+g;-l:1nx+1
dx dx dx dx &

Letu =xand v =1lnz. Then

‘5%%i:mx+1;~“%%i=y«mx+n=xﬁamw+n«yéxw
24) Express d;{lf} and d;{i{} using s and ¢ when
f =3 coszlog,(y)
T = st
y=s—1
S
g =2
t
Since f is the function of z, y, z, we can express % and dg} as follows:
dify _ diz}d{f} diypdif}  dizpd{/}
ds ds dx ds dy ds dz
A{fy _dfa}d{f} d{syd{s} , d{z}d{f)
dt dt dx dt dy dt  dz
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d{f}y dif} d{fy dixz} d{y} d{z} d{z} d{y} d{z}

Th .
uswe need — T T s 0 ds s | dt  dt di

a{f} _d{3coszlogy(y)} .. d{cosa} . |
In(y)
d{f} d{3*coswlogy(y)} 3Zcosxd{ﬁ} _ 3Fcosz
dy dy N dy ~ yln?2
d{f}  d{3"coszlog,(y)} d{3°}
= = 1 = 1 “1
e e cos x log,(y) 7 cos x 1og, ()3 In 3
d{r} d{st} _td{s} . d{z} d{st}  d{t}
ds  ds . ds 0 at  dat a
diyy _dis—ty _,  diy} _dis—t} |
ds ds T dt dt
e _dfs) 1dfs) 1 gz} _d{sh_ d{i} s
ds ds t ds t 7 dt dt dt 12
Using those results, we get
d{f}y d{z}d{f} d{y}d{f} d{z}d{f} . 3*cosx  coszlogy(y)3*In3
= =—t-3%1 @
ds  ds dr | ds dy | ds de ogy(y)sine + = o + ;
Since the answer should not have z, y, and z, we substitute » = st, y = s — ¢, and z = 7 into ® as
follows:
s , 3% cos(st)  cos(st)log,(s — )37 In3
—+-.3%1 —
t-3%logy(s —t)sin(st) + (5= 1) In2 + "
- d{f} .
In the same way we can obtain o as follows:
d{f}y di{z}d{f} d{y}d{f} d{z}d{f} . 3*cosxz  scosxlogy(y)3*In3
= =—5-371 - - @
dt G dr T d dy T ar de S P lesly)sine — =4 =
Since the answer should not have z, y, and 2, we substitute » = st, y = s — ¢, and z = 7 into @ as
follows:
s . 37 cos(st)  scos(st)logy(s — )37 In3
—s -3t logy(s — t)sin(st) — eI 7
0
25) Express {f} using s, t, and u when
f=a+2v
t
xrT = —
u
y=8s—t—u
Z = SUuU
. . . d d 0
Since f is the function of z, y, z, we can express g} ;{i{} and ;J:} as follows:
A{fy _d{a}d{f} d{s}d{f}  d{z}d{f)
ds ds dx ds dy ds dz
A{f} _d{z}d{f} , d{pd{s}  d{z}d{f)
dt dt dx dt dy dt dz

Of) _ola}d{f) oy} d{sy  0{=)d{s)

ou ou dx ou dy ou dz

80



Now we just need to find out o4/} Thus we need d{f},d{f},d{f}, a{x},a{y}, and a{z}.
Ju dr = dy = dz Ju ~ Ou ou
dify _diz+27}  diz}  d{27}
de dx  dx de
d{fy d{z+2"} d{z} d{2"} d{(Z°)"}  d{AY} 4 s ony w4 (95w 0t oz
by iy =0 + T A a4 (FA=2°)=AYInA = (2°)YIn2" = 22%*In2
d{f} _d{ex+27} dfw}  d{2%}  d{AT} L a ouy  as i A (v oy o oue
1y = e i (FAE2Y)=A"InA=(2)In2Y =y2¥*In2
oo} _0(4} o) ¢
ou  Ou  Ou  u?
oy} o{s—t—u} 0{s}y O{-t} O{-u} L
ou ou _8u+8u+8u =0+0=1=-1
0{z} O{su}  O0{u}
du  ou ou
Therefore
o{fy _ of{apd{fy o{ypd{f} O{z}d{f} ¢t . v
ou  Ou dx + ou dy * ou dz w2 227 In2 4 sy2% In2 o

Since the answer should not have y, and z, we substitute y = s — t — u, and z = su into ® as follows:

t t
—— —22In2+4sy2”"In2 = —— — su2 W 2 s(s — t — u)206 7 W I 2
u u

1

26) Simplify Inx -1+ - 2.

1
lnx-1+x-—:lnx+§:lnx+1
z z

27) Solve these equations 7x +y = 11 and 35z + 2y = 9.

Tx+y=11 )
3br +2y =9 @

@ x 2 gives:
4o +2y=22 @
®-@ gives us
—13
14e —3br +2y —2y=22-9 ; . 2lz=13 ; xzj
Finally we get
—13 91  11-21+91 322 46
=11 -T7e=11-7-(— ) =114 — = = =
Y r ! ( 21 ) o 21 21 3
28) What is 3 — {.
3 1 3x2 1 6 1 6-1 5
7 14 Tx2 14 14 14 14 14
1
29) Differentiate f(x) = (2% — 72%)*(1 4 92)2 with regard to z.
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6e+07 T T T T T T
16:07 F (x3 — 722)4/(1 + 9x) >
26407 1 0
0 1
o7 - (3 —72%)%.9.0.5(1 + 92) "2 + 4(32> )31+ 9z
_4e+07 1 1 1 1 1 1
0 1 2 3 4 5 6 7
X
{1+ 002
+ 9z
d{f(r)} (3 5o 2\4 { } d{@% - 75’52)4} %
T = (x® — Tx*) o + o (1+92)
1
d{(l +9x)2}
In order to find out LU 2149z
dx
5 5 |
| d{(1+9x) } ) d{u } _ d{u}o{u2} _ d{1+9a} .l.u‘% :9.1_(1+9x)_%
o dx dx dr  Ou dx 2 2
3 ~.2\4
In order to find out dil@ d:pm ) }, by letting v £ 2% — 7?2
d{(xs — 7952)4} o d{v4} _ d{v} (9{04} _ d{$3 - 7x2} 3 /0.2 . 3 213
o =0 i on o 400 = (307 — 1) -4 - (27 — Ta7)
{1+ 002
+ 9z
Cd{f(x)} 3 2\4 { } d{(2® — 72%)"} %
L = (27 — Tz*) 1 - + o (1+9x)1
= (2* —72H*. 9. ; (14+92) 2 4+ (32 — 1da) -4 - (2 = 72D - (1 +92)2

30) Differentiate f(x) = (sinz)*" with regard to x.
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Y

1 . . - . .
O.g i (Sin(m))wg/ \

a5} (sin(@)® (322 In(sin()) + 7 L0 0
2k
_25 1 1 1 1 1
0 0.5 1 1.5 2 2.5
X

By applying the natural logarithm to both sides of the equation we get
In f(z) = In(sinz)* = 2° In(sin z)
By differentiating both sides of this equation we get

d{ln f(x)} _ d{xz*In(sinz)}
dx dx
AU o @) a1

sd{In(sinz)}

In(sinz) + =

de  O{f(x)} — du dx
d{f(z)} 1 0 gd{sinz} O {In(sinx)} 9. 3 1
—— = 32"1 = 1
i ) 327 In(sinz) + x T 9 T 1} 3z° In(sinx) + z°cos o
d ]. 3
di/(@)} = f(x) (3952 In(sin x) + 2°cos z— ) = (sinz)” (31‘2 In(sin z) + 2° 098x>
dz sin sinx
31) Differentiate f(z) = 7ze¢” with re @k g ] i i
= gard to x and express . using f(x) and z (i.e., produce a differential
equation).
Y
60 T T T
50 )
40 1 (14x2 + 7)e”
30 [
20
10 /
0 ——— —_—
I 2 X
;8 < : Txe” , 0
-1 0.5 0 0.5
X
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@y U aim

dx dx dx

When 22 is replaced with u,

2
x d u u 2 u )
g _d{e"}  Dude’  Ov Ot (22)e" = 2ze” - u = 2”.

or  dxr  Oxrdu Oxr Ou

Therefore
d{f(&?)} 2 d{?:r} 2 2 2
T Tx(2xe™ ) + L (142 4+ 7)e
Since (1422 + 7)e™* can be re-written as 14z%e** + 7e** of 2z - (Tze™) + + - Tue™,
d{f(=)} _ PN S PPV I ) PP
e 2z - (Twe™ ) + . Tre™ =2z f(x) T( f(x) = Txe™)

Times those by x and re-arrange

:U%—szf(x)—f(x) =0

. . 2nx
32) Differentiate f(z) = =—"% with regard to z.

T+
Y
05 I I T T
04r
03F 223 ln(:c)—i—:c3+6:v22 In(x)4 22>
02 F (+2) B
>
01T
0 \ //
01T
_02 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4
X
d{z®} sd{lnz}
———Inx +2°—— 2) -
, dr o dx (@ + )
d{z*Inz} 5 d{z + 2} 5 d{z + 2}
d{f(a:)} _ T dr (JJ + 2) — (JJ lnx)idx _ (:C lnx)—dx
dx (x+2)? (z +2)?
1 d{x + 2} )
[SxQ Inx + x?’x] (x+2)— (2* lnx)T [32%Inz + 2?] (z + 2) — («° 1nx)CH‘Z—;—}
- (x +2)? - (x +2)?
B [33:3 Inx+ 2% + 622 Inx + 2x2] — (@*Inz) -1 B 22° Inx + 2° + 62° Inz + 222
B (x+2)° B (z +2)
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Or using this alternatlve method.
Lety = f(z) = £ ‘Iz | ety = In(z) and v = z + 2. To solve this equation we use the quotient rule,

r+2
which is v
d{u} d{v}
d{y} _ Y "
dx v?
1 .
Now let’s find % Let w = 2* and z = In(z). Then we get % = 327, and d{;} e Using the
T
Product rule
3
M:w d{z} ZM :x—+3x2-ln$::v2~l—3x2-lnx
dx dx dx x
And v = = + 2 simply becomes % = 1. Now substituting in to
d{u} d{v}
d{y} _ v dx v dx
dx v?
We get
d{y} (r+2)-(2®*+32® -Inz)—z’lnz-1
dv (z +2)?
B 23432 Inx 4+ 22° + 62° - Inxz —2° - Inzx B 228 Inx + 2° + 62° Inx + 222
B (x4 2)? B (z +2)
2 3
33) Differentiate f(x) = % with regard to .
Y
0.25 T T T T T
02 —
015 I 22 (22 — 1)2(—3z3 4 32%4 15z — 3) (22 + 3)~°
01r
0. og _
-0.05 9 3 /
-0.1 r°(2x—1
o8 Nt o
_0 25 1 1 1 1 1
-4 -2 0 2 4
X
_ _ x2(2x — 1)3 _ 2 3 — (2 4 ; ;
Lety = f(z) = i Let w = 2*(2z — 1)® and v = (2* + 3)*. To solve this equation we use the
quotient rule, which is
d{u} d{v}
d{y} _ "o Y

dx v?
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d{w}
dx

Now let’s find —— diu} . Letw = 2% and 2z = (22 — 1)3. Then we obtain % =6(2r — 1)* and
T

Using the Product rule

= 2.

dc{l::} = w - d;;} + z- d;{i:} . dc{i;i} — 22. 6(2z — 1)2 + (22 — 1)3 O — 622 - (22 — 1)2 + 22 (22 — 1)3
=22(2¢ —1)*- 3z + (2z — 1)) = 222z — 1)* - (5z — 1)

Ov — A4k, d{k}

.Let k = 22 4+ 3. Then v = k*. Then we get = el 22 . Using the chain
X

Now let’s find { }
dx
rule
d{v} B @ . d{k}
de Ok dx

Now substituting in to

=2 - (4k%) = 8x(2* + 3)3( k 2 2% + 3)

d{u} d{v}
d{y} _""Tar Y
dx v?
We get
(22 +3)* - 2022 — 1)? - (5bx — 1) — 22(22 — 1)* - 8x(2* + 3)®
(2% +3)%)?
_ 2z(2® 4+ 3)°(22 — 1)*{(2” + 3)(bx — 1) — 42?2z — 1)}
N (.73 —|—3)8
 2z(2? +3)% (22 — 1)*{—32° + 32> + 152 — 3} 2z(2x — 1)’{—32® + 32° + 152 — 3}
(2% 4 3)® (z* +3)°
d
34) Express —g} using s and ¢ when
= sin(z) logs ()
=
x = ¢° + cos(t)
y = e¢'logy s
- cost
" 1+sins
Since f is the function of z, y, z, we can express % as follows:

Ay A dlf) | dais) | dz} i
dt dt dx dt dy dt dz
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Thus we need

d{f} dif} d{f}y diz} d{y} d{z}

dx

dy C odz T dt T odt C dt
sin(z) logs ()
agry A{mge)
dx dz
sin(z)%
B d{ 3 ~ sin(z)
B dz ~ 2-3v-In5
sin(z) logs ()
L1V S ) SN T
dy dy - By
= sin(z) log5(x)d£lgy }( u = —y) = sin(z) 10g5(x)d§;j} %
d{— i 1 -1
= sin(z) log5(x)%3“ -In3 = sin(z) logg(z) - (—1)37¥ - In3 = _sin(z) ng(x) ns
sin(z) logs ()
a{f} _ d{ 50 } _ cos(z) logs(x)
dz dz 3y
d{z} d{e*+cos(t)} |
at dt = —sin(t)
d{y} _ d{e'loggs}
= =e'l
dt dt £ 0B
d{z} - d{1ios?§s} _ —sint
dt dt - 1+sins
) Ay d() Al diz)din
dt dt dx dt dy dt dz
sin(z) ' og, (5) - sin(z) logs(z) - In3 sin't ~cos(z) logs(z)
x-3Y-1Inb 3Y 1+ sins 3Y
sin(z)sin(t) . sin(t) cos(z) logs ()
_ e st e 1 In3—
T ¢ logs(s) sin(z) logs(x)In 3 +sins
sin( 5%+ sin(t) cost

(e +cos(t))In5

¢’ log,(s) sin(

sin(t) cos(

1+sins

) logs(e® + cos(t)) In3
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DAY4
35) For the function of f(x,y) = 322 + 2zy* + 2%y — 4y*> + 12 — xy — 22 — 5y

a)

b)

c)

d)

d{f(z,y)} d{f(z.y)} Ef(x,y) Pflx,y)  *f(z,y)
find , , , and
dx dy dx? Oyox 0y? _ _ o _
We need to partially differentiate the function f(x,y). For example if we are differentiating with
respect to x and the function contains both = and y then we treat = the same as we normally do
but ¥ would be treated like a constant. So if you had yz, y would be the constant coefficient of x
while you were differentiating with respect to x. Therefore the answers are as follows.

d
dx dy
& f(z,y) 0*f(x,y) 0°f(z,y)
ol oy gy 2 — 1 gy g
dx? 0+ 2y, OyOx y+oz—L oy? .
find the gradient V f of the function f(z,y) at the point (0,1) The definition of V fin 3D is
d{f}y. dif} . d{f}
= k.
Vi dx v dy I+ dz
Now we handle two dimensional case at the point (0, 1)
d d
T AU
v (x,y>:<o71> Y lew=01

= (6x+2y2+2xy—y—2)‘(m7y):(071)i+ (4xy+x2—8y—x—5)’(z7y):(071)j
=6-0+2-1242-0-1-1-2)i+(4-0-14+0*-8-1-0—5)j = —i — 135

So at the point (z,y) = (0, 1), the gradient is (—1, —13).

find the directional derivative of f at the point (x,y) = (0, 1) in the direction of the vector n = 3¢ — 4j.
At the point (z,y, 2) = (0, 1) the gradient is —i — 135 = v. Now we need to find the magnitude of n-
directional component of v. When the angle between n and v is 6 the magnitude of n-directional
component of v can be written as |v| cos. As n - v = |n||v| cos #, we can obtain the magnitude as
n-v n-v

|lv|cosf = |[v|—— = ——
[n|lv]  |n

The magnitude of nis |n| = /32 + =9 + 16 = 5. Therefore
n-v_3-(—1)—|—(—4)-(—13) 52—-3 49
n] NCoe V25 5

calculate the approximate change of f(z,y) in moving from the position (z,y) = (0, 1) to a new position
of (xz,y) = (—0.01,1.01) In case of three dimensional problems, the change of f is

{f} d{f} LAy
df = dy dz

?IOW we ne)ed to find the change of f at (z,y) = (0,1) and (dz,dy) = (—0.01 — 0,1.01 — 1) =
—0.01,0.01).

dz +

d d
ﬁ dl‘|dz__0 o1+ % dy|dy:0.01

Az (4 p=(0.1) (4)=(0.1)
— 1.(=0.01) — 13- (0.01) = 0.01 — 0.13 = —0.12

In fact f(0,1) =3 and f(—0.01,1.01) = 2.8797. Thus the difference is —0.120301.

df =
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e) calculate the percentage error in calculating f(x,y) in around the position (z,y) = (1,—1) and there are

errors of -1% in = and +0.1% in y In case of three dimensional problems, the percentage error in
calculating f is

aif}, A, dif

d,
o _ de T dy " d
f f f f
Now we need to find the percentage error in calculating f at (z,y) = (1,—1) and (£, %) =
(—0.01,0.001).
d{f} aif}
d d d
/ f T lde—_o.01 f Y 1dv—0.00
(=9)=(1,—1) (2.)=(1,-1)
(62 + 2y + 22y —y — 2)x
- x=1 -(=0.01)
312 + 2xy? + 22y — 4y? + 12 — xy — 22 — by
y =
—1
(4oy + 22 — 8y —x — H)y
—1 -(0.001
302 + 2ay® + 22y — dy® + 12 —zy — 20 — by |F = ( )
y =
—1
6+2(—1)2—-24+1-2
_ +AZD 24 - (=0.01)
3+2(—1)2—1—4(-12+124+1-2+45
4(—1 1+48—-1-5)-(—1
+ Uy +1+ )-(=1) - (0.001)
34+42(—1)2—1—4-(—12+12+1—-2+5
) 1 —0.05+ 0.001
=—-(=0.01) + —-(0.001) = ——7i— = —0. 2
R ) + 75+ (0.001) - 0.0030625
. . . 159512 — 16
Thus the percent error is -0.30625 % whilst the real erroris ————— = —0.00305 because
30 4 22y + 2’y — 4y® + 12 — 3y — 22 — 5y|, — 0.99 = 15.9512 and
y =
—1.001
3x2+2xy2—|—x2y—4y2+12—xy—2x—5y|x:1 =16
y =
—1

36) For the function of f(x,y,z) =23 —y* + 2 — 2223 +y2? —xy® + 1
a) find the gradient V f of the function f(z,y,z) at the point (1, —1,1) The definition of Vf in 3D is

_d{fy, d{fy . dif}
Vf= I T+ dyj—ir 7 k.
Now we handle three dimensional case at the point (1, —1,1)
d d d
vi= i i g
X (z,y,2)=(1,—1,1) Yy (z,y,2)=(1,—1,1) < (z,y,2)=(1,-1,1)

_ 2 3 3 : 2 2 ]

= (327 — 222" —y M(x,y,z):(l,—l,l) i+ (=2 + 27 — 3wy >‘(w7y,z)=(1,—1,1)3
2.2

+ (1 =327 + 2?/2)|<m,y,z>:<1,—1,1> k

—(3=2—(=1))i+ (—(=2)+1—=3)j + (1 —3+2(—1))k = 2i + 0j — 4k
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b)

d)

So at the point (z,y,2) = (1,—1,1), the gradient is (2,0, —4).

find the directional derivative of f at the point (z,y,z) = (1,—1,1) in the direction of the vector
n = 3i — 45 + 5k. At the point (z,y,z) = (1,—1,1) the gradient is 2i — 4k = v. Now we need
to find the magnitude of n-directional component of v. When the angle between n and v is 6 the
magnitude of n-directional component of v can be written as |v|cosf. As n - v = |n||v|cosf, we
can obtain the magnitude as

n|lv]  |n
The magnitude of n is |n| = /32 + (—4)2 + 52 = /9 + 16 + 25 = 5v/2. Therefore
n-v 3-(2)+(—4).(0)+5-(—4) 6-20 —14
n| ~ V3424 5 VB0 V2

calculate the approximate change of f(z,y) in moving from the position (z,y,z) = (1,—1,1) to a new
position of (x,y) = (1.01,—-0.99,0.99) In case of three dimensional problems, the change of f is

e W g gy D),

Now we need to find the change of f at (z,y,2) = (1,-1,1) and (dz,dy,dz) = (1.01 — 1,—0.99 —
(=1),0.99 — 1) = (0.01,0.01, —0.01).

d{f}
dx

——dx +

a{r}

dy d |dy 001+ —— {f} dz’dz:—0.0l

(r.2)=(1,-1,1)  eyo=0-11

= 2.(0.01) + 0+ (—4) - (=0.01) = 0.02 + 0.04 = 0.06
In fact f(1,—1,1) = 1 and f(1.01,—-0.99,0.99) = 1.060102. Thus the difference is 0.060102.
calculate the percentage error in calculating f(x,y, z) in around the position (x,y) = (1,—1, 1) and there

are errors of -1% in x and +0.1% in y and -0.1 % in z In case of three dimensional problems, the
percentage error in calculating f is

dif}y, A, dif}
df _ da dy dz
== + +
f f f f
Now we need to find the percentage error in calculating f at (z,y) = (1,—1,1) and (%, %) =
(—0.01,0.001,—0.001).

df =

dx|gz—0.01 + ——
(x,y7z):(1,—171)

d{f} d{f}
d d d
_f — d—x - . _x + d—y . y . _y
/ f T ldz__o.01 f Y 20,001
(z9,2)=(1,-1,1) (z,y,2)=(1,—-1,1)
d{f}
/ Z ldz—_g.001
(m7y7z):(17_171)
32?2 — 2223 — 9
= — - s . 3 r=1 (—0.01)
=y +z—xz +yt—ay +1
y g
—1
z=1
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—2uy + 2% — 3ay?

—1 -(0.001
x3—y2+z—m2z3+y22—xy3+1x_l ( )
y =
—1
z=1
1 —32%2% + 2yz
—1 -(—0.001
:p3—y2+z—x223+yz2—my3+1x_l ( )
y —=
—1
z=1
2 0 —4
= T+ (=0.01) + 7 - (0.001) + — - (~0.001) = ~0.02 + 0.004 = ~0.016
. . . 0.984109 — 1
Thus the percent error is -1.6 % whilst the real error is — = —0.0158907 because
2 — P 42—ty -yt 1|x — 1.=0.984109 and
(1-0.01)
y —=
—1-(1+
0.001)
A _=
1-(1 -
0.001)
x?’—y2+z—x2z3+yz2—xy3+1|x: 1 =1
y =
—1
. . (1 1
37) For the function of f(z,y) = sin <—> cos (—)
T )
a) find the gradient V f of the function f(z,y) at the point (3 fr) The definition of Vf in 3D is
d{f}. d {f} L U
vi= dx v dy dz

d
Now we handle two dimensional case at the point (2, £) First, we need —— {f} and i}

o A} o] (1) (1) 200 2
. G) dO«l{;}d{sidnt O} _ s G) d {C:lv;}cos (t) = a2 cos G) cos G)

i d{sin (3 ;y G () afes (5)} (1) Heos(0} s

(1) 400}

and

K|
~_
ISH
—~
oW
QE@|
-
—
T
2]
B
=
=
I
Qﬁ
Z
=
VRS
| =
~_
@
)
VR
< | =
~
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b)

c)

d)

d d .

V= c{zf} C{lf} J

X (w,y):(%%) Y law=(2.9)

Pes()es ()] i) m G|

= —x “cos| —)cos| — t+y “sm|—)sm|— 7
’ Pl an=(22) v Y/ mn=(2.2)
__<z>2__3.1i+(z>2¢_§.1-__f Gl

—\3) 22\ 22T 36 144 7

So at the point (z,y) = (2, %), the gradient is (—¥, ).
find the directional derlvatlve of f at the point (z,y) = (3 61) in the direction of the vector n = 722+1443.

At the point (z,y) = (2, 9) the gradient is —¥2r*; + ¥3™* 5 £ 4, Now we need to find the magnitude
of m-directional component of v. When the’ angle 1between n and v is 6 the magnitude of n-
directional component of v can be written as |v|cosf. As n - v = |n||v| cosd, we can obtain the
magnitude as

n-v n-v

|v|cosf = |v] =
nflv]  |n|

The magnitude of n is |n| = /722 + 1442 = /25920 = 8 - 9v/5 = 72+/5. Therefore

nov T2 (—¥3) 4144 3T /352
] 72\/5 72V/5
calculate the approximate change of f(x,y) in moving from the position (z,y) = (2, £) to a new position

of (z,y) = (2,2) In case of three dimensional problems, the change of f is

d{f} d{f} LA
df = dy dz

Now we need to find the change of f at (z,y) = (2,¢) and (dz,dy) = (2 — 2,5 - &) = (1, -1).

d{f d{f
df: C{l } dx|dm—f C{l } dy|dy——l
X (w)y):(%vg) Yy (x’y):<%7g
1 1 1 1
= —2 % cos <—> cos (—> dz|,,_1 + y ?sin (—) sin (—) dylgy——1
Y T/ wa)=(2,9) " z Y7 lay=(2.5)
_ VBT (L VBR (1Y VBT VBT BVBT ) en
36 ™ 144 ) 36 144 144 7
Infact f (2,%) =0.75and f (2, 2) = 0.572. Thus the difference is —0.1779385972.

calculate the percentage error in calculating f(z,y) around the position (x,y) = (g, %), and there are

errors of 0.1% in x and 1% in y. In case of three dimensional problems, the percentage error in
calculating f is

. a{f} d{f} dif}
Y _ _dox dy dz
f T - f

Now we need to find the percentage error in calculating f at (z,y) = (£,2), and (%, %) =

xT
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(0.001,0.01).

d{f} d{s}

df dx dx dy dy

f f ’ L ldz 0001 f ! Y ldu_g.01
@=(:2) @n=(4.2)
—x72 cos <§ cos (1) -x y~%sin (1) sin (i) y
- -(0.001) + (0.01)
sin (1) cos (1) . sin (1) cos (1) .
(z y)z(;,;) (z y):(;,;)

Thus the percent error is 1.72 % whilst the real error is =

0.016984 i
38) For the function of f(z,y,z) = ev—>
a) find the gradient V f of the function f(x,y, z) at the point (x,y,z) = (1,2,1) The definition of Vf in
3D is
A{fy, AL Ay,
dx dy dz

Vf=

dif} dif} 424>

Now we handle three dimensional case at the point (1,2, 1) First, we need —— e dy o

€T

i) M _atey, ooy Y

yfz}d{et} Lodfa}y, 1

dx dx dr - :y—z de dt dx dt :y—z dx y—zew
and
R Gl A P
dy dy dy y—z
:duhua}:dhz}ngww—wlgﬁz 1Tl I
dy dt dy dy dy
_ d{s}d{s_l} dfy—=z}, 5 = _ g
=T ds =z a0 (—s “)ev—= = —x(y —2) “e
and

R Gl 2 W

dz dz dz y—z

apatey ), -9 o s
G a T L STt e (s sy =)
d{s} d{s‘l} d{y -z} "

= —_— - P = — ) 2>
T dz ds dz (=5 )e Ty —2) e
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b)

d)

Therefore

d
vy 4 NG L n .
v <x,y,z>=<1,2,1> Y l@ya=0.21) Z @y=01.21)
1 x . —92 _T . -2 _T
= ey—= 1+ —x(y—2) “ev—= Jtaxly—z) “ev-=
y—=z (m,y,z):(l,Q,l) ( ) (m,y,z):(l,Q,l) ( ) (r,y,z):(l,Q,l)
=e¢t—¢j +ck

So at the point (z,y, z) = (1,2,1), the gradient is (e, —¢, ¢).

find the directional derivative of f at the point (z,y,z) = (1 2, 1) in the direction of the vector n =
—i—j+k. Atthe point (z,y, z) = (1,2,1) the gradient is ¢i — ¢j + ¢k = v. Now we need to find the
magnitude of n-directional component of v. When the angle between n and v is ¢ the magnitude
of n-directional component of v can be written as |v|cosf. As n - v = |n||v| cosd, we can obtain
the magnitude as

n-v n-v
|lv|cosl = |v|—— = ——
nflv]  |n|

The magnitude of n is |n| = \/(—1)2 + (—1)2 + 12 = /3. Therefore
n-v (=1)-e+(=1)-(—e)+1-(¢) —etete e

V3 V3

calculate the approximate change of f(x,y, z) in moving from the position (z,y, z) = (1,2,1) to a new
position of (z,y, z) = (0.99,2.025,0.975) In case of three dimensional problems, the change of f is

PRLY PRI CI PRI R

dy dz
Now we need to find the change of f at (z,y,2) =
(dx,dy, dz) = (0.99 — 1,2.025 — 2,0.975 — 1) = (—0.01, 0.025, —0.025).
d d
df = {f} dx|gp=—o0.01 + % Ay ay=0.025 + p d2|dz=—0.025
dz Y @ym=a.21) 2 Neyo)=(12.1)

— ¢ (=0.01) — ¢ (0.025) + ¢ - (—0.025) = —0.06¢ = —0.163097
In fact f(1,2,1) = 2.71828 and f (0.99,2.025, 0.075) = 2.56731. Thus the difference is —0.150976.
calculate the percentage error in calculating f(x,y, z) around the position (z,y, z) = (1,2, 1), and there

are errors of -1 % in x and 1.25% in y and -2.5% in z. In case of three dimensional problems, the
percentage error in calculating f is

M a{fy, ~Afr, d{f}
Y _ _dx dy dz
7 7 -+ 7 -+ 7

Now we need to find the percentage error in calculating f at (z,y) = (1,2,1), and (%, dyy, L) =
(—0.01,0.0125, —0.025).

i

™

——dzr +

(zvyvz):(LQvl)

d{f} dif}
¥ f N PR / Y 1u—0.0125
(2,0,5)=(1,2,1) (2,)=(1,2,1) (
d{f} ;

dz <

+ — v~ Z * —
f Z ldz—_0 025

(z,y,2)=(1,2,1)

_ 1 (=0.01) — -2 (0.0125) +¢-1-(=0.025) _

¢
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2.56731 — 2. 71828

Th h is -6 % whilst th I [
us the percent error is -6 i whilst the real error is 5 71828 —0.0555388.
39) For the function of f(z,y,2) = —
T4 — Yz
a) find the gradient V f of the function f(z,y, z) at the point (z,y,z) = (—2,1,3) The definition of V f
in3D is
d{f},  d{f}. d{f}
vi= dx vt dy It dz
Now we handle three dimensional case at the poi {f} d{f}
point (-2, 1,3) First, we need dr ° dy
d{f}
dz
d{f} _d{(@®—y2)"'} d{t'}
de dx dx ¢ ($ yz))
o d{t}d{t™'} o d{z* —yz} N N 2 —2
= a o (=t =22 (—t7%) = —2z(2® — y2)
and
2 -1 -1
LA S (e N (e VPR
dy dy dy
. d{t}d{t™'} . d{z* —yz} N N —2
= G s g () = (72) () = 20 )
and
d{f} _d{(@®—y2)"'} dft""}
dz dz dz ¢ (I yz))
- d{t}d{t™'} o d{z* —yz} N —oy 2 2
= S TSI () = () () = (e - p2)
Therefore
d d d
vy 1 L jo .
o (x,y,z>=(72,1,3> Y lay2)=(-213) Z N@y2)=(-213)
2 -2 . 2 -2 -2
= —20(2® = y2) 7 o @ =y s T YT ) R

=4i+33+k

So at the point (z,y, z) = (-2, 1, 3), the gradient is (4,3, 1).

b) find the directional derivative of f at the point (z,y, 2 ) (—2,1,3) in the direction of the vector
n =1i— 2j + 3k. Atthe point (z,y,z) = (—2,1,3) the gradient is 4i + 35 + k = v. Now we need
to find the magnitude of n-directional component of v. When the angle between n and v is 6 the
magnitude of n-directional component of v can be written as |v|cosf. As n - v = |n||v| cos b, we
can obtain the magnitude as

n-v n-v

|lv|cosf = |v|—— = ——
nflv]  |n|

The magnitude of n is |n| = /12 + 2 1+ 32 = /14. Therefore
n-v_1-4+(—2)-3+3-1 4-6+3 1
n| V14 Vi VI
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c)

d)

calculate the approximate change of f(x,y,z) in moving from the position (z,y,z) = (—=2,1,3) to a
new position of (z,y,z) = (—1.99,0.99,2.995) In case of three dimensional problems, the change

of fis
d d d
df = ﬁdm + {f}dy + {f}dz
dx dy dz
Now we need to find the change of f at (z,y,2) = (-2,1,3) and
(dx,dy,dz) = (—=1.99 — (=2),0.99 — 1,2.995 — 3) = (0.01, —0.01, —0.005).
d d d
df = ;f} d|gz=0.01 + —Cgf} dylay=—o.01 + _C‘Ef} Az 42=—0.005
X (x,y,z):(72,1,3) Y (xzyvz):(727173) z (z,y,z):(f2,1,3)

=4-0.01+3-(—0.01) —0.005 = 0.005

Infact £ (—2,1,3) = 1 and f (—1.99,0.99,2.995) = 1.00497. Thus the difference is 0.00497.

calculate the percentage error in calculating f(z,y, z) around the position (x,y, z) = (—2, 1, 3), and there
are errors of 0.5 % in x and -1% in y and -0.2% in z. In case of three dimensional problems, the
percentage error in calculating f is

a{fy, ~df},  d{f}
df _ 4 M Ty dy+ dz
f f f f

Now we need to find the percentage error in calculating f at (z,y) = (-2, 1, 3), and
(L, dz) — (0.005,—0.01, —0.002).

z )y

dz

d{f} aif}
f f T dz —.005 f Y ld——o.0
(z,y,2)=(-2,1,3) (z,y,2)=(—2,1,3)
d{f}
f Z [dz—_0.002
(z,y,2)=(—2,1,3)
_ 4-(=2)-(0.005) +3- (<0.01) +3-(<0.002) _

1
1

S S
Thus the percent error is -7.6 % whilst the real error is 2'012‘2'971'0'998 = —0.0706665.

96



40)

DAYS
The function f(z,y) = zy(a — x — y) has stationary point(s) Give the location and the nature of stationary
point(s).

At the stationary point, d{fc(i? v} = d{fg;’ )i = (. Therefore we find (z, ) which satisfies W =
Sy} = 0 as follows:
dy
dx dy
®=® gives
ay — 2wy — 1y =ar —2xy —a* ; caly—x)+2* -y =0
naly—z)+(z—y)lze+y)=0; - (z—y)lr+y—a)=0

SYy=r,y=a4—=
When y = z is substituted into @ we obtain
ax —22° — 1* = ar — 3v* = x(a — 3x) =0

Thefore (z,y) = (0,0), (5, §) satisfy both ® and @. When y = a — x is substituted into ® we obtain

ala —z) — 2x(a — ) — (a — 2)* = a® — ar — 2ax + 22* — a* — 2* + 2za

=—ar+a2*=x(xr—a)=0 ®

Thefore (x,y) = (0, a), (a,0) satisfy both ® and @.2Thus theZStationaryonints are
(2.9) = (0.0), (2,2), (0, ), (a,0). Now we need L (:y) I/ (w.y) T f(z.y)

to find out the nature of

_ _ de? ° Oydxr °  Oy?
the stationary points.
& f(x,y) 0*f(x,y) *f(z,y)
it 2R NERATACIY VRSN V. : )= 9 ®
dz? y @ Oxdy Gmer—ay ®; oy? v

The discriminant D is

d2 Z, 82 Z, 82 xZ, 2
D= J;(I2y> . J(;(yQy) — ( g;ayy)) = 4oy — (a — 22 —2y)* = —a* < 0
(2,9)=(0,0)
b Play) Pfy) <82f(a:,y)>2
C da? y? 0z0
! Y Y a2
4a® 4a.,  4a? a., 4a* a* 12¢* a* 11a®
BT H L E T R T R
dQ Z, 82 Z, 82 x, ?
D= J;(wa . ng‘y) — ( gx(ayy)) = 4oy — (a — 22 — 2y)* = —a* < 0
(z,y)=(0,a)
d?f(z, 0% f(x, 0% f(x, 2
D= ‘];(332 8 f8<y? Y _ ( giﬁyy)) = 4oy — (a — 2z — 2y)* = —a® < 0
(z,y)=(a,0)
Furthermore at (z,y) = (5, %)
f(r,y)  —2a
dz> 3
>0 fora <0
<0 fora >0
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Therefore (z,y) = (3, %) is a local maximum when a > 0 and a local minimum when a < 0. (z,y) =
(0,0),(0,a), (a,0) are the saddle point.
41) The function f(z,y) = 2° +4* — 2> + 2y — 3 has stationary point(s) Give the location and the nature of

stationary point(s).

. . . d
At the stationary point, d{f;x’y)} = d{fém’ v} = (. Therefore we find (z, ) which satisfies W =
T Y
Sy} = 0 as follows:
dy
d
dx dy
D= gives
32° =20 +y=3y"+x—2y ; ~3* -3y -32+3y=0; (z—-y(r+y) —(x—y)=0
Lle-yle+ty-1)=0; ry=zy=1-u
When y = z is substituted into @ we obtain
1
377 —2r+ax =32 —x=20B8r—-1)=0 ; 1::0,5

Thefore (z,y) = (0,0), (3, 3) satisfy both ® and @. When y = 1 — z is substituted into ® we obtain
322 =20+ 1—2=32>-32+1=3(r—-05)%4+025=0 @

There is no real = which satisfies into ®. Thus the stationary points are (z,y) = (0,0), (3, 5). Now we
dfla,y) Pfzy) Pf(z,y)

need dz? ° Oyox = Oy?

to find out the nature of the stationary points.

P f(z,y) CPfly) L Pflry)
The discriminant D is
de(ZL', y) 62f(x7 y) 82f(ac, y) ? 2
= . — PR S — (— — 1
b dx? 0y? ( 0xdy > (=2) =0
(xvy):(ovo)

&P f(ry) Pflry)  (Pflry)) R

D = o \ oway 11_(0)—1<0
(mvy):(g»g)

Furthermore at (z,y) = (0,0)
& f(z,y)

dz?
11

Therefore (z,y) = (0,0) is a local maximum and (z, y) = (3, 3) is a saddle point.

42) The function f(z,y) = 2> — 2y + 2y* — x — 2y has stationary point(s) Give the location and the nature of
stationary point(s).

=6-0-2<0

. . o d
At the stationary point, d{f;i’” v _ d{f((j";’ v} _ 0. Therefore we find (z, y) which satisfies —{fc(fx’ i _
difley)y 0 as follows:
dy
M:2$—y—1:0 ®; d{f<x7y)}:—flf—|—4y—2:0 ®
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®+2x©@ gives Ty = 5, i.e., y = 5/7. When y2— 5/7is substl’[uted2 into @ x = 6/7. Thus the stationary
dflz,y) 0°f(z,y) *f(z,y)
dz?2 ° Oyox = Oy?

point is (z,y) = (6/7,5/7) Now we need to find out the nature of the

stationary points.
& f(z,y)
dx?
The discriminant D is

p_ i@y Py (32f(x,y))2
- da? oy? 0x0y

0*f(x,y) 0 f(x,y)
=2 @, 2>V -1 @, L2V _y @
>0 T Ox0y ’ 0y?

=2-4—(-1*=7>0
(2:y)=(6/75/7)

With ® and D > 0, the stationary point (z,y) = (6/7,5/7) is a local minimum.
43) The function f(z,y) = (z + y)e ™ has stationary point(s) Give the location and the nature of stationary

point(s).
At the stationary point, d{f;a:, Y _ d{fc(lz’ i _ 0. Therefore we find (x, y) which satisfies W =
x

M = 0 as follows:

dy

d

d{f(x,y)} :e—xy_'_(x_i_y)(_y)efxyzo ©) ; {f(x,y)} :e—xy_k(x_'_y)(_x)ef:ryzo ®

dx dy
® —@ gives y*> = 22, i.e., y = +x. When y = x is substituted into @ 1 — 222 = 0 i.e., z = i\}
When y = —x is substituted into @ 1 = 0 which is impossible. Therefore the stationary points are

d*f(x,y) O°f(z,y) O°f(z,y)

1

(z.y) = (5. 75): (= 75. —75)- Now we need to find out the nature of the

dz2  Oydx = Oy?

stationary points.
de(x,y) 7my . 82f(x,y) Y 2 2 . 62f(1',y) R
gz =t (—2y + 2y* +1°) ® ; 8x—8y_e (—2x — 2y + xy” + x°y) @ ; 8—y2_e
When (2, ) = (&, L)
Eflxy) 1o 1 1 NS 1 S, 1 Pf(,y) 2
o =2 2 = (2 2 () ) ey _9p — 9 ‘
When (z.y) = (~ &5, ~ &)

& f(x,y) _ Ly Of(zy) _ A *f(z,y) _ e

dz? V2© T Ozdy V2© Oy? V2

The discriminant D is

p_ Clay) Pfley) (5’2f(93»y))2
C da? dy? dxdy

_ Efy) Py (32f(%y)>2
T dx? Oy? 0xdy

1 1

(xfy):(ﬁvﬁ)

Thus the stationary points (z,y) = (5, 7). (— 75, —75) are saddle points.

44) The function f(z,y) = sinz + siny + sin(x + y) where 0 < z < 27,0 < y < 27 has stationary point(s) Give
the location and the nature of stationary point(s).

1

7)

(z)=(~L,
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. . o d
At the stationary point, d {fc(é’ v} _d {fc(l:; v} = 0. Therefore we find (z, y) which satisfies —{f(i, Vi _
difl@y) 0 as follows:
dy
MZCOWTLCOS@#L?J):O @ ; d{jflﬂzcoswcos(ery):O @
* Y

®-@ gives cosx — cosy = 0, i.e., cosx = cosy I.e.,
rT=yY ; rT=2r—y
When z = 27 — y ©® can be manipulated as
0 = cosz + cos(x 4+ y) = cosx + cos 2w = cosx + 1
s.cosr=—-1; - x=m

Therefore the stationary points are (x,y) = (7, 7).
When z = y, @ can be manipulated as

0 = cosz + cos(z + x) = cosx + cos 2z = cosx + 2cos’x — 1 = (2cosx — 1)(cosz + 1)

1
c.cosxr =—1,—
2
When cosz = —1, we get = = 7. When cosz = 3, we get 2 = I, 5% Therefore there are 3 stationary

df(z,y) 0°f(z,y) 0*f(z,y)
dz? ° Oyox = Oy?

points at (z,y) = (., 7), (5, %), (3, %) Now we need to find out the nature

373
of the stationary points.

cf(ry) _

dz?

P f(x,y)

oy sin(z + ) @

—sinz — sin(z + y) ® ;

Pf(x,y) _

52 —siny — sin(x + y) ®

The discriminant D is

dx?
= (—sinz — sin(z + y))(—siny — sin(x +y)) — (—sin(z + y))* = sinwsiny + sm(x + y)(sinx + smy)

When (z,y) = (m,7), D = 0. In this case we need to investigate the values around (z,y) = (7w, 7). When
r=7—awhere 0 <a < 5, f(r,2) > 0. When z = 7+ a where 0 < a < 1, (:zc x) <0 0. Therefore
(x,y) = (m, ) is not local minimum nor local maximum.

b Pl 62 (a )2
)(sin

When (z,y) = (3,3
3vV3 9
D = sinzsiny + sin(z + y)(sinx + siny)](%y):(%%) = <§> \/7_\/7— =1 0
& f(x,y) . . V3 V3
iz - —sinz —sin(z +y)|, e =5 T 5 < 0
Therefore (z,y) = (3, 5) is a local maximum
When (z,y) = (%, %)
2
N . . . ~V3 V3. V39
D = sinzsiny + sin(z + y)(sinz + smy)](x’y):(%ﬁ%,) = (T + 2(—7)(—7) =7> 0
& f(z,y) : . V3 V3
—a = s sin(x + y)|(x’y):(%ﬁ%ﬂ) = —(—7) — (—7) > 0
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Therefore (z,y) = (3F, %) is a local minimum.

45) The function f(z,y) = x> + 2y — y* — 42 + 3y has stationary point(s) Give the location and the nature of

46)

stationary point(s).

1% 55 1 15 2
T
At the stationary point, d {fg;’ vy _d {fc(fy’ ) _ 0. Therefore we find (x, ) which satisfies difl@y)p {f((fx’ i _
difley)} _ 0 as follows:
dy
d{f(z,y)} d{f(z,y)}

=2 —4=0 @ ;
dx Ty ’ dy

®-@x2 gives 5y —10 =0, i.e., y = 2. When we put y = 2 into @ we get x = 2y —3 = 4—3 = 1. Therefore
& f(z,y) *f(z,y) 9 f(z,y)
dz2 ° Oyox °  Oy?

=r—2y+3=0 @)

to find out the nature

the stationary point is (z,y) = (1,2). Now we need
of the stationary point.

Cfley) _d{2ze+y-4) _, o Pflry) _diz—2y+3}

de? dx N T dzdy dx N

Pf(x,y) _dfr—2y+3}

o2 dy n

1 @

-2 ®

The value of the discriminant is
dzf(l’, y) an(ZL', y) an(ZL’, y) ? 2
: — =2 (=2)—1?=—-4—-1=—
dx? 0y? ( 0xdy ) (=2) e
Therefore the the stationary point of (x,y) = (1, 2) corresponds to a saddle point.

The function f(z,y) = 122y — 3y* + 22* has stationary point(s). Give the location and the nature of stationary
point(s).
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At the stationary point, d{f;:v, y)i _ dif(zy)}

_ 0. Therefore e find (z, y) which satisfies 1229} _
x dy dx
Sy} = 0 as follows:
dy
dx dy
®+@x2 gives 24z + 622 = 6x(x +4) = 0, i.e., z = 0, —4. When we put = :20, —4 into2® we get2y =0, —8.
. - d*f(z,y) O°f(2,y) 0°f(x,y)
= —4,-8).N
Therefore the stationary point is (z,y) = (0,0), (—4, —8). Now we need Wz oyor 0y to
find out the nature of the stationary point.
dfa,y) _ d{12y+ 62’} o Pflay)  d{12e—6y}
dz d =12 9 5 - & 2@
2 _
Pfley) _d{l2r—6y} o
oy? dy
The value of the discriminant at (z,y) = (0,0) is

Efey) Pfley)  (Pfy)\*
o —< D2y > =12-0-(-6) — 12> <0

Therefore the the stationary point at (z,y) = (0,0) corresponds to a saddle point. The value of the
discriminant at (z,y) = (—4,—-8) is

Eflz,y) 0*f(z.y) (32f(w,y)

=12-(—4)-(-6) — 122 >0
dz? 0y? 0x 0y ) (=4)- (=6) ~
d*f(z,y) _ d{12y + 62%}
dz? x:_4_ dx

=12-(—-4) <0

r=—4
Therefore the the stationary point at (x,y) = (—4, —8) corresponds to a local maximum point.

The function f(x,y) = 22° + 32y + 2y° — 144y + 7 has stationary point(s). Give the location and the nature
of stationary point(s).
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410 [
-420
-430 ™
-440 |
-450 |
-460 |
-470 |

-330
-340 T
-350
-360
370
-380 I
-390 [
-400

480
470 |
460 |
450 |
440 |
430
420

420
410
400 |
390 |
380 [
370 T
360 [
350 F

™5

At the stationary point, d{f;:;, v} _ d{fc(fy’ Wt _ 0. Therefore we find (x, i) which satisfies d{fg; y)}
M = ( as follows:

dy

iﬂ%%@i:6ﬁ4%My=6ﬂx+y):O O iﬂ%3@i=3ﬁ44w%—M4:O @

® gives = = 0, —y. When = = 0, @ gives 6y> = 144 i.e., y = +2v/6. When z = —y, @ gi2ves 9y? :2144 ie.,
, L d
y = +4. Therefore the stationary pointis (z,y) = (0, +2v/6), (¥4, +4). Now we need f(x.y) O /(zy)

) dz2 ’ Oydx
%;;y) to find out the nature of the stationary point.
df(x,y) d{6x*+ 6xy} O*f(x,y) d{3z*+ 6y* — 144}
= =12 ; = =
dx? dx z+ 6y ©; Oxdy dx bx @
2 2 2 _
*f(x,y) _ d{3z* + 6y* — 144} Ty ®
Jy? dy

The value of the discriminant at (z,y) = (0, £2/6) is

Cfwy) 0f(ry)  (Pf(xy))?
d;?y ' ayx?y _(c%—gyy) = (122 + 6y) - 12y — (62)°|

02vE) = 72 (£2v6)* > 0

z,y)=
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48)

Therefore the stationary point at (z,%) = (0,2+v/6) corresponds to a local minimum point as

2
th):m%@ > 0 . The stationary point at (z,y) = (0, —2v/6) corresponds to a local maximum

Ide d*f(x,y) L .
point as d—;\(x »)=(0.—2v6) < 0. The value of the discriminant at (z, y) = (F4,+4) is
x bl bl
Pflry) Pflry)  (Pfay))
d(ﬁ ). a(y2 ) ( &an )> = (72-36—-12°)-4* <0

Therefore the the stationary points at (z,y) = (¥4, £4) corresponds to saddle points.

Find the maximum value of f(z,y) = s(s —x)(s —y)(x + y — s)
when
0<z<s,
0<y<s,
s<zr+y.

Hint Theorem [10a]
The procedure to solve the problem is

a) find = and y which satisfy Equation
b) confirm Theorem

d{f(z,y)}y _dfs(s—z)(s —y)lx+y—s)}
dx dx

= s(s — y){%;qj}(x +y—s)+(s— x)%}( s(s — y)is constant)

=s(s—y{(-Dx+y—s)+(s—a)l}=s(s—y){-v—-y+s+s—a}=s(s —y){25s —y — 2}

d{f(z,y)} _d{s(s—z)(s—y)lx+y—s)}
dy dy
:S<s.T;){d{‘z—;y}(ﬁy—s)+(s—y)—d{ng_5}
=s(s—az){-1-(z+y—95)+(s—y)lt=s(s—z){-r—y+s+s—y}=s(s—z){2s —z — 2y}
Since s(s — ) and s(s — y) # 0, Equation can be realised when
2s —y—2x=0 )
2s —x—2y=20 @

}( s(s — x)is constant)

2x ®— @ gives
2s — 3x = 0,
ie.,
25
r=—
3
and when this is put into @ , we obtain )
S
Y= 3
Therefore, if f(z,y) has a local maximum or local minimum, that happens when
2s 2s
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Furthermore, we need to find the nature of this point. For that, we must find the second derivatives

Piry) Poy) Ply) Pl
dz?2 ° 0y ’  Ox0y Oyox
f(z,y)  d{s(s —y)(2s —y —22)}
dz? dx
= s(s — y)d{2s ;xy—Q:z:} ( s(s—y)is constant)

=s(s—y)(—2) <0
Pf(r,y)  d{s(s—z)(2s —x —2y)}

oy dy
(s s ;yx_%)} ( - s(s — ) is constant) — 9s(s— )
Pflay) ()
oydr dy
_d{s(s - y)(z —y—2z)} S{d{z;y}% g 9) + (s — y)d{Qs—dz— 2110}}

:s{—(Zs—y—2x)+(s—y)(—1)}:—5{25—3/—2:(;—1—5—3/}:—s{35—2y—2x}

{d{f(fv,y)}}

0*f(x,y) _ dy _ d{s(s —x)(25 —x — 2y)}
0y dx dx

_ S{dﬂzx@}@s PR 2y>}}

=s{-(2s—x—-2y)+ (s —2)(-1)}
=-—s{2s—x—2y+s—x}=—s{3s — 22— 2y}

=s(s—y)(—2) - (—2)s(s —x) —{—s(3s — 2z — 2y)}2|x

2s

d’f(z,y) Pf(z,y) (6’2f(x,y))2
dz? oy? Oyox

Y= 23 y=
= 45%(s —y)(s — 1) — 8*(35 — 22 — 2y) ‘x _2s =48%(s —25/3)* — 5%(35 — 85/3)* = 45%(s/3)* — s (5/3)
3
y=12
25 2s  3s 25 s s 9s &8s s
rs——=1-§——=——-"—"—=-3§s—-8—"=— — — = — :32 32>0
( i 3 § 3 3 3 3 5 3 3 3 3) S (3/ )
Thus,
fzy) =s(s—z)(s —y)(z+y—s)
: . 2s 2 2 252 225t
is has a local maximum when (z,y) = ( ; 38) and the maximum value is f(_s 3‘9) _ §§§ _ 3‘§ .

4w 2x
49) What is =* + 3y

dr 2z B 4r x 3 2z 12z 2z B 122 + 2z 14x

3y‘yx3+@ 3y | 3y 3y 3y
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6 5\2
50) Simplify 5—+S<452—)

S 4 (529)2 s6 42200 6 g2ol0 910
4 4 4 4 2
S S S S S

51) If a =9, is 18a% — 4a > 0 true or false?

18a> —4a >0 ; . 18x (9 —-(4x9)>0; . 18x81—-36>0
c.1458 —36 >0 ; . 1422 >0 True

52) Find F1(.y) 82f(932, y) when f(x,y) = In(z? + y?)

dx? 0
We use Equation in order to find the second order differentiation. u = 2% + 12
d{f(x,y)} _d{n@*+y?)}  dfl()} _ d{ujom(u) _d{z"+y}o{ln(w)} 1 _ 2

dx dz dz dr  Ou dx ou u a4y
2, 2
d{ 2 } 2t 5 o, O’ +y’)
R (CR N Ut el Y i A T
o da? dx (2% + y*)?
22 + y°) — 20(2x) 227 +2y° —4da® 227 4 27
- (x2—|—y2)2 - (x2—|—y2)2 - (x2+y2)2
Ay} G +y))  dnw)  d{u}ofn)} _d{’+ybo{m@} 12
dy dy Ty dy o dy o YU T 21
2y d{2y}, , 2 d{z® +y*}
d S, Vel S
Sy ) Ty T TR et ) - 2y(2)
.. ayg dy (1,2 4 y2)2 ($2 + y2)2
B 227 + 2% — 4y B 227 — 2°
- ($2 +y2)2 - (1‘2 +y2)2
CPf(ay)  Pfley) 2042y 200 -2
t dr? ayQ - (332 +y2)2 (332 +y2)2 -
d? d? d
53) Find d_;; and express d_q;z using , ;g} and x (i.e., produce a differential equation) when y = asin(x +b).
First we find d iy}
dx
d d{asi b d i d b
;S?Z} _d{a sn;(x:c +0)} ;;L} d{a 22(@4)}[._. Wl g = {ITJ“}(Q cos(w)) = acos(z + b)
., d%y
Then we find —
en we find T2
d?y  d{acos(zx+0b)} d{u}d{acos(u)} d{xr+ b} , ,
< = e =0 " =—— (—asin(u)) = —asin(x +b) = —y

. . . dP
Thus the differential equation is d—;éer =0.
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DAY6

54) The function f(z,y) = 22% + 6xy? — 3y® — 150z has stationary point(s). Give the location and the nature of

stationary point(s).

1000
500

-500
-1000

s ¢ 4w
At the stationary point, d{fc(;;’ Y _ d{fc(lZ’ i _ 0. Therefore we find (x, y) which satisfies w =
dif(z.y)} = 0 as follows:
dy
d{f(z,y)} d{f(z,y)}

=622 +6y°—150=0 @ ;
dx T oy ' dy

@gives y = 0,%. When y = 0, ® gives 62> = 150 i.e., = = £5. When y = %, @ gives 62>+ 32" 150 = 0

i.e., z = £3. In this case y = % = +4. Therefore the stationary point is (z,y) = (£5,0), (+3, +4). Now

d*f(x,y) *f(z,y) f(z,y)
de?2 ° Oydxr °~  Oy?

d*f(x,y)  d{62® +6y* — 150}
dz?2 dx N

=122y — 99> =0 @

we need

to find out the nature of the stationary point.

f(x,y)  d{12zy—9y*}
0xdy a dx a

0*f(z,y) _ d{12zy — 9y*}
Oy? dy

122 ® ;

12y @

=12z —18y ©®

The value of the discriminant at (z,y) = (£5,0) is
Ef(xy) Pflx,y) (Pflz.y

dz? 0y? 0xy
= 72(22% — 32y — 20°)|(ry)=@50) = 72- 2 (£5)* > 0

))2 = 12z - (122 — 18y) — (12y)?

Therefore the stationary point at (z,y) = (5,0) corresponds to a local minimum point

d> . .
as %kx,y)(w > 0 . Therefore the stationary point at (x,y) = (—5,0) corresponds to a local

maximum point
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55)

56)

d? _ _ .
as —f(;’ v) |(z)=(-5,0) < 0 . The stationary point at (z,y) = (£3,44) corresponds to a saddle point

because the value of the discriminant at (z,y) = (£3,+4) is

Eflz,y) *f(zy) (02f(x,y)
dx? 0y? 0x0y

2
) = 72(22% — 32y — 29°)|(s.y)=(z3.24) = 72(—50) < 0

The function f(x,y) = e sin(y) for —1 < x < 1 and —7 < y < 7 has stationary point(s). Give the location
and the nature of stationary point(s).

At the stationary point, d{fc(é’ v} = d{fc(;;’ )i = 0. Therefore we find (z, ) which satisfies W =
diflwy)) 0 as follows:
dy
@ et iny—0 o W@ w0 o
dx dy
@ gives y = 7. ® gives x = 0. When (z,y) = (0,£7) d{fc(li’ v} = d{ffij’ )} = 0. Therefore the
2 2 2
stationary point is (x,y) = (0,+Z) Now we need d f(:)s,y),O f@’y), O Jwy) to find out the nature of
2 dz? Oyox oy?
the stationary point.
d2f<£ll',y) _ x2 2 x2 . . 82f<l',y) _ x2
T_Qe siny + (2z)%¢” siny ® ; W—Q:Be cosy @
2
o /) J;(ny’ y) — —¢" siny ®

The value of the discriminant at (z,y) = (0, £7) is

Ef(z,y) Pflz,y) (5‘2f(x,y)
dz? 0y? 0x 0y

Therefore the stationary points at (=, y) = (0,£7%) correspond to saddle points

)2:(12)-(:F1)—02<0

1 1
The function f(x,y) = — 4+ — + xy has stationary point(s) when x > 0 and y > 0. Give the location and the
z Yy

nature of stationary point(s).

d{f(z,y)} _ d{f(z.,y)} d{f(z,y)}

At the stationary point, = 0. Therefore we find (x, y) which satisfies ————= =
dx dy dx
dif(z.y)} = 0 as follows:
dy
d{f(z,y)} d{f(z,y)}

-2

- -0 @ ;
dx Tty ’ dy

® gives y = 2. When we put y = 272 into @ we get —2? + z = z(—23+ 1) = 0. As = > 0, we obtain

—2°+1=01ie.,r=1. Then when we put z = 1 into y = 272, we obtain y = 1. Therefore the stationary

pointis (z,y) = (1,1)

=—y24+2=0 @
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57)

0 )L

3.8
3.6
34 1
321

0.2
0.4
0.6
0.8
1
y 1.2

1.4 1.8
14 16 ©
1.6 1 12

1803 04 06 C o

dflz,y) 0°f(z,y) P*f(z,y)
dz? ° Oyoxr °  Oy?

Pflry)  d{-2">+y}

Now we need to find out the nature of the stationary point.

Pf(ay) _d{—y? +a} _

= = 277" ; 1
dx? dx * ©; Oxdy dx @
2 -2
Prley) et
0y? dy

The value of the discriminant at (z,y) = (1,1) is

If(z.y) Pflz,y) (azf(lvy)

2
) =27 ) = Playean =4-1>0

dx? oy? 0x0y
Therefore the stationary point at (z,y) = (1, 1) corresponds to a local minimum point
d*f(x,
as %Iu,y):(l,n >0.
Find a local maximum and/or a local minimum of f(z,y) = ® — 3axy + y* ( @ > 0) where x and y are real.
3_ 3
diftey)} _di{z” =3ary+y} o0 5
dx dx
3 3
d{f(z,y)} _ d{e’ —3azy+y’} 3az + 3y
dy dy
P f(x,y)  d{32° —3ay} _ 6 O f(x,y)  d{-3ax+3y’} Gy O f(x,y)  d{3z*-3ay} ay
de? dx N ’ oy dy Y dydx dy N
d2f(l’, y) an({E, y) 02f(x, y) 2 2 2
. . d 9 d )
When f(z,y) has a local maximum or minimum, both M and M equal zero. Therefore
Z Y
d
dx dy
co=3ar +3y =32 —3ay=0; . —ar+y*—2*+ay=0
Slr+y)y—2)+aly—x)=0; - (y—x)(z+y+a)=0
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58)

59)

60)

61)

Therefore z + y +a =0o0ry —x = 0. When = + y + a = 0, we can manipulate 3z*> — 3ay = 0 as

322 —3ay =0 ; .32 —3a(—a—x)=0; .. 32>+ 3ax+3a*=0
—a+ V3
st tar4a® =0 ; .‘.x:—a 2\/_aj

—a *
Sincea:hastoberealanda;éo,xyéG—M.Thus:rerJra#O.Wheny—x:O,

2
32° = 3ay =0 ; 32> -3ax=0; . 3x(r—a)=0; . x=00a
Thus the points (z,y) = (0,0) and (z,y) = (a, a) satisfy w =0 and W = 0. Therefore,

(z,y) = (0,0) and (z,y) = (a,a) are the possible local minimum or local maximum. When (z,y) = (0,0)

then
d2f<1:7y) 82f($a y) . (a2f($7y))2
dx? Oy? Oyox

L as2
re0 = 9a” < 0.

y=0

Therefore following Theory [10c, the point (z,y) = (0,0) is a saddle point, not local minimum or local
maximum. When (z,y) = (a,a

df(x,y) Pf(z,y) 0°flz,y)

2 2 2 2
dx? Jy? ( Jyox ) 36(a)” — 9a “ =

r=a
y =
& f(a,a) L
Furthermore ———— = 6z| _ = 6a > 0. Therefore, f(x,y) has a local minimum at (z,y) = (a,a) and
€T r=a
fla,a) = a® —3a® + a® = —a’.
Evaluate the following expression —52 — [7 — 3(8 — 2%)]%.

52— [7T-38-2)=-25—-[T—-38—-8)*=-25—[7T—3(0))* =25 [71]*= —25—-49 = —T4

Simplify the following expression (10x°)3(x + 2y)°.
(102%)3(z + 2)° = (102°)% - 1 = 10°2%® . 1 = 10328

Solve the following equation 5+ 3(x — 1) = 3z — 2(x — 3).
54+3x—1)=3x—-2(x—-3); ..5+3r—-3=3x—2x+6
c3r—3r+2r=6—-5+3; - 2x=4; x=2
d*h ’h ’h d*h 2h
Fing UM@Y)} dih(y)} Ehizy) Ohizy) Ohzy) Ehlzy)  Fhzy) oo h(z,y) = a+

de dy dz?2 ~  Oydx °  Oy* °  da? oy?
br + cy + da? + gry + fy?
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d{h(z,y)} _ d{bx + dz? + gry}

=b+ 2dx + gy
dz dx
2
d{h(z,y)} _ dfcy+gry+ fy*} _ ¢t gzt 2fy
dy dy
d{h(z,y)}
h(z,y) dr _d{b+2dz+gy}
oyor dy N dy —9
d{h(z, y)}
d*h(z,y) dx d{b+2dx+gy} 9d
de? dx N dx B
d{h(z,y)}
0%h(x, y) d{c+ gz +2fy} d*h(z,y) | h(z,y)
Oy? dy . dx? * Oy? d+2f
o) Fing @) Q@) Py Phey) Py Py | Py
der ~ dy ~  dx?2 7 Oyox T Oy: da? oy?
when f(z,y) = ¢*(cos by + sin by)
d{f(z,y)} _d {e*(cos by + sin by) } _d {e} (cosby + sinby) + e’”d {(cosby + sinby)}
dx dx dz dx
. d{u} Oe" . ax Al .., A
= %(cosby +sinby) + -0  u = ax]
= %e“ (cos by + sinby) = ae”*(cos by + sin by)
d{f(xz,y)}  d{e**(cosby+ sinby)}
dy N dy
d{e*} d{cosby + sin by }

(cosby + sinby) + ¢**

dy dy

we @ {v} 0{cosv +sinv}

=0 (cosby +sinby) + ¢ dy 90 [ v £ by
d{b
= ¢™ El;} (—sinv + cosv) = ¢* - b (—sinby + cos by)
d{f(z,y)}
2 f(z,y) B dr d {ae®(cos by + sinby) }
oyor dy - dy
_ e‘””d {cos byd+ sin by } = ae®(—bsinby + bcos by)
Yy
d{f(z,y)}
& f(z,y) B dr _ d{ae*(cosby + sinby)}
dx? - dx N dx

ax

= a(cos by + sin by) (ae"®) = a”(cos by + sin by)e*”

= a(cos by + sin by)

f(x,y)  d{e™ -b-(—sinby+cosby)} oy d{—sinby + cos by}
oy dy N dy

=¢" . b- (—bcosby—bsinby) = —b*(cos by + sin by )e™”
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2 2
d J;(IQ’ y) + 0 ‘gi’ v) = a*(cos by + sin by)e™ + (—b?*(cos by + sin by)e™) = (a* — b*)(cos by + sin by)e*®
Z Y

63) Find the co-ordinates of the point of inflection of the function f(z,y) = ¢**+2v+v” and find the nature of the
curve at this point.
Hint: Key point [I0al

o = N W A~ O
LENN e ma |

1) -0.5 x

{f(z,y)} and d{f(z,y)}
e and

: : : : : ., d
Firstly we need to find the co-ordinates at which the function turns. Let’s find . i
Let u = 2% + zy + y* Now using the chain rule.

d{f(z,y)} d{u} 0{f(z,y)}

dx dx ou
Now we need d{u} and 8{f(x’y)}:
T ou
d{u} — 2I+y 7 8{f(x,y)} — eu — ea:2+zy+y2
dx ou
Therefore
M — 2 +ay+y?
I =2z +y)e
In the same way we find M
Y
A{fry) _dfu) 0{f(x.y)}
dy dy Ju
Now we need d{u} and Oz, y)}
dy ou
d{U} — 2y—|—x : 8{f(xay)} — eu — e:v2+xy+y2
d ou

Therefore

d{f(z,y)} _ I
— = (2y + x)e® THYT
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d{f(z,y)} d{f(z,y)}
— and T

At the point of inflection, both equal 0.

d{f(z,y)} 2t zy+y? d{f(z,y)} 24 2

— T+ — . = (2 Ttxyt+yT
I (2x +y)e 0 ; i (2y +x)e 0

s2r+y=0, 2y+x=0 ('_'e”2+””y+y2750) . 2r+y=2y+x; rx=y ;
S 2r4+2=0; x=y=0
Therefore the turning point is at ( y) (0,0). Now we need to find the nature of this point. For that,

@ flwy) f(zy) 4 f@y)

de? °  Oyox 0y?
&’ f(z,y)

dx?

we need . Using the product rule we can find these.

P flx,y)
dy?

= ((2y + 2)(2x + y) + 1)e* Fovt’

((Zm—i—y) +2)em2+:vy+y2 : ((2y—|—x) +2)ex2+xy+y2

f(x,y)
Oyox

Now substitute in = 0,y = 0 and using Theory [T0al[T10b|[10c| and [10d, we work out the nature of the
point (z,y) = (0,0).

de(x,y) 2 22 xy+y2
S M (CEE R R NI
y=0 y=0
82f(x,y) 2 22+ zy+uy?
o2 |e=0 = (@y+a) +2e T =2
y=0 y=0
an T,y 22zt
e T (R L R i WSS
y=0 y=0
Cfey) Pfley)  [Pf@y)]® S
e e — g0 =22-1"=4-1=3>0
, B . - o d*f(x,y)
Therefore the point (z,y) = (0,0) is the minimum point of inflection because — g2 |e=0 0 and
y=0
Piy) Pfay) [P
dx? Oy? OyOx z=0 '
y=20
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DAY7
64) An electric potential ¢ is given by
d(z,y, 2) = rysinz + 2%y + y*z + 2%z
Find the directional derivative of the electric potential ¢ at the point P(1, —1,7) in the direction of the vector
n=1t—j—k.
« First approach The gradient V¢ is

d{¢}. df¢} . d{o}
dx vt dy I+ dy &

= (ysinz + 22y + 2?)i + (vsinz + 2% + 2y2)j + (vycosz + y* + 2z2)k

Vo =

The magnitude of n is |n| = /1 + 1+ 1 = /3. Therefore the unit vector of n is % = "’%k So
the directional derivative at P(1, —1, ) is

Vo n _ ysinz + 2zy + 2% — (xsinz + 2% + 2yz) — (vycos z + y* + 2zx)
|n| (z,y,2)=(1,—1,m) \/3 (z,y,2)=(1,—-1,m)
247 —1421—-2-21 —5+47°
N V3 RVZ]

« Second approach The gradient V¢ is

d d d
40,40
= (ysinz + 22y + 2%)i + (rsinz + 22 + 2y2)j + (zycos z + y* + 2zx)k

Vo =

A

At P(1,-1,7), the gradient is (=2 + 72)i + (1 — 27)j + (2 + 27)k = v. Now we need to find the
magnitude of n-directional component of v. When the angle between n and v is ¢, the magnitude
of n-directional component of v can be written as |v| cos 6. As n- v = |n||v]| cos #, we can obtain the
magnitude as

n-v n-v

|lv|cosf = |[v|—— = ——
nflv]  |n|

The magnitude of n is |n| = v/1+ 1 + 1 = /3. Therefore
n-v 24— (1-2m)—-2+21r) —24+7m*—-1+2r—-2-21r —5+n°

[ V3 V3 V3
65) A total resistance Z given by the formula
% = jwlL + ]w% + }%
Find the derivative
az
Frok

Using the chain rule, we take the partial derivative of both sides with respect to C'. Note that L, C' and
R are all independent of each other because Z can take any value. Thus % = j% = 0. On the other
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hand Z changes depending on C. Therefore 7 is the function of C' and % does exist.

1 1
= = ol + — 1+ —
7~ * JwC + R
d 1 d (ju)L + jw% + %)
acz ac
aza1_dgn) Fe)  a()
dcdzzZ o dC dC' dcC
iz 1 o) A
Aoy 2T Tac T Mac TV e
dz — 22 )
ac ~— ez
' P . .. dP ) . )
66) Let P = P(x,y), and x = ¢" and y = ¢~'. Find the total derivative g in terms of partial derivatives £
d?pP P OP O*P 0P
and £ Hence find the second total derivative T in terms of partial derivatives g_x aa—y ?9? 867 and

02 P .

e You may assume that the two mixed partial derivatives are equal. From the chain rule, we can say
oY

that :

dipry _d{pP} diz}  d{P} diy}

dt dx dt dy dt
_da{pP} d{e'y d{P} d{c'}
T Tdr a4y dt
:%.et_f_%?.(_e—t)
_d{P} d{P}
a7 dy e ©

Now we differentiate again with respect to ¢ as

o {42) ol

ot? ; }dt dt P}
d{P d{P
() dgp) Hd{W} _dfyhd(r) _yd{W}
dt  dr dt at dy dt
d{r} a{r}
_d{z}d{p) I(d{x}d{ & }+d{y}d{ & }>
dt dx dt dx dt dy
4P} 4P}
_M@_y(d{x}d{ dy }+d{y}d{ dy })
dt  dy dt dx dt dy
a{ry dir}
:d{ef}d{P}+x(d{et}d{ & }+d{e—f}d{ & }>
dt  dx dt dx dt dy
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d@%d{#%i}+d{e@d{#%i}>

_d{e'}a{P} (
it dy e dz dt dy
d{P} d{Pr}
d d
B etd{P} (e de | o dx )
N dx dx dy
TN A
—t (et Y _ ot Y
e dy yle dx dy )
_a{p} &P 9P
~ + m(IW B yax3y>
N a{r} ( o0*P B &)
Y dy Y x@y@x 4 oy?
_ Py L8P 9P APy 9P 0P
~ i Iy(()x(?y 4 dy Y Oyox Y Oy?
P ’p p d{P 0*P 0*P 0*P
::rd{ }+x2d —Qxya +y LP) 2 L )

dx dx? Oyox dy Y oy? C. Oyox B 0x0y
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67)

68)

69)

DAYS8
Locate all stationary points for the function f(z,y) = 22% + 3%y + 2y® — 144y + 7. How many stationary
points are there ?

At the stationary point, d{ffi? v}t _ d{fc(lz’ v _ 0. Therefore we find (z, y) which satisfies d{fc(;, y)}
M = 0 as follows:

dy

WD} _ 62 oy = o(r+) =0 @ - %ﬁ;y)} =322+ 62 - 144 =0 @

® gives = 0, —y. When = = 0, @ gives 63> = 144 i.e., y = +£2v/6. When = = —y, @ gives 9y> = 144
i.e., y = +4. Therefore the stationary points are 4 points of (z,y) = (0, £2/6), (74, £4).

A point (z,y) = (—4, —8) is one of the stationary points of the function f(z,y) = 122y — 3y* + 22°. Find
the nature of this stationary point.

*f(x,y) Pf(x,y) *f(x,y)
de?2 ° Oydx ~  Oy?
d*f(z,y) B d{12y + 62} _

We need to find out the nature of the stationary point.

0*f(x,y) _ d{12z — 6y}

de? dz L2z ®; 0x0y dz 12 ®
2 _

Piley) A2 -6} o
Jy? dy

The value of the discriminant at (z,y) = (—4,—-8) is

Ef(z,y) Pflz,y) (82f(wyy)

)2_12-(—4)-(—6)—122>0

dx? oy? 0x0y
d? d{12 2
de? | ._ , dx ——4

Therefore the the stationary point at (x,y) = (—4, —8) corresponds to a local maximum point.
Explain why, for the function f(z,y) = (x + y)e ¥, the stationary point at x = \/%, y = % is a saddle point

. Eflry) o OPf(x,y)
despite both 72 and B

Pf(x,y) f(x,y) f(z,y)

being negative.

We need 2 oyor 0y to find out the nature of the stationary points.
de(x,y) _ -y 2 3 . an(xay) _ —ay 2 2
= (—2y + zy” 4+ y°) ® ; Tay—e (=22 — 2y + zy” + =°y) @

Pfl,y)
oz eV (—2z + yaz® + 2°) ®
When (Jf,y) = <_\/L§7 _\%)
& f(x,y) L Pflry) Al f(zry) 11

a2 ¢ 2(—2) T Ozoy —2) ; a—yzze 2(—2)

The discriminant D is

D & f(x.y) Pflx,y) (82f(x,y)>2

dx? Jy? 0x0
v Y Y =)
_ Bfy) flry)  (f(r.y)) I T,
dx? oy? 0x0y 2 2

Thus the stationary point (z,y) = (—%, —\%) is a saddle point.

117



taylorall.tex

1) DAY1
2) For the function
f(z) =sinx 4 2°

a) find the Taylor polynomial of degree three for about the point x = 0 by calculating the appropriate

derivatives.
Y
10
s | . ¢
< | 1 + (1 + log(2))x + ((es(2)~= .
a4 F -
2r - -
o b—— - sin(x) + 2% i
-2 L L
-3 -2 -1 xX (0] 1 2 3
Taylor series is written as
of (x —a)? 0°f h(z —a)® 3 f (x—a)” O"f
— —aq) 2L Z L 1 I S
f@=fa+le=a) g0 + 5 G| 0555 Tt G|
First we need to find out 2, 4 and 21,
d d {si 2%
f(z) =sinz + 2% ; {f(x)}: {sinz + }:cosx+2x1n2
dx dx
d{f(z)}
d*f(x) dx d{cosz + 2" In2} , . )
P o = I = —sinz 4 2%(In2)
[ P5E)
P f(x) da? d{—sinz + 2°(In2)?} N 5
e o = - = —cosz +27(In2)
Then we need to find 2| _ . 2 s and & .
af 0
- =cosz+2"In2|,_,=cos0+2"In2=1+1n2
0x|,_,
I~ g 2°(In2)?| = —sin0+2°(In2)* = (In2)?
02 70— —sinz + 2%(In 2) |I:O——sm +2°(In2)* = (In2)
3
% . = —cos0+2°(In2)*? = -1 + (In2)?
Now by simply substituting into the formula for the Taylor series expansion, we get
of 22 0% f 23 O3 f
pu— O — —_— —_— —
f@ =10 +e 50 * o e T3 |,

3

2
L f(x) =sin0+2° + 2(1 +1n2) + %(m 2)2 4 % (=14 (In2)?)

(In 2)%2? n (=14 (In2)3) 2?

=1 1+1In2
+(1+1n2)z + 5 5
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O—*NC&)AO‘I@%

b) find the quadratic approximation f(z) around x = —7% of the Taylor series expansion

| 1 po-m/2 4 (x —|—I7T/2)2_7T/2Iln(2) ]
S +(x + w/2)2(1'+ 277/21n(2))2/2

:_\ ~ sin(z) +27 il

-4 -3 -2 -1 0 1

X

™

In order to work out f(z) around » = —7, we need to find out a in Equation (82). we get a = —7.
This means we are going to find out the Taylor series expansion around » = —7 We have alread

found &L, %, and %. Since the quadratic approximation is required, we just need to find out
f5) @l goand 54|
f(=5) =sin(~5) +27F = —14+273
d : :
{gi_@} - COS(—g) +272In2=2"2In2
2
TI@] gDy 42522 = 1+ 2 F (2’
dx2 =T 2

2

Now by simply substituting these into the formula for the Taylor series expansion, we get
A NNCLE ¥ J
o=z 2! Ox? .

Ox
—14+272 4 (z+ g) 2272 1n2+ (@ 2'2) (14+272(In2)?

(z + T2(1 + 273 (n2)2)
5

™ ™

f(—g) + (z + 5)

®

—1+2*%+(x+g)«2*%1n2+

the value that the quadratic approximation gives for f (—%’T) correct to 5 decimal places and the percentage
error correct to 2 significant figures.
We have already worked out the second order approximation of f(z) around z = —7. In order to

find out f(—2%) using the approximation of f(z) around = = —%, we need to know the exact value
of x — a.

c)

27T+
r—a=——
5)

qroly

" 10
Therefore we obtain > — a = ; which satisfies the condition of |» — a| < 1. By substituting » =
into @, we get

_r
2

1)2(1 + 273 (In 2)2
() (L+272(In27%) ) ooeis o 053252
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3)

correct to 5 decimal places. Since f(—3F) = —0.53254, the error is

—0.53252 + 0.53254

= -3 1072,
539 3.75559 - 10

The percentage error is

—0.53252 4 0.53254
—0.53254
correct to 2 significant figures.

x 100 = —3.75559 - 10°% ~ —3.8 - 10°%

For the function
flx) =e*

a) find the Taylor polynomial of degree four for about the point x = 3.
A / e T
: — —3(x—3
i e 3 —e3(x—3)+ 3( 21 )
R _2\3 _2\4
i —3(x—3) + 8_3(33 '3)
0 1 2 X 3 4 5

Taylor series is written as

o —a)? 5? —a)3 &3 —a)* o
f@) = f@)+ - 2| Lol OF oo e O

r=a r=a r=a r=a

Since we are going to find out the Taylor series around = = 3, we set a as 3. First we need to find

of 82f O3f o4 f
out 2L, &L <1 and oI

Ox? 9z?’ Ox3’
fl@y=e¢™; . ?)_i = d{;;} =" ; gzi = d{zl;x} = () =T
3 - 4 R
Second we need to find out f(3), 2£| ., 21 L & __pand &4 »
o=ty DAl e T e T T
O], _g 0x? | 3 0x® | 3 Ozt | 3

Now simply substitute into the formula for the Taylor series expansion we get

of (=32 | | (@=3P &f|  (@—3)" dJ
= (3 _3) L ZJ ZJ °J
J@=1®+ =35 T |t a el a et
_ _ L(r—=3)?2 s (x-3)3 _ (z—3)*
=e¢?—e¢P(z—3)+e 3T—e 3T+e 3T
b) find the cubic approximation f(x) around z = —1 of the Taylor series expansion
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140 .
120 e~ T i
100 4
o | (@+1)? _(a+1)? )
60 F e(rx+ T+ e .
40
20 [ o -
0 - — —
_20 1 1 1 1 1 1 1
-5 -4 -3 -2 -1 X 0 1 2 3
As we are working out the Taylor series expansion around = = —1 We have already found £, %,
%, and %. Since the cubic approximation is required, we just need to find out f(—1), % 1
2 3
% :vzfl, and % r=—1
d d? 0?
fe e W@ PIW A (Co] I
de |,_ 4 de? |, _ 4 or3 |.__,
Now by simply substituting these into the formula for the Taylor series expansion, we get
of (x +1)* &f (x +1)* &*f
= f(-1 1) == — —
f@=fEFer Vg T o e T s ),
+1)° +1)°
@) et (r 4 D)(—e)+ & 2, A 5 (e
1)2 1)3
:e_e(x+1)+(x—|—)e_(x—|—)e @
2 6
c¢) Find the value that the quadratic approximation gives for f(—0.9) correct to 4 decimal places and the
percentage error correct to 2 significant figures.
We have already worked out the second order approximation of f(x) around z = —1. In order to
find out f(—0.9) using the approximation of f(z) around = = —1, we need to know the exact value
of r — a.
r—a=-094+1
=0.1
Therefore we obtain z—a = 0.1 which satisfies the condition of |x—a| <« 1. By substituting x = —0.9
into up to 3rd terms of @®, we get
0.1%¢
f(=0.9) =¢—0.1e + = 2.46005 ~ 2.4601
correct to 4 decimal places. Since f(—0.9) = 2.4596, the percentage error is
2.4601 — 2.4596
100 = 0.0203285% ~ 0.020
24506 % %
correct to 2 significant figures.
4) Let
f(z) = cos(e*)
a) find the Taylor polynomial of degree two for about the point x+ = —1 by calculating the appropriate
derivatives.
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Taylor series is written as

0 —a)? 82 —a)3 83 —a)* o
Jla)= o= a_i = 2!a) ax]; v 3!a) axj?j o n!a) (9:1:{;

r=a r=a r=a r=a

First we need to find out 4 and of

Pk

 d{f(@)} _ d{cos(e)} _ d{cos(A)} 4 a e

_ 2z _ _ .. 2
Fa) = cos(erry 5 U dleosle)) deost}, s
_ d{A}d{cos(A)} d{e*} o (2
- 7 B (—sin(A)) = —2¢* sin(e*”)
d{f(z)}
2 d % i (52 2 (02
d’f(z) dx _d{—2¢*"sin(e*)}  d{—2¢*"} sin(e) — 2€2xd{sm(e ”)}
de? dx B dx B dx dx
d{sin(A)} . d{A} d{sin(A)}
A2z 2z — _Jp2x 2\ o, 2%
= —4¢* sin(e*”) — 2e — 4e“* sin(e™”) — 2e I A
= —4¢% sin(e®*) — 2¢* - (2¢*) cos(A) = —4¢*” sin(e*”) — 4" cos(e?*) = —4e**(sin(e*”) + ¢** cos(e**))
Thenwe need to find 2£| and 24| .
= L P
g = 2¢*" sin(e*")| =2 Zsin(e?)
a2_f A e2T (o 2x 2x A~ 2( —2 —2 —2
o 4¢** (sin(e*") + cos(e*"))| __, = —4e *(sin(e™?) + ¢ * cos(e”?))
r=—1

Now by simply substituting into the formula for the Taylor series expansion, we get
of N (z+1)? a2_f
8x 1 2! ox?

fl@)=f=)+@+1) 5=

(r+1)?
21

r=—1

o f(x) =cos(e7?) + (z+ 1) - (—2e 2sin(e™?)) + - (—4e?(sin(e™?) + ¢ 2 cos(e?))) O]

b) the value that the quadratic approximation gives for f(—1.1) correct to 5 decimal places and the percentage
error correct to 2 significant figures.
We have already worked out the second order approximation of f(x) around z = —1. In order to
find out f(—1.1) using the approximation of f(z), we need to know the exact value of x — a.
r—a=-11+1
=—0.1
Thus we obtain x—a = —0.1 which satisfies the condition of |z —a| < 1. By substituting t—a = —0.1
into ®, we get
0.01
f(=1.1) = cos(e™?) — 0.1(—2¢ ?sin(e?)) + T( 4e % (sin(e?) + cos(e™?))) = 0.991461 ~ 0.99146

correct to 5 decimal places. Since f(—1.1) = 0.993868, the error is

0.99146 — 0.993868
0.993868

= —0.00242286

The percentage error is
0.99146 — 0.993868
0.993868
correct to 2 significant figures.

x 100 = —0.242286% ~ —0.24%
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5) Evaluate the expression of 10 +~2 44 - (—5) — 12
10+244-(-5)—12=5+4+(-20)—12=5—-20—-12=5—-32= 27

2¢ — 1

6) Solve for x for < -5

20 —1
-3

<-5; s 2r—-1>-5-(=3); - 2r—1>15; - 2x>15+41; - x>8

7) Solve for z for (2x + 1)* =25

(2 4+1)?=25; . 20+1=425"; - 224+1=45; - 2r=45-1
S 2x=5—-1,-5—-1; . 2x=4,-6; .x=2 -3

8) Solve for x for |2z 4+ 1|+3>7

Re+1|4+3>7; - 2e+1>7-3; - 2z+1>4; - 20+1>42x+1< -4
c2e>4—-12e < —4—-1; - 2x>32x<-5; - x>3/2,2<-5/2

9) Evaluate the following expression

167 — 12(7 — 9)| — |23 — 43|

167 — 12(7 — 9)| — |23 — 43| = |67 — 12(=2)] — | — 20| = |67 + 24| — 20 = 91 — 20 = 71
d
10) Find T of y — s
dz
diyp _ 1
dz T

11) Find out ay,as,a3,a4, and a5 of the following arithmetic progressions.

a) a, =1+4n

- n
c) a,=1+n
a)

a1=144-1=5; ao=14+4-2=9 ; a3=14+4-3=13 ; ay=1+4-4=17 ; as=1+4-5=21

The sequencesis--- 1,5,9,13,17,21,---
b)
1 2 3 4 )

The sequencesis--- 1,1.5,2,2.5,3,3.5---
c) The first five terms of a,,,;1 = 1 + n would be when n = 0,1, 2, 3, 4. Therefore when

a=14+1=2; aa=14+2=3; a3=14+3=4; ay=1+4=5; a5=1+5=6
The sequencesis--- 1,2,3,4,5,6,---
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12) Find out ay,a; and a3 of the following geometric progressions.
a) a, =4"

b) a, =4-(-1)"

c) a, = 2"

a)
ap=4"=4: ay=4>=16 ; a3 =4>=64

The sequences is --- 0.25,1,4,16,64, - - -
b)

ay=4-(-1)'=—-4; ap=4-(-12=4; az=4-(-1)7°=—4

The sequencesis--- 4,—4,4,—4,4,---
c)

a1 =2¢' =2 ; ay=2¢? ; ag=2¢

13) Find the Taylor polynomial of degree three for sin(5x) about the point 2 = 0 by calculating the appropriate

derivatives.
The Taylor series can be written as
B of (x —a)? O*°f (x —a)® O3f (x —a)” O"f
e S TR =l S TR i = R et
where a = 0 because we need the approximation of f about x = 0. First we need to find out g—i, %,
and %
_ o d{f(z)} _ d{sin(5x)} _
f(z) = sin(5x) ; = o = 5cos(bx)
NERNE))! [ TI@)
Pf(x) dx _ d{5cos(5x)} 5 sin(52) | Pflx) da?
de? dx N dx N ©ox3 dx
_d{-5*sin(5x)} 4
— - = —5° cos(bx)
Then we need to find f(0), 2| _ 21 _»and & .
f(0) =sin(5-0) =0 ; % =5c08(52)|p=0 =5 ;
d*f(x) . 0 f(x) 3 3
o —525in(52) |p—0 = 0 ; s —5%cos(hx)|pm0 = —5
By substituting these into Equation (82),
of 2 0? x> O3f
flz) = f(0) + 2 = T R
ZE2 5 3
3
_ =3V
=5r — b 5
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14) Find the Taylor polynomial of degree two for 1 —1x2 about the point x = 0 by calculating the appropriate

derivatives.
Y
10 T T T T T T T
5 = L /J -
O L - N -
5t — 1 9 -
(1—:02) 14+
_10 1 1 1 1 1 1 1
-2 -1.5 -1 -0.5 X 0 0.5 1 1.5 2
The Taylor series can be written as
B of (x —a)? O*f (x —a)® O*f (x —a)” O"f
e = S Tl =1 N Tl 1 A = =t

where a = 0 because we need the approximation of f about = = 0. First we need to find out %, and %

f(.%) _ (1 _ xZ)—l : d{zix>} _ d{<1 ;xx2)_1} _ d{(§;_1}< U £ —332)
_d{u}@{(u)_l}_d{l—:ﬁ}‘ CON=2Y ol (1 2\=2\ _ L o2\=2
= -t (cw)) = —2a(-(1 - 2?) ) = 20(1 - 2?)
) {d{f(x)}}
Pia) N\ de [ d{e(-a)? | d{(1-2)? )20 {27}
de? dx ) __2 dx =2 i dx + (1) dx
_ Zxd{(l :L: )} t2o(l—a?) 2= 21,% F2(1—2?) 2 ul 1 —a?)
= 23:MM +2(1 — 2?)7? = 20(—22) (—2(1 — 2*) ) + 2(1 — 2?) > = 82*(1 — 2*) ™ + 2(1 — 2%) 2
dx ou
Then we need to find f(0), 2| _ , and % .
fO)=1-0)"=1; —d{‘zy)} =20(1 = 2%) =0 =0 ; di{;f) =82%(1 — )7+ 2(1 — 2%) |z = 2
By substituting these into Equation (82),
B of % 0% f
flz) = f(0) + 2 o= _0+§@x:0
—14+0-2+2 %
=1+

15) Find the Taylor polynomial of degree three for cos(z) about the point z = 7 by calculating the appropriate
derivatives.
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_2 1 1 1 1 1 1 1 1 1 1
-3 -2 -1 0 1 X 2 3 4 5 6
The Taylor series can be written as
B of (x —a)? O*°f (x —a)® O3f (x —a)” O"f
e S TRl =l S TR i = R et

where a = I because we need the approximation of f about = = Z. First we need to find out ., &

and % .
f(x) = cos(z) ; d{fli@} = d{czsx(z)} = —sin(x)
d{d{f(fv)}} ; d{de(x)}
2 e 2 _
d J:c(f) B dcix _d{ Zgl(x)} _ cos(a) | aaj;(;c) _ Ccll;c _df 2(;8(56)} _ sin(z)
Then we need to find f (%), & e & ., and &
f(x) = cos(x)]p=z =0 ; d{fly)} = —sin(z)|;=z = —1 ;
di;;(;?) o —COS(CL‘)lx_% —0 - a;fx(;:) _ Sln(fli)‘x—g -1
By substituting these into Equation (82),
T T, Of (x—5)* 0*f (r—5)° O*f
J@)=1(5) +( —§>%x:g+ o o+ A o3,
_ T)\2 _7)\3
:o+(x_g).(_1)+(x 2,2> 0+<x 3!2> 1
P Nt i
=)+

16) Find the Taylor polynomial of degree three for sinh(z) about the point x = 7 by calculating the appropriate
derivatives.
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400 T T r
300 7
200 7
100 [ 7 7
0 ™ —Tr ] ] | 2 ]

100 | (e"=e™) | (x — ) (€7+e ™) | (z—m) -
200 F 2 5 2 + 2! .
-300 | (e"—e™™) | (z—m)(e"4e7T) -
_400 1 1 2 1 3. 2 1

-2 0 2 4 6

X
The Taylor series can be written as
B of (x —a)? O*f (x —a)® O*f (x —a)” O"f
J@=J@t@-ag G| T E e T T e

where a = m because we need the approximation of f about x = 7.

First we need to find out &£, 227{, and g‘%{:
ef—e™ 7"
, et —e  d{f(x)} d{ 2 } e’ e
f(z) = sinh(x) 5 T o 5
d{f(z)} &* f(x)
d e4e”” d ef—e¢~ %
f(x) { dx 7d{ > }7ez—e*m P f(x) dx? 7d{ 2 }7e‘f”+e*z
dz? dx N dx B 2 Qa3 dx n dx N 2
Then we need to find f (), 2| _, 21 ~_»and & .
et e —e " d{f(r)} "+ e
=== =% " “@& ~ 2 |_~ 3
Pf(x) e —e® =T Pfr) e G
dz2 2 |2 7 o 2 | _ 2
By substituting these into Equation (82),
of (v —m)? 0*f (v —m)* O*f
f@=fm+@=—ma o g T a |
=T "4+ (z—m)Pe"—e ™ (x—m)e"+e ™
R Gk 2l 2 3l 2

17) Find the Taylor polynomial of degree three for cosh(2x) about the point z = 7 by calculating the appropriate
derivatives.
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200
150
100

50

50
-100 [

-150
-200

(e — ™) e + e ) (@ — §)?
2(67’—6_7")(:1:—%)3

+ 3 b
-3 -2 -1 X 0 1 2
The Taylor series can be written as
B of (x —a)? O°f (x —a)® O3f (x —a)” O"f
f@=Ja+@=ag | T m e T e
where a = 7 because we need the approximation of f about z = 7.
First we need to find out 22, 24 and 24
22x+e—2x
_ _ QZI + 872x . d{f(l‘)} _ d{ 2 } _ 2223: — 2672% _ 2 —2z
f(z) = cosh(2zx) = 5 ; i o = 5 =e ¢
LAt @)
d*f(x) dx d{e* —e 27} 2 -2
dx? dx dx (e +e) 5
d’f(z)
3 dy—5— 2x —2z
a f(.I’) — de — d{Q(e +e )} — 4(2222 o e—2m)
ox3 dx dx
. T 2 3
Then we need to find f (%), &L -y o __,»and o .
_ 2295 + 6_2:8 o eﬂ + e_ﬂ . d{f(l')} 2z —2x . -
f(m)—TFE— 5 ; e ‘x:g—e —¢
d2f<£€> 2z —2z T -7 83f(:r;) 2x —2z s -7
s =2(e"" +e )|I:%:2(e +e ) pp = 4(e*" —e )|x:%:4(e —e¢ ")

By substituting these into Equation (82)),

_ T m, Of (z—3)* &*f (x—35)° &°f
A A L v P T 7] H S <
T -7 _ T2 _ 73
_ ¢ J;e +(w—g)(e“—e‘”)+—<x 2!2) -2(e’r+e_”)+(3j 3!2) A" =)
" e " T, . - - 7T 2(e" — e ") (x = §)°
= — +(x—§)(e —e ") (" Fe )(m—§)2 3 2
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DAY2
18) For the function

find
a)

1 1

fay) = sin(x) + cos(y)

the Taylor polynomial of degree two about the point (z,y) = (7r —E)
3

3
We are going to use Equation (83) with (a,b) = (%, —%) because we need to find out the approxi-
mation about the point (z,y) = (5, —3)

a | —

2

b _z
hus—E>quat?|)on can be re-written as
[l y) =
T T d{f(z,y)} T d{f(z,y)}
e e e g R
by |@- 3B o By HELED) gy 2Ol }
1 T 30 f(z, Ty 7. 03 f(x,
+3 [(x—? (3(933 ) _— +3@ =)+ 3) ay(axiy) -
SCREIS T = IR R e W
where |z — 7| < 1 and |y + 3| < 1. First, we need to find out {fg;’ y)}, d{fé:;, y)}, dz];(;’ y),
Pf(ay) Py
oyoxr = Oy?
F@) = S5 + oy = ()™ + (eosa)
)} (i) (cos) (i)
) dx dx dx
d{f(z,y)} _ d{(sin(z))"" + (cos(y)) '} _ d{(cos(y)~'} _ Lo _ wy
o 0 = i = —(cos(y)) " (—sin(y)) = (cos(y)) " sin(y)
dif(@y)}
Ef(zy) d{ dr } _ d{~(sin(z))2 cos(x)}
dz? dx dx
— d{ (Sln( )) }COS(Z‘) o (sin(x))*Qd{COS(x)}
dx dx
= 2(sin(z)) " cos?(z) + (sin(z)) ?sin(z) = 2(sin(x)) > cos®(x) + (sin(x)) ™"
2 {2 N
Ff(xy) _ dy _ d{(cos(y))"sin(y)} _ .
Oyox dx dx ’
d{f(z,y)}
Pflay) ) _ d{(cos(y)) 2 sin(y)}
oy? dy dy
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— % sin(y) + (Cos(y))_Qd{SidI;(y>}
= o) sin(y) + (cos(y))*cos()

= 2(cos(y)) " sin®(y) + (cos(y))~

Second, we need to find outf(g,—g),w . %@j’w} . % L
1 (x.y) Pfwy)|
oyor |==3 ~  0y* |7 2
Yy=—-3 y —
-3
T T\ 1 1 d{f(z,y)} _ T\ N _
f(i’ 3) Sin(g) +cos(—§) =1+2=3; dx i N (sm(2>) 2COS(2> =0
d{f(l’,y)} . T\ _ ™ \/3 -
] e (5t (F) <2 () <ava
d?
Bt = (G (5) ¢ n (3 =2 (G e () # m(5)) =
0 f(z,y) 0
0yox i3, N
P f(r,y) ™ -
ayg 12 )) 1

2
=2 (—ﬁ +2
2
2
3
:2*(—%) +2=1242=14

Finally by substituting these into @, we get

fry)=3+0-(z— 2)+2f(y+3) 21|[(37_g)2+2(1‘—g)(y+g)‘0+14~(y—|—g)2]

(r — %) ™

3)2

— 34+ 2V3(y+ =) +

7.
3 5t (y +

b) the quadratic approximation f(x,y) of the Taylor series expansion around (z,y) = (4 ,0)
In order to work out f(x,y) around (z,y) = (¢, 0) , we need to find out a and b in Equation (83).
we get a = L7 and b = 0. This means we are gomg to find out the Taylor series expansion around

(z,y) = (Yr,0) using Equation (83). We have already found d{f(z.y)} d{f(x.y)} &f(z.y)

b 3 2 b
Play) Pfy) “ R
5 87 W previously. Since the quadratic approximation is required, we just need to find
yox )

out f (%71’,0), d{f(z,y)}

dx
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dif(z.y)} & f(x,y) P (x,y) ang 1 @:v)
dy o= © da? o= Y © OyOx 2= R ’ Oy? —
-1
/ (%”70) = <Siﬂ <%W)) +(cos(0)) " = —2+1=~1
—2
d{f;? y)} - . = — (sjn (%ﬂ')) COS (%7‘() — _(_2)2 ? _ _2\/5
d{f;? v) = (cos(0)) *sin(0) = 0
-3 v=0 _1
P () e () ¢ (s (1))
y=20 ,
=2(-2)° (?) —2=-16--—-2=-12-2=—14
825;(;.:5/) L= 0 ; 82];(;'27 y) » -9 (COS(O))ig sinQ(O) + (COS(O))il -1

Now we find f(z,y) using (a,b) = (¥7,0) as follows:

e 11 d{f(z,y)} d{f(z,y)}
f<x7y)_f<67r70)+(x 67T) dﬂj I:%ﬂ_ +y dy z:%ﬂ
y=20 y=0
1 11 ,d*f(z,y) 11 0 f(x,y) K, 0*f(z,y)
o (@ EW) dz? o= ux +2e Eﬂ)y Oyozr o= 1x Y Iy*  |o=1iix

c) the value that the quadratic approximation gives for f ( 7,0.2) correct to 4 decimal places and the
percentage error correct to 2 significant figures.
We have already worked out the approximation of f(z,y) around (x
out f(X7,0.2) using the approximation of f(x,y) around (z,y) =
exact value of x —aand y — b.

x,y ): (4, 0). In order to find
(4w 0) we need to know the

.CL’—CL:E’YT—ETI':
y—b=02-0=0.2

Therefore we obtain (z—a,y—b) = (0,0.2) which satisfy the condition of |z —a| < 1 and |y—b| < 1.
By substituting (z,y) = (%, 0.2) into the degree two of @, we get

11
fogm02) ~~1~ 2v/3-0—7-040.22/2=—1+0.02 = —0.98

correct to 4 decimal places. Since f(5m,0.2) = —0.979644 ~ —0.9796 correct to 4 decimal places,
the percentage error is
—0.98 — (—0.9796)

100 = 0.04 ~ (.041
—0.0796 x 100 = 0.040833% ~ 0.041%
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19)

20)

21)

22)

23)

24)

d)

correct to 2 significant figures.

Find the value that the linear approximation gives for f (19—67r, 0) correct to 4 decimal places and the
percentage error correct to 2 significant figures. We have already worked out the approximation of
f(x,y) around (z,y) = (&,0). In order to find out f(107,0) using the approximation of f(z,y)

around (z,y) = (4, 0), we need to know the exact value of z —a and y — b.
16 11 s

rT—a=—T——n=——

9 6 18

y—b=0-0=0

Therefore we obtain (z — a,y — b) = (—7,0) which satisfy the condition of |z — a| < 1 and
ly — b| < 1. By substituting (z,y) = (1,0) into the degree one of @, we get

16 T
fpgmoy_—y—%@-ﬂqg)_—aw&m1

correct to 4 decimal places. Since f(%’w, 0) = —0.5557 correct to 4 decimal places, the percentage

error is
—0.3954 — (—0.5557)
—0.5557

correct to 2 significant figures.
Evaluate the expression of

x 100 = —28.84% ~ —29%

(V3+6+1)2*+2-1

(V3+64+1)2+2-1=(9+1)2?+2-1=0B+1)?+2-1=(4)?+2-1=16+2-1=8-1=7

d?
Find % of f(x,y) =2® —y® + 6yx® + 2yx — y + 22 + 2°.
d d?
—i%ﬁ@i:3ﬁ+1@x+wy+2+&#; ;—%¥¥226x+my+&wzmx+my
T T
o2
Find % of f(x,y) =sinzy + ¢* —e V.
d 2
Syt =ycosxy +e* ; .. o y) = cosxy — xysin xy
dx 0yox
82
Find M of f(x,y) = ¢ +sinx + coszy.
0y?
d 0?
—{f(w,y)} =e¢ —xsinxy ; .. —f(:U,y) =Y —2? cos Ty
dy dy?
Solve the equation of 3(x + 1) —8 =z + 3

3z+1)—-8=2+3..3z+3-8=2+3. . 3x—2r=3-34+8"2r=8".2r=4

d{y}

Find —=— of y = 2.
in dxoyx

W _,

dx v
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25) Find S oy = 304 2,
dx
d{y}
dx =3
d
26) Find ﬁ of y =12.
dx
d{y}
ZWl
dx
27) Find % of y = (x+1)(z +5).
X
y=at+orts; Lo
dzx

28) For the function )
flz,y) = x7sin (y)
find

a) the Taylor polynomial of degree three about the point (z,y) = (5, %)

254+10(z—5)+(2—5)*—12.5 (?J - 2)2_5(”3_5)'( B 92

100

100

We are going to use Equation 4; with (a, b) = (5, g) because we need to find out the approxima-
tion about the point (z,y) = (5,3
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al|—
b | —
hus Equation (83) can be re-written as

po|y| O

d 5 d ’
f(x,y):f<5,g>+(x—5) {fc(ia; y)}z:i +(y_g) {fc(iz y)};:a

1 P f(z,y) T, 0 f(z,y) T2 f(z,y)
+o | (7 =5 =15 . +2( = 5)(y — 3) oy s +y—3) 0 |e=s ]

31 N e 20wt by
s 283f(1‘, y) m 383f(x,y)
- o7 T @

where |z — 5| < 1and |y — 5| < 1.
First, we need to find out d{f(x,y)}, d{f(z,y)} &flx,y) Pflx,y) *f(x,y) Pflx,y) P f(x,y)

dx dy ©oda? 0 Oyox T oy T 0x3  Oyox?
01wy P Fy)
oy20x -’ oy
fay) = atsin(y) ;- LD Hrsm(y)} o) g, (y) = 2z sin (y)
’ o dx dx dx
)} _ At} dfin)
dy dy dy
d{f(z,y)}
d2f($,y)_d{ dx }_d{ZxSin(y)}_d{Qx} in (y) = 2sin (y)
de? { dx } N dz T Ty SnW T esmy
d{f(z,y)}
d
*f(z,y) dy _ d{z?cos(y)}  d{z*} _
o . = - = — . cos (y) = 2x cos (y)
d{f(z,y)}
Pf(x,y) _ d{ dy } _ d{zcos (y)} _ xQd{COS W)} _ —2”sin (y)
Oy? dy dy dy
& f(x,y)
pres D) azme) ;
0x3 dx dx
*f(z,y)
8 f(z,y) - d{ Dz } _ d{2xcos(y)} d{2x} (y) = 2 cos (y)
oyox? dx B dx T~ ar W Y
0*f(z,y)
d
0 f(2,y) { y? } _d{=2?sin(y)} _df-2} . -
0 = e = o = ———sin (y) = —2xsin (y)
0*f(z,y)
> flx,y) _ d{ y* } _ d {—a?sin (y)} — _xQ—d{sin ()} = —a%cos (y)
oy? dy dy dy
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2
Second, we need to find out f (5,%), W o W o d ];(;’y)
0*f(x,y) - -
Oyox =5 ’
0*f(z,y) 0*f(z,y) 0*f(z,y) *f(z,y) ang 27 (@:9)
oy |e=s Ox3  |e=s ydz? |e=s © Oy20x . ’ Ay ==
TN o (TN _ d{f(z,y)} _ ™ _
f<5,§>—5 sm<2>—25 B N —9 58111(2)—10
d{f(l’,’y)} 2 Q d2f(.l’,y) _ : @ _
a0 .ms =95 008(5)—0 ; = .ms —2sm<§>—2
a2f<x7y) o ™ . 82f(3:,y) 2 i _
oydr =5 =2-5cos <§) ; o |o-s 5” sin <§> =—-25
0 f(z,y) . Py _ ™
O3 |e=s =0 ydx? |==5 = 208 (5) =0
83f(l'7y) T 83f(x,y) 2 n _
3y28x zzi o 2 58111 <§) 10 ’ ayg 1251 - 5 cos (5) N 0

Finally by substituting these into @, we get

f(ar,y)—25+10(x—5)+0~(y—g)+% [2(90—5)2+2(x—5)(y—g)~0 —25@-%)2
+% [0 (=5 +3(x —5)>3(y — g) 0 +3(z —5)(y — g)Q (=10) + (y — g)3 . 0]
=25+ 10(z — 5) + (z — 5)2 — 12.5(y — g)Q Bz —5)(y — 52

2
b) the quadratic approximation f(z,y) of the Taylor series expansion around (z,y) = (3,0)
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/ 0
— : 1
Py + by 2% sin (y) 32
/ 5 4 x
-d -Z -1 U i Y 3_ 6
Y
In order to work out f(z,y) , we need to find out « and b in Equation (83). Since
a=3; b=0

we get a = 3 and b = 0. This means we are going to find out the Taylor series expansion around

d{f(z,y)} d{f(z,y)} &*f(z,y)

(x,y) = (3,0) using Equation 1) We have already found

dx ’ dy Coda?
Pf(ry) Pf(xy) Pflx,y) Fflay) f(z,y) Fflx,y) : .
N R W R W R W, R W and g previously. Since the quadratic
approximation is required, we just need to find out f(3,0), W B , W ) ,
f(,y) 0 f(z,y) ang P @)
dl’2 z=3 ’ ayax =3 ’ 8y2 z=3
y=20 y=0 y=0
£(3,0) = 32sin (0) = 0 ; d{fg;’y)} o =2:3sin(0)=0 ;
y=20
d{fc(fyvy)} ) :32008(0):9
*f(2,y) : P f(x,y) - B
02 - =2sin(0) =0 ; g0 - =2-3cos(0)=6 ;
82f(1:7y) _ 2 .: _
057 : = —3%sin(0) =0
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Now we find f(x,y) using (a,b) = (3,0) as follows:

B g /(@ y)} d{f(z,y)}
1 L f(z,y) P f(x,y) *f(x,y)
5 (a:—:a)?TL_g 2 =3y 5= . Yo OF o=y
=0+ (r—3)- 0+9y+ o [0 324+ 2(x—3)y-6+0-y°] =% +6(x—3)y @

c) the value that the linear approximation gives for f(2.9,7/12) correct to 4 decimal places and the

percentage error correct to 2 significant figures.
We have already worked out the approximation of f(z,y) around (z,y) = (3,0). In order to find out
f(2.9,7/12) using the approximation of f(x,y), we need to know the exact value of x —a and y — b.

r—a=29-3=-01; y—b=m7/12
Therefore we obtain (z — a,y — b) = (—0.1,7/12) which satisfy the condition of |z — a| < 1 and
ly — b| < 1. By substituting (z,y) = (2.9, 7/12) into the degree one of @, we get
s 3T
f(29,7m/12) =9 55 = == = 2.356

correct to 4 decimal places. Since f(2.9,7/12) = 2.17667 ~ 2.177 correct to 4 decimal places, the
percentage error is

29) For the function

find

2.356 — 2.177
—— x 100 = 8.22232% ~ 8.2
5177 x 100 = 8.22232% ~ 8.2%
correct to 2 significant figures.
T
o) =y

a) the Taylor polynomial of degree two about the point (z,y) = (1,1)
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0 25

We are going to use Equation (83) with (a,b) = (1, 1) because we need to find out the approxima-
tion about the point (z,y) = (1,
a|— |1

b|— |1
hus Equation can be re-written as

f(x7y) :f(l,l)—k(x_l)w

where [z — 1| < 1and |y — 1] < 1. , , ,
: : d{f(z,y)} d{f(z,y)} Ef(z,y) Fflz,y) Fflz,y)

F )
irst, we need to find out I , a0 a2 oydr o

fe) = T
) e )l A )

dx dx dx
=142+ (1 4+ 22+ 7)) 2B = (1L + 23 + o) = 3231 + 2 +4%)

=(1+2°+ )1 +2" +¢7) 7 =32 (1 + 2 +47) 7 = (1= 207 + ) (L + 27 +y)

=z(l+2°+ ¢!

-2
-2
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d{(1+2°+y)"}
dy
= —z(1+2° +y*)%(3y?) = =3zy*(1 + 2° + ¢y*) 2
d{d{f(x,y)}}
da d{(1—22° +¢°)(1 +2° +y°) %}

(I+2°+y*) " +ua

d{f(z,y)} _ d{z(1 +2° +y%) 7} _ dfzx}
dy dy dy

& flz,y) _ _
de? dx B dx
_ d{(1 —2z* + ys)}(l P ) (1208 y3)d{(1 +2° +y°) %}
d dx
i —62%(1 + 2% +9°) 72 = 2(1 — 22° + ¢*) (1 + 2° + ) 3(32?)
{d{f(x,y)}}
O*f(x,y) dx _ d{(1 =223 +*)(1 + 23 + ¢y3) 7%}
oydr dy dy
9.3 1,3 d 3 .3\—2
_ d{(1 de ty )}(1+x3+y3)_2+(1 — 208 4 ) {(1+$dy‘|’?/ )~}

=3y (1+2° +¢°) 77 —2(1 — 22° + »°) (1 + 2° + 4*) *(3¢°)
d{d{f(w,y)}}
dy _ d{—=3zy*(1 + 23 + ¢*)7%}

f(x,y) _
Oy? dy dy
_ d{—Sxyz} 3 3\—2 Zd{(l + 2% + yg)_z}
=4 (142" +y°) 3xy a0
= —6zy(1 +2° +9°) "2 + 6y (1 + 2° + ) (397)
. d d ;
Second, we need to find out f (1, 1), M , M ;
de o= dy —le=s
& f(x,y) f(x,y) Pf(x,y)
d$2 = = i ’ ayax z i } ’ 8y2 T i i
]- ]- d{f(xay)} 3 3 3)—2
- = . VI =(1-2+1°)(1+1 1 =0
fL1) 1+13+13 3 dx o=l ( I+ 17+ 1)
d{f(:v,y)} _ _3(1 + 13 + 13)—2 =_-3.32=_31
dy mf}
2
d L’;(l;’ v) = —6(1+1°+1°)7? =21 -2+ 1)1 +1° +1°)7°(3) = —2- 37"
X xz=1
) =1
Fflzy) —3(1 4+ 1P+ 12— 2(1 =24 13)(1 + 17+ 1%)73(3) = 3~
2
w = 6(1+12+13)2+6(01+1°+1%)33)=0
y =1

Finally by substituting these into ©, we get
f(z,y) —3_1—|—O~($—1)—3_1~(y—1)—|—% [-2-37' (2 -1 +2(z—-1)(y—1)-37" 0 (y — 1)?]
=313y -1 +3 e -1)2+3 Yz - 1)y —1)
LDt -ty -1
B 3
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b)

the linear approximation f(x,y) of the Taylor series expansion around (0, 0)

0.4 ., ——"0, o 02
-0.6 0.6 -0.4 ) i
In order to work out f(z,y) , we need to find out « and b in Equation (83). Since
a=0; b=0

we get a = 0 and b = 0. This means we are going to find out the Taylor series expansion around

d{f(z,y)} d{f(z,y)}

revi ly.
T , g previously

d%f (z,9)}
dx

(x,y) = (0,0) using Equation . We have already found

Since the quadratic approximation is required, we just need to find out f(0,0),

voa
d{f(z,y)}
dy o=
d d
dx z=0 d'y z=0
y=0 y=20
Now we find f(z,y) using (a,b) = (0,0) as follows:
d{f(z,y)} d{f(x,y)}
= = &)
fla,y) = £0,0) +2—= . My . x

the value that the linear approximation gives for f(0.2, —0.1) correct to 4 decimal places and the

percentage error correct to 2 significant figures.
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We have already worked out the approximation of f(x,y) around (0, 0). In order to find out f(0.2, —0.1)
using the approximation of f(z,y), we need to know the exact value of x — a and y — b.

r—a=02; y—b=-0.1

Therefore we obtain (x — a,y — b) = (0.2,—0.1) which satisfy the condition of |x — a|] < 1 and
ly — b| < 1. By substituting (z,y) = (0.2, —0.1) into the degree one of @, we get

£(0.2,-0.1) ~ 0.2000

correct to 4 decimal places. Since f(0.2,—0.1) = 0.19861 ~ 0.1986 correct to 4 decimal places, the
percentage error is

0.2 —0.1986
0.1986

correct to 2 significant figures.
30) For the function

x 100 = 0.704935% ~ 0.70%

r+y

o) = oy sinte)

find
a) the Taylor polynomial of degree two about the point (z,y) = (7, 1)
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7T—|—1_|_<7T—|-4>(£U—7T>—|-<—7T—|-2)(y—1)
3 9

N\ 54

‘ : N ‘
* \9 Tr+vy /
7 2+ y + sin(x) 0
° 0.5

7
1.5 Y

0 2

We are going to use Equation with (a,b) = (7, 1) because we need to find out the approxima-
tion about the point (z,y) = (m,

a|—|m
b|— 11
hus Equation (83) can be re-written as

f(x,y) :f(ﬂ,1)+($—ﬂ)d{f(x7y)}‘

dx
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283f($7 y)
0y?0x o= oy?

Y

+3(z —7m)(y — 1)

where |z — 7| < 1and |y — 1| < 1.
d{f(x,y)} d{f(z,9)} Ef(z,y) Of(w.y) Pflx,y)

First, we need to find out

dx dy © o odx?2 7 Oyor T Oy?
f(z,y) = #Jrin(x) = (z+y)(2+y +sin(z)) ™"
Cd{f(z,y)} _ d{(z+y)2+y+sin(z) "}

o dx dx
_ d{(fcd; y)}(2+y+sm(x))_1 N (x+y)d{(2+yzxsm(x)) }

= (2+y +sin(x))™" — (z +y)(2 +y +sin(z)) 7 cos(z)
d{f(z,y)} _ d{(z+y)2+y+sin(z))"'}
dy dy

_d{(@+y)

7 (2+y +sin(z)) ' + (2 + )

= (2+y+sin(z) — (¢ +y)(2+y +sin(z))
d{f(z,y)}
Pfry) d{ da }

dz? dx

_d{2+y+ sin(z)) ™t — (z + y)(2 + y + sin(z)) 2 cos(z) }
dz
_d{2+y+sin(@)'}  d{(z+y)}

o — - (2 + 5y + sin(x)) 2 cos(z)

_d{(2+y +sin(z)) "} (z 4+ y) cos(z) — (z + y)(2 + y + sin(z))

_od{cos(x)}

dz dz
= —(2 4y +sin(z)) 2 cos(x) — (2 4+ y + sin(z)) % cos(x)
+2(2 +y +sin(z)) 3 (z + y) cos*(x) + (x +y)(2 + y + sin(x)) % sin(z)

d{f(z,y)}
d{ dy } d{(2+y+sin(x))™ — (z+y)(2+y + sin(z)) %}

f(x,y) _ _

0yox dx dx
(RS ) RO C237) PR SR ETES: ol
= —(2+y +sin(z)) "t ecos(x) — (2 +y +sin(z)) "2 + 2(z + y)(2 + y + sin(x)) ? cos(x)

d{d{f(:v,y)}}

Pf(x,y) _ dy _ d{2+y+sin(@)" — (x+y)(2+y +sin(x)) "}

0y? dy dy
= —(2+y+sin())” = 2+ y+sin(@) 7 + 2z +y)(2 +y +sin(z))

Second, we need to find out f (r, 1), d{fc(;’y)} s d{féz,y)} -
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&’ f(z,y) *f(z,y) & f(z,y)
dx? pow dyox ToT dy? ST

T+ 1 m+1

fim1) = 2+ 1+ sin(n) T3
d{fc(zf;’ 2 =@+ 14sin(m) " = (m+1)(2+ 1+ sin(m)) P eos(m) = (3) ' + (m+1)(3)
=3-3)7+(r+ 1)) = (r+4)3)7
d{f;:;z y)} =@+ Lsin(m) T (@ + D+ Ltsin(r) T =37 - (w4 1)(3)
o =337 —(r+1)(3) P = (-7 —1+3)(3) = (-7 +2)(3) "
d ];(;2’ v) = —(2+ 1 +sin(7)) 2 cos(m) — (2 + 1 +sin(7)) 2 cos(7)
+2(2+ 1 +sin(7)) (7 + 1) cos?(m) + (7 +1)(2+ 1 + sm( )~ %sin(r)
= (3?4372 +23)P(r+1)=2-3) 2 +2(3) (r + 1)
=6-(3)°+23) (v +1) = 3)*(27 +8)
agy(g;w ==+ 1+sin(m))  cos(m) — (24 1+ sin(m)) " + 2(m + 1)(2 + 1 + sin(w)) "~ cos(r)
N = (3) =322+ )(3) P =9(3) 7 —3-37 4 2w + 1)(3)
—(2r+2+9-3)3) %= 2r+8)(3)7°
0*f(z,y) _ -2

a7 |- : = —(2+4 1 +sin(nm))

—(24 1 +sin(m))” 21 2(m + 1)(2 + 1 4 sin(7))~?
=-32-3242n+1)(3) 3 =-2-324+2(r+1)(3)*
= —6-37342r+1)(3) P =2r+2-6)(3) = (2r — 4)(3)3
Finally by substituting these into @, we get
f) =T @@ - )+ Cr 2B - )+

L [(3)2 @2 +8)(z — ™) +2(x —m)(y — 1) - (27 +8)(3) > + (27 —4)(3) > - (y — 1)?]

21
a4l (A —m)+ (-7 +2)(y - 1)
3 + 9
+(27T+8)(a:—7r)2-I—4(7T—|—4)(a:—7r)(y—1)—!—(27?—4)(3;—1)2

o4

b) the quadratic approximation f(z,y) of the Taylor series expansion aroound (3.57, 1)
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T+ vy

0
/ 0.5
1
14 13 o 11‘ 1(5 1.5
X

35m+1 x—35r (1—-357m)(y—1)
> T T 22

O
o
\e}

(3.5m + 1)(x — 3.5m)% (x —3.5m)(y—1) (7w —2)(y — 1)
a 23 B 22 " 24
In order to work out f(z,y) , we need to find out « and b in Equation (83). Since
a=357 ; b=1
we get a = 3.5 and b = 1. This means we are going to find out the Taylor series expansion around

d{f(z,y)} d{f(z,y)} d2f(x,y),

(xz,y) = (3.5m,1) using Equation 1) We have already found

) ) de dy °  dx?
35(;&), 0 1;(352’ ) previously. Since the quadratic approximation is required, we just need to find
yox Y
d{f(z,y)} d{f(z,y)} &’ f(z,y) *f(z,y)
OUt f(357]-7 1), dx T f ?.571' ’ d’y T f ?.571' ’ de T f ?.571' ’ ayax T f 3.57 ’ and
0 f(z,y)
8y2 a:i113.571-
3.5m+1 3.5m+1 3.5m+1
JEm ) = T en(en) 2511 2

145



c)

d)

= (241 +sin(3.57)) "' — (3.57 + 1)(2 + 1 +sin(3.57)) " cos(3.57) = (2) "

dx z = 3.57
d{fg;’ )i =2+ 14sin(35m) 7 = (357 + 1)(2+ 1 +sin(3.57))
=)' =35+ 1)(2)7% = zy-:(;)—2 — (357 4+1)(2)?=(2-357—1)(2)% = (1 — 3.57)(2) 2
% L —(24 1 4 sin(3.57)) "% cos(3.57) — (2 + 1 +sin(3.57)) 2 cos(3.57)

+2(2 + 1 +sin(3.57)) ?(3.57 + 1) cos*(3.57) + (3.57 + 1)(2+ 1 + sin(3 57?))_2 sin(3.5)
—2

82f(l', ) — _(2)2
ayaﬂ:’ 1211&577
2
0 J;(; v) =@ (22 235+ 1))

=-2(2)2+2357+1)(2) P = —4(2) P +2@B57+1)2) P = (Tr+2—-4)(2) = (Tr —2)(2)*
Now we find f(x,y) using (a,b) = (3.57, 1) as follows:

Fa,y) = F(3.5m1) + (z — 3.5m) 2 {féi’ )i I 1>—d{f£;;’ ks N
& fx 0” 0’
+5 (x — 3.57) J;(xz’w - +2(x—3.57r)(y—1)% . son +(y—1)2% — ]
C35m+1  x—351  (1-35m)(y—1)
T Tt 22
1 [ Bbr+1)(z—35m)? (z—35m(y—1) (Tm—2)(y—1)*
T {_ 22 - 2 " 23 } ?

the value that the linear approximation gives for f(3.57, 1.3) correct to 4 decimal places and the percentage
error correct to 2 significant figures.

We have already worked out the approximation of f(z,y) around (3.57,1). In order to find out
f(3.5m,1.3) using the approximation of f(z,y), we need to know the exact value of x —a and y — b.

r—a=35r—35m ; y—b=13-1=0.3
Therefore we obtain (z—a,y—b) = (0,0.3) which satisfy the condition of |z —a| < 1 and |y—b| < 1.
By substituting (z,y) = ( 7, 1.3) into the degree one of @, we get

f(3.5m,1.3) ~ 5.2481

correct to 4 decimal places. Since f(3.57,1.3) = 5.3459 correct to 4 decimal places, the percentage
error is

5.2481 — 5.3459

5.3459

correct to 2 significant figures.

the value that the linear approximation gives for f(3.6m, 1) correct to 4 decimal places and the percentage
error correct to 2 significant figures.

We have already worked out the approximation of f(z,y) around (3.57,1). In order to find out
f(3.6m,1) using the approximation of f(z,y), we need to know the exact value of z — a and y — b.

r—a=36r—-35m=01lr ; y—b=1—-1=0

x 100 = —1.82944% ~ —1.8%
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Therefore we obtain (z — a,y — b) = (0.17,0) which satisfy the condition of |z — a|] < 1 and
ly — b| < 1. By substituting (z,y) = (3.67, 1) into the degree one of @, we get

f(3.6m, 1) ~ 6.15486 ~ 6.1549

correct to 4 decimal places. Since f(3.6m,1) = 6.00785 ~ 6.0079 correct to 4 decimal places, the
percentage error is

6.1549 — 6.0079
6.0079

correct to 2 significant figures.
31) For the function

x 100 = 2.44678% ~ 2.4%

flz,y) ="y’
find
a) the Taylor polynomial of degree two about the point (x,y) = (3, —5)

5000

-5000
-10000
-15000
-20000

linear approximation(degree 1)
quadratic approximation(degree two)
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irl

Nl
i‘?!#r

J,/

/!
o
2R

g

o

Z

original

linear approximation(degree 1)
quadratic approximation(degree two

-5000

-10000

-15000

-20000

linear apprpximation(degree 1)
original

-

We are going to use Equation (83) with (a,b) = (3, —5) because we need to find out the approxi-
mation about the point (z,y) = (3, —5)
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al— 13

b|—|—5
hus Equation (83) can be re-written as
d d ,
Pl =1 s+ -y LI g gt
1 d*f(x, 02 f(x, 02 f(x,
5 [z =3) J;(; Y - +2(z —3)(y +5) gy(gxy) . +(y +5)° aij; Y .
1 B f(x,y) > f(x,y)
+§ (x —3)° o - +3(x — 3)*(y + 5) I -
20 f(w,y) SO f (1) |
where |z — 3| < 1 and |y + 5| < 1. ,
First, we need to find out d{f(x’y)}, d{f(x’y)}, d f(x’y),
dx dy dx?
Pflx,y) Pflz,y)
oyox = Oy?
fz,y) ="y
AT A G S
o dx dxg}
d{f(z,y)} _d{e"y’} o9
a0 =4 ety
; {d{f(x,w}}
d2f($,’y) _ dx _ d{ea:y?;} — o7 3
de? dx - dx Y
d{d{f(w,y)}}
azf(%y) . dx o d{emy‘?} — 3672
oyoxr dy o dy 4
; {d{f(x,w}}
*f(zy) _ dy _ A3y} .
oy dy dy Y
Second, we need to find out f (3, -5), W’ L W I d2fd(;2’y)
5§ () 54 (a,y)
L
f(3,—5) _ 23(_5)3 : d{f((;;’ y)} . — e3(_5)3
Wy
i 'z35 = 3¢3(—5)?

y=-5
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b)

P flx,y)

30 £\2
T P
an(xay) 3
—8y2 - = 6¢°(—5)

Finally by substituting these into @, we get
f(z,y) = ¢(=5)" + ¢*(=5)* - (x = 3) + 3¢*(=5)* - (y + 5)

tor [e3(=5)3(z — 3)2 + 2(x — 3)(y + 5) - 3¢*(=5)2 — 30¢* - (y + 5)2] -

the value that the linear approximation gives for f(2.9,—4.9) correct to 2 decimal places and the
percentage error correct to 2 significant figures.

We have already worked out the approximation of f(x,y) around (3,—5). In order to find out
f(2.9,—4.9) using the approximation of f(x,y), we need to know the exact value of x —a and y — b.

r—a=29-3; y—b=-49+5
Sr—a=-01; y—0b=0.1

Therefore we obtain (x — a,y — b) = (—0.1,0.1) which satisfy the condition of |z — a|] < 1 and
ly — b| < 1. By substituting (z,y) = (2.9, —4.9) into the degree one of @, we get

F(3=0.1,-5+0.1) ~ —2108.98

correct to 2 decimal places. Since f(2.9,—4.9) = —2138.17 correct to 2 decimal places, the
percentage error is

—2108.98 4 2138.17
—2138.17
correct to 2 significant figures.

x 100 = —1.36519% ~ —1.37%
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DAY3
32) For the function

f(z,y) = " siny
for -1 <z <1 and |y| <« find
a) the Taylor polynormal of degree three about the point (m y) =
We are going to use Equation
tion about the point (z, )

(0,3)
(83) with (a,b) = (0, 7) because we need to find out the approxima-
) = (07 2/
a|l— |0

b|— |3

2 .
hus Equation can be re-written as

f(x,y)zf((),g)Jr wzﬂ +<y—g>%§;y>};a
J% xng_i o (y_g>a;];<f9$2)
+3ac(y—g)2M 2

0y?0x

T =
y =

7.0
+(y— 5)3—?;’ )

INERS

where |z| < 1 and |y —

Pf(x,y) 0°f(z,
0yox

2

| < 1. First, we need to find out dif(z y>} dif(z, y>}, /(. y>,
dx dy dz?
y) Pf(xy) Of(ry) Of(ry) 4O f(2y)

oy ' Ox3 7 Oyoxr? ' Oy20x oy

2 d d exzsiny
flz,y) = siny ; - {féﬂ;w}: { }

- — 2pe”

d{f(xz,y)} _ d{ex siny} = ¢” cosy
dy
- T} B d{29ce””2 siny}
A2 dr N dx
d{QCL’} . d{e”TQ siny} B N 22 .
¢ siny + QQJT = (24 (22)7)e" siny
g @ y)} 2
82f(33ay) . dy — d{e Cosy} = 21‘€x2
oyor dx a dx -
d{f(%y)}}
d3 ——" i
Pf(x,y) { dy S _ e cosy ) — e siny
dy dy
d{de(w,y
PP f(z,y)

B dr2 ) } d {(2 + (2x)2)e*” sin y}
ox3

siny

32

dx -

dx
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A {Chs <2x)2)}e12 siny + (2 + (Qx)Z)M

dx dx
— 8ze” siny + (2 + (22)%)(2z)e” siny
P f(x,y) ,
B f(z,y) B d{ yox } B d{?xe"’ Cosy}
oyox? dx N dx
, d{ e cosy ,
= %ex cosy + Qx{T} = (24 (22)%)e" cosy
P f(x,y) ,
" f(x,y) _ d{ Iy } _ d{—em smy} = —272¢" sin
oy20r dx B dx N 4
f(z,y) ,
O f(w.y) _ d{ Oy? } _d{-etaing} e eog
oyt dy - dy a y
- - d{f(z,y)} d{f(z,y)} d’f(z,y) *f(z,y)
Second, we need to find out (0, 7), — - i o A ooy Oyr |-
Piay)|  Fiay)|  Fiay)|  Piew)| )
Oy? =20 ox3 zzol’ OyOx? z:%, Oy20x zioi’ oy =0
T ot o . W@y
f(0,2)—e sm2—1, I iOl—O
W . By
dy — [z=q 0 da? e=o
0*f(z,y) _o . Py _
dyor  |==o ’ oy? ==0
*f(z,y) _o . Py 0
Oz [==0 T 0yox? |==o
*f(z,y) _o . Py _0
Oy20x =0 ' oy ==

ISERSS

Finally by substituting these into ®, we get

f(x,y)zl—i-x-O—i-(y—g)-O—i-%[x2-2—|—2x(y—g)-0+(y—z)2-(—1)}

2
174 9 T T 9 T3
2.3, _ Ty, T __.ﬂ
—1—3![:5 04323y — 5) -0+ 3a(y — )0+ (y— 3)
1 T
:1 _22_ )2
5002 = (y— 2P)

b) the approximation f(z,y) of the Taylor series expansion of degree three around (0, 0)
In order to work out f(z,y), we need to find out a and b in Equation (83). Since

a=0; b=0
we get a = 0 and b = 0. This means we are going to find out the Taylor series expansion around

2
(x,y) = (0,0) using Equation . We have already found d{f;:;, y)}, d{f;:;’ y)}, d ];(52’ y>,
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Pf(x,y) Pf(xy) Pflay) Pfley) *f(x,y)

3
and 0 J(;(gi»,’ Y)

Oyox oy ' 0x3 7 Oydr? ' Oy20x , Yy ,
findout f(n.0) L@} d{f(x,y)}T i) P
0°f(x,y) O’ f(x,y) O’ f(x,y) ang 1@ y)
o " Jyoa? »=0 T O0y?0x e=0 ’ Oy Je=o
d{f(z,y)} _
f(0,0)—O ’ dr wfg =0
dWewd| ., Rfew|
dy zfg ' dx? zig
0*f(x,y) _qo . Py _0
’f(z,y) _o . Pl 5
03 w=0 T Oydr? w0
O’ f(x,y) _o . Py .
Oy*0x |- =o ’ N
Now we find f(x,y) using (a,b) = (0,0) as follows:
_ d{f(z,y)} d{f(z,y)}
f(xvy)_f(070)+x dx lfg +y dy ng
1 2d2f(I, y) 82f(l‘, y) 282f(I, y)
1 3(93f<$,y) 2 33f(x, y)
+3! T g3 =<0 327y 0yox? =<0
3 3
20°f (2, y) 30°f(z,y)
3 0y?0x »=0 Ty Jy3 »=0
=0+2-04+y-1
1
+o7 (2% -0+ 22y - 0 +y* - 0]
1
+§ [x3-0—|—3x2y-2
1
+3ey® 0+y" - (-1)] =y+ 2 (62°y —y") @

c¢) Find the value that the cubic approximation gives for f(—0.1,

percentage error correct to 3 significant figures.

Oy?

T
Yy

We have already worked out the approximation of f(x,y) around (0, 0). In order to find out f(—0.1,
using the approximation of f(z,y), we need to know the exact value of x — a and y — b.

t—a=-01-0=-0ly—b=——0

10

Therefore we obtain (z — a,y — b) = (—0.1, 5) which satisfy the condition of [z — a| < 1 and

ly — b| < 1. By substituting (z,y) = (0.1, {5) into @, we get
T 1 T T

ot 6(6(_0'1)2(1_0> - (E
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10

%) = 0.312133 ~ 0.31213

previously. Thus we just need to
*f(z,y)

0
0

) correct to 5 decimal places and the

™

10



correct to 5 decimal places. Since f(—0.1, ;) = 0.312122 ~ 0.31212, the percentage error is
0.31213 — 0.31212

0.31212

correct to 3 significant figures.
33) For the function

x 100 = 0.0032039% =~ 0.00320%

flz,y) =¢sinx

find
a) the Taylor polynomial of degree three about the point (z,y) = (0,1)

LTI

2 2
> 2 1 Y

x 1 o3 ,
0 03 1_21

We are going to use Equation (83) with (a,b) = (0, 1) because we need to find out the approxima-
tion about the point (z,y) = (0, I).

a|l— |0
b|— |1
hus Equation (83) can be re-written as
_ d{f(z,y)} d{f(z,y)}
1 2d2f<$,y) 82f($, y) 282f(117,y)
1| 30f(z,y) 2 0*f(x,y)
+§ Ox? ==0 3y —1) OyOx? = =0
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P flx,y)

2
+3z(y — 1) “0y20r

P

T =
y =

x {f(z,y)} &f(zy)
dx ’ dy o oda?

where |z] < 1 and |y — 1| < 1. First, we need to find out d
Of(ry) Of(xy) Of(xy) Of(ry) Of(ry) 40 f(2y)

oyox ~  Oy? T Ox3  Oydx? ’ Oy20x oy’
y .
flz,y) =esinx ; .. dif@y)} = die’sinz} = eym =¢Ycosx
dx dx: dx
d{f(x7y)} — d{ey Slnx} — Sln.’])d{ey} — ey Sinx
dy dy dy
d{f(z,y)}
Pf(xy) dx _d{eYcosx}  d{cosx}
de? dx B dx — ¢ de oo
d{d{f(:v,y)}}
2 Yo : 2
0 f(x,y) _ dy _ d{eYsinx} _ eyd{smx} o cos (= 0 f(x,y))
Oyox dx dx dz 0xdy
g atf (@9}
Pf(x,y) dy _d{eYsinz} o d{eV}
0E a0 = 0 = sin asd—y = ¢Ysinx
L y)
Pf(xy) dx? _d{=¢sinz} d{sinz} |
ox3 dx N dx - dr Teeos
3
P f(z,y) _ Oyox _ d{e¥cosz} _ eyd{cos:v} o sing
Jyox? dx dx dx
d{32f(w,y)}
3 2 y . .
P f(x,y) _ oy _ d{eYsinz} _ eyd{smx} W eosa
oy?0x dx dx dx
@y
P flx,y) 0y? ~d{e¥sinz} . d{e}
ay3 = dy = dy = Sin xd—y = ¢’ sSInx
: d{f(z.y)} d{f(z,y)} & f(z,y) & f(z,y)
Second, we need to find out f(0, 1), I . : i - N - T oyor .-
0*f(z,y) 0*f(z,y) 0*f(z,y) f(z,y) ang 27 (@:9)
Oy |e=o © o Ox? 5=  Oydx? v=0 © Oy20x ==0 ’ Oy |e=o
F0.1) = etsing =0 ; @O a0
2
M =elsin0=0 ; m = —¢lsin0=0
32f(x,y) _ 1 _ . an(ZL‘,y> 1 _
sz?_e cos0=¢e ; a—yQt? =e¢sin0=0
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—83];(96363,3/) . = —elcos0 = —¢ ; 8382(8962) - = —elsin0 =0
—8361;(2968,;;) - =e¢lcosO=c¢e ; 8(y v - =elsin0=0

Finally by substituting these ir:to @, we get
f(x,y)=0+xe+(y—1)-0+%[x2-0+2m( — e+ (y—1)*-0]
+% (2% (—¢) +32°(y — 1) - 0+ 3z(y — 1)%e + (y — 1)* - 0]
—a:e+—[2x( ~ e+ ;[ e + 3a(y — 1)%]
=xe+x(y—1)e—%+%

b) the approximation f(x,y) of the Taylor series expansion of degree three around (7, 0)

—(z —7) — (z — )y + (z — 7)%/6—~(x — m)y?/2

— y
— [ 7 —HF—7 1
- [ 7 (7 -
/ 0.5
! -
L oY
o b
0 1 ‘ L L 2
2 1
x ° ¢ 5 e
eY sin(x)
In order to work out f(z,y), we need to find out a and b in Equation (83). Since
a=7m ; b=0

we get a = m and b = 0. This means we are going to find out the Taylor series expansion around

d{f(z,y)} d{f(z,y)} &*f(z,y)

(x,y) = (m,0) using Equation 1; We have already found

? ) Pfxy) Pf(z,y) ) Pf(z.y) 3()dx oA
Fflx,y) *f(xy) Ff(xy) Fflx,y) f(z,y " f
Th
N R R Y R, R WY ,and ———~ g previously. Thus we just need to
find out f(r, 0), Lt/ v)} a{f(z.y)} Eiy)| Py 9*f(z,y)
T dx wer ’ dy e=n  da? wer © Oyox e=r T Oy? w=r

y=0
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P flx,y) P flx,y) P flx,y) and P flx,y)
ox3 v=r © OyOx? v=m © Oy20x v ’ oy3 v
f(m,0)=e"sinm =0 ; d{fc(lx,y)} =c¢cosm = —1
€T =
2 v
d{féﬂ =e’sint =0 ; dj;(x;w = —¢’sinTr =0
R i A e
2 2
—8 g(g y) =ccosm=—1 ; 9 J;(l; v) =sinTt =0
Yoz |s=; vl
P f(x,y) 0 P flx,y) 0.
_— =—¢cosm=1 ; =—¢ sinTt=0
3 3
aaj;g‘gmy) o =¢cosT=—1 ; 3];(?;703,3;) o =¢sinm =0
y=20 y=20
Now we find f(x,y) using (a,b) = (m,0) as follows:
_ L d{f(zy)} d{f(z,y)}
f([L‘,y)—f(’ﬂ'?O)-f‘(l' 7T) dl’ ﬁzg +y dy wzg
L adf(z,y) Py 2 0% f (2, y)
to |- =0 - +2(x — )y Oydr |s-x O |i-x
1 383f(3:,y) 2 83f(:c,y)
P flx,y) Pf(x,y)
_ 2 ) 3 )
2 .

=0+ (x—7)-(—1)+y 0+%[(m—7r)2'0+2(x—7r)y (1) +y*- 0]
+% [(z—m)% (1) +3(x—7)y-043(x—my* (1) +y*- 0]

= —(o =)+ 5 [-2( — )] + 51 [(o — ) — 3z — m]
=—($—7r)—(:v—7r)y+(x_6ﬂ)3—<x_27r)y2 ®

c¢) Find the value that the cubic approximation gives for f(1.17, —0.1) correct to 4 decimal places and the
percentage error correct to 3 significant figures.
We have already worked out the approximation of f(x, y) around (7, 0). In order to find out f(1.17, —0.1)
using the approximation of f(z,y), we need to know the exact value of x — a and y — b.

r—a=1lr—7=01r ; y—b=-01-0=—-0.1

Therefore we obtain (z — a,y — b) = (0.1w, —0.1) which satisfy the condition of |z — a| <« 1 and

ly — b| < 1. By substituting (z,y) = (1.17, —0.1) into @, we get
—(x—ﬂ)—(x—w)y—l— ($—7T>3 _ (x—ﬂ')yQ

6 2
0177 0.1m(—0.1)2 0.0017
 0dm— 017 (—0.1) + 6”) - ”(2 Y o1+ 001m+ 29 6 6005n
0.0017 0.0017
= (~0.1+0.01 - 0.0005)7 + — L 0.09057 + ——— = —0.279146 ~ —0.2791
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correct to 4 decimal places. Since f(1.17,—0.1) = —0.279608 ~ —0.2796, the percentage error is
—0.2791 + 0.2796
—0.2796

correct to 3 significant figures.
34) For the function

x 100 = —0.178827% ~ —0.179%

fla,y) =3
find
a) the Taylor polynomial of degree three about the point (z,y) = (1,0)

200
150
100

50 F

-50
-100
-150
-200

3-2

We are going to use Equation (83) with (a,b) = (1,0) because we need to find out the approxima-
tion about the point (z,y) = (1,0).

al| — 1|1
bl —=10
hus Equation can be re-written as
d x, d x,
T ez dy o=
1 2d2f(56',y) 62f(m,y) 262.]0(‘177y)
+2! (x=1) dx? =1 2z —1) Oyoz e Y 0y? o
1 383f(.'1,', y) 2 83f(l’,y)
NET v W ke B
PP f(x,y) P f(x,y)
_ 2 9 3 9
+3(x — 1) D520 - +y By - @



where |z — 1| < 1 and |y| < 1.
d{f

First, we need to find out

y)} d{f(z,y)} &f(x,y) *f(x,y) O*flx,y) Pflx,y) & f(x,y)

(z,
de dy o oda? 0 Oyox T Oy T OB
Piey) | 0
oy20x oy3
fla,y) = >3
LAUED) ) 1)
2xQy Y
d{ffil; y)} _ d{edyB } _ 621;%2} — e23633/ In3
d{d{f(w,y)}}
cf(z,y) _ da _ {23y ) ) e
dz? dx a dx n de ¢
d{f(z,y)}
O*f(z,y) dy d{e**3¥In3} - d{e*} )
Y) _ - — 33T T g guer)
e T I 3YIn3 Ir 37¢**1In 3

2 {d{f(x,y)}} 2
9 J;(ya; y) _ dczi/y _ e ;Z 3} _ o 1n3%3;} — 2(In3)%3Y
d{d2f(:v,y)}
aaf@;y):: A2 ::d{4.3y8$}::4.3y§iifi::8'3ygx
ox3 dx dz dx

& d{m} d{2- 37> n3 d{e

d{é)?f(l;, y)} o N
y _ {337 (1n3)23yM = 2(In3)23ve2"

Pf(x,y) _
oy20r dx dx dx

p {82f(:v,y)}

O f(x, Oy? d{e**(In 3)23¥ . d{3v .

a(;; y) — d:fyy — {2 (dr; ) } — 62 (111 3)2 ij} — 82 (111 3)33y

d{f(z,y)} d{f(z,y)} & f(z,y)

dx y dy e=1 © dx?

0*f(x,y) 0°f(x,y)

Jyox? Oy

Second, we need to find out f(1,0),

P f(x,y) > f(z,y)
oy? - O3

x 1
Yy 0

d{f(z,y)}
dy

0*f(z,y)
Oyox

=1 8y2

x
y=0 y

P f(x,y)
oz?

P flx,y)

oyox? ’




63f(x,y) _ 260.,2 _ 2.9 . 33f(x,y)
020r | =2(In3)*3"%* = 2(In3)%e" ; o

y=0

=¢*(In3)*3% = ¢*(In 3)*

1
0

< 8

Finally by substituting these into ®, we get

1
flzy) =+ (x—1)-2% +y-e*In3 + o [(z—1)*-4e* +2(z — 1)y - 2¢°In3 +y* - ¢*(In3

)’]

1

+3 [(z—1)°-8e* +3(x — 1)*y - 4In3¢” +3(z — 1)y* - 2(In3)%* + y* - ¢*(In 3)"]

¢?(In 3)%y?
2

e?(In 3)3y?
6

=2 +e(2h(z — 1) +yIn3) +2e*(x — 1)* +2(z — 1)y - *In3 +

4 2 -1 3
—l—% +(z — 1) -2e*In3 + (In3)%*(z — 1)y* +

b) the quadratic approximation f(x,y) of the Taylor series expansion around (0, 1)

3+ 6z + (3In(3))(y — 1) + 627 ‘
Lo (61n(3)z(y — 1) + 1.5(In(3))(y — 1)7f

150
100
50
0
3
2
]
-2 0
1
0 1 1 Y
2 -2
X 3 e
In order to work out f(x,y) , we need to find out a and b in Equation (83). Since
a=0; b=1

we get « = 0 and b = 1. This means we are going to find out the Taylor series expansion around
(z,y)} d{f(z,y)} &f(z.y)
de dy °  da?

(z,y) = (0,1) using Equation 1) We have already found i/
Of(xy) Of(xy) Fflay) Py Pfley) o P fy)

iouslv. Si h .
oydr ' Ok ' 0 0yor2 ' 0201 oy previously. Since t equac2!rat|c
approximation is required, we just need to find out f(0, 1), /)t , d{flz.9)} , f(@.y)
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2 2
Ty gng Z1EY)
Oyde | o5t o=
F0.1) =031 =g, W@V o a0 g
2
d{f(%,y)} —80311[13:31113 : df(l',y) — 4 3130:12
52f($ay) o 1.0 o . 62f($ay) 0 2601 _ 2
Wt? =2-3¢n3=6In3 ; 9y .o =¢ (In3)°3" = 3(In 3)
Now we find f(x,y) using (a,b) = (0,1) as follows:
_ d{f(z,y)} d{f(z,y)}
1 2d2f<x7y) an(.T, y) 282f<$,y)
+2! R #=0 2y -1 Oyox r=0 =1 dy? = =0

X :
=3+6z+(y—1)-3In3+ o [122% 4+ 22(y — 1) - 6In3 + 3(In3)*(y — 1)?]
=34+62x+ (3In3)(y — 1)+ 622+ (6In3)z(y —1) +1.5(In3)*(y —1)> @

c) the value that the linear approximation gives for f(0.1,0.9) correct to 4 decimal places and the percentage
error correct to 2 significant figures.
We have already worked out the approximation of f(x,y) around (0, 1). In order to find out f(0.1,0.9)
using the approximation of f(z,y), we need to know the exact value of x — a and y — b.

r—a=01-0=01; y—06=09-1=-0.1

Therefore we obtain (r — a,y — b) = (0.1, —0.1) which satisfy the condition of |z — a|] <« 1 and
ly — b| < 1. By substituting (z,y) = (0.1,0.9) into the degree one of @, we get

£(0.1,0.9) =346z + (3In3)(y—1) =3+6-0.14 (3In3) - (—0.1) = 3.6 — 0.3In 3 = 3.27042 ~ 3.2704

correct to 4 decimal places. Since f(0.1,0.9) = 3.28298 ~ 3.2830 correct to 4 decimal places, the
percentage error is

3.2704 — 3.2830
3.2830
correct to 2 significant figures.
35) Find f(2) when f(z) = In ‘%‘ pat 12,

x 100 = —0.383795% ~ —0.38%

f(2)zln\§|+23+12:1n|4\+8+12:1n]4|+20221n|2\+20

36) Simplify
<a5b20)0<4a2b3)2
8a3b?

(a5b20)0(4a2b3)2 B 1 ~42a2X2b3X2 B 16a4b6
8ab? B 8ab? 84’

= 273573 = 20103 = 2ab®
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37) Find f(m) when f(z) = cos 2z + sinz + 4 tan 2z

f(m) =cos2m +sinm+4tan2nr =1+0+4x0=1

38) Simplify

(5 — z(5 — 2) + 3z)?

b—2(5-2)+32)*=(5—-2(3)+32)*=(5—3x+37)* =5

25
39) Solve the following equations
r+2 -3 :v+2
6 3 6
2 -3
xg _:703 %—1—2; Sr4+2-2x—-3)=c+12; . rx+2-20+6=a+12
Sr—2r—r=12-2-6; . 2x=4; . x=-2
40) Solve the following inequalities
—4<2r—-4<2
—4<2x—4<2; - —4+4<2x<244; - 0<2x<6; 0<2x<3
41) Simplify
| —5-3]
|—5-3|=]-8/=8

42) What is the summation from the first term to infinity of the sequence : 2,1,0.5...

From the sequence we can tell that » = 0.5 a = 2. Therefore using Equation (81) we get.

2
Seo=—=4
0.5
43) What is the summation from the first term to infinity of the sequence : 8,2, 7, 1...
From the sequence we can tell that » = 0.25 a = 8. Therefore using Equation we get.
8
o =———=232/3
S 1-0.25 /
44) For the function
f(z,y) =logy x + cosy
find

a) the Taylor polynomial of degree three about the point (z,y) = (2, 75)

162



N

LIt

(z—2)?
SIn2 T 24m2 T

(z—2)*

3.5

We are going to use Equation (83) with (a,b) = (2, 7) because we need to find out the approxima-

tion about the point (z,y) = (2, 7).

a|— |2
b|— 1|75
hus Equation can be re-written as
4o T oSz y)} _md{f (=)}
faw) =@ 5)+@=)=E | - T
1 2d2f($,’y) T 82f(:v,y) m 282f(l‘,y)
1 3(93f(:x,y) 2 ™ an(CC,y)
LT i oy 3@ =2 = ) 50 -
. . z 283f(x,y) _ z 383f(x7y)
B3, te- s, | O

where |z — 2| < 1 and |y— | < 1.
d{f(x.y)} dif(e. v Ef(z,y) Pf(zy) Pfla,y) Pflry) Pflz,y)

Fi fi
irst, we need to find out =’ dy A2 oydr | 0y o8 ' oyoa?

P flx,y) P flx,y)
oy20x ’ and oy3

f(z,y) = logyx + cosy
' cl{f(:v,y)}:cl{log2zlc—i-cosy}:cl{logQ:zc}_f_al{cosy}:d{ﬁ—;7 Ozid{lnx}: 1
. dx dx dx dx dx In2 dx xIn2
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d{f(x,y)} _ d {log, x + cosy} _ d{log, x} n d{cosy} _
dy

dy dy dy —smy
g atf(z.9)}
f(w,y) dx _d{gmt tdfey 1,
dz2 dzx - dz " In2 dr = In?2
[ )
flz,y) dy _d{-—siny} 0
0yox a dz a dx a
p d{f(z,y)}
Pf(x,y) dy _d{-siny} eos
oy dy N dy N 4
q P f(z,y)
Pfley) L de? [ _dizpgery _ 1d{a?} 2
oxd dz N dzx  In2 dx ln2x
Pflx,y)
Pflx,y) oyor | d{0} 0
oyox? dx dr
d an(x7y)
Pflxy) dy? _d{—cosy} 0
oy20r dx N dx N
q O f(x,y)
Pflxy) dy? _ d{zcosy} _
oy dy Ty
, - d{f(z,y)} d{f(z,y)} & f(z,y) *f(x,y)
Second, we need to find out (2, 7), I - , i - T - " Dyor -
O*f(x,y) P f(x,y) P f(x,y) P f(x,y) and P f(x,y)
oy |e=2 023 r=2 © Oyox? z=2 Oy*0x |o=2 ’ oy |r=2
T _ Cd{f(z,y)} 1
f(2,§)—log22+cos——1+0—1 : I ems = 53
d{f(l‘, y)} ™ d2f(l',y) 1 —2
dy  Je=r TN o Lo T T2
O flx,y) P flx,y) _ T
Dyo - =0 ; e - = 0055—0
03f(x,y) — i -3 03f(x,y) — 0
ox3 r=2 In2 Oyox? 2=z
O f(x,y) O f(x,y) LT
0y20x ==2 =05 oy’ w=2 s1n§—1
Finally by substituting these into ®, we get
T
flz,y) =1+ (93—2)21n2 + (y — 5 (=1)
1 N2t 52 .
+5 {(x 22 (—=27) +2(a



-I-% (:5—2)3.%2—34-3@—2)2@_g),o _|_3(x_2)(y_g)z_o_i_(y_g)g_l]

(x—2) T (=27 (z-27° (y—73)°
oz Y9 T sme T ame T 6

=1+

b) the approximation f(z,y) of the Taylor series expansion of degree three around (1, %)

0.5
X
In order to work out f(z,y) around (1, ) , we need to find out « and b in Equation (83). Since
a=1;b=7

we get @ = 1 and b = 7. This means we are going to find out the Taylor series expansion around

dﬁwwﬂfﬂﬂ%w}dW@w[

(x,y) = (1,Z) using Equation . We have already found P & dr
0

g
Pflxy) Pflx,y) Fflx,y) x,y) 0°f(x,y) mwéﬁﬂzy)

oyox °  Oyz ° 0x3 O Oydx? ’ Oy?0x oy
indout .5 AUG@0)| AUl Prew)  @few)| @
rar dx s=1 ’ dy s=1 dx? =1 Oydx  |a=1 Oy?
*f(z,y) *f(z,y) *f(z,y) ang 1 (@.9)
Ox?  |a=1 YOz |==1. Oy*0x |==1. dy>  fe=1
r R R LT
f(1,4)_10g21+cos4—0+ 5= 75 . - =15
d{f(z,y)} N S SN A €Y ) 1
dy p=1 4 2 dx? e=1 In2

previously. Thus we just need to



0*f(z,y) o LIy s b
Oyor |;=n 7O e 4 V2
Ff(z.y) 2 flzy) 0
Ox® =1 In2 YOz |==1.
3 3
83 f(x,y) _0 P flz,y) oL
Iy*0x =1 dy> o=t 4 V2
Now we find f(z,y) using (a,b) = (1, 7) as follows:
o T S (=)} m d{f(z,y)}
1 ngf(&?,y) ™ 82f<l’,y) n Qan(x7y)
1 . 3a f(l',y) 2 o ™ 83f(:v,y)
+§ ( 1) 023 — +3(l’ 1)( Z) ayaxz =1
vy T8 f(ry) T30 f(2,y)
1 1 T 1
:E+(x—1)~m+(y—z)-(——2)
LI P L STV e b
b o= 1P (i) 2= D= )0 4= TP ()
L R 102y Ty.0 4 T b
3 [(m 1) 1n2+3(m 1)*(y 4) 0+-0+(y 4) 1112}
RIS W e S At ek d S At (O Uk
V2 In2 V2 21n 2 1/2 31n2 61n 2

c) the value that the cubic approximation gives for f(0.9, %) correct to 4 decimal places and the percentage
error correct to 2 significant figures.

We have already worked out the approximation of f(z,y) around (1, 7). In order to find out f(0.9, ¥)
using the approximation of f(z,y), we need to know the exact value of x — a and y — b.

T T 2 3 T
C4=09-1=-01: y—b=s_T_20_°T__T
r-a=09 0-15y 6 4 12 12 12

Therefore we obtain (z — a,y — b) = (—0.1, —f5) which satisfy the condition of |z — a| < 1 and
ly — b| < 1. By substituting (z,y) = (0.9, §) into @, we get
Lol y-f @12 -3 @-1)t (-9
V2  In2 V2 2In2 2v/2 3In2 61n2
1 (=01) (%) (=012 (=%) (=012 (=%)°

T4 2 8 2m2  2y2 | 3m2 | 62
101 T 0.005 m? 0.001 m
T2 2 125 2 2882 32 1036812
=0.711714 ~ 0.7117
correct to 4 decimal places. Since (0.9, ) = 0.714023 ~ 0.7140, the percentage error is
0.7117 — 0.7140
0.7140

x 100 = —0.322129% ~ —0.32%
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correct to 2 significant figures.
45) For the function

1
= — 1

find
a) the Taylor polynomial of degree three about the point (z,y) = (0,1)

w+y+w2_w_|_w3+(y—31)3 (1—=x

We are going to use Equation (83) with (a,b) = (0, 1) because we need to find out the approxima-
tion about the point (z,y) = (0, I).

a|l—10
b|— |1
hus Equation (83) can be re-written as
_ d{f(z,y)} d{f(z,y)}
1| 2d*f(z,y) 0*f(z,y) 0% f(z,y)
STl - +2z(y — 1) By |s-o +(y—1) R
]- 383f(x,y) 2 an(CC,y)
+3! [a: 0x3 o= 3y —1) OyOx? =<0
*f(x,y) 0’ f(x,y)
o 2 9 - 3 9
T3y = 1) e . R - @

where |z| < 1and |y — 1] < 1.

d{f(z.y)} dif(zy)} Ef(ry) f(xy) Pflzy) Pflr,y) Ff(zy)

Fi fi
irst, we need to find out . dy ' dr®  Oyoxr ' Oyr ' 0% ' Oydx?
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Oy?0x oy?
fle.y) = 7 +lny
Cd{f(y)}  d{Zz Ay} d{(0 -2} d{ny} d{u}o{u'} 4
. dx B dx B dx * c%x _} dr  Ou 00 u=1-a)
dil—z 2y (2 = (] — )2
= ) = (u ) = (1)
A{f@y)} _dics oy} d{s5}  d{ng} 1
dy dy dy dy y
[ttt}
flz,y) dx _d{l-2)"? d{u}o{u?}
de? c‘l{x , N dx  dx ou
d{l —=x _ _ _
- ) - oty -2y
Wt} -y,
e e A0 L
oyor dx dr
d{d{f(x,y)}}
Pfry) dy Cd{yy
oy dy dy Y
d{de(I,y)}
Pfle,y) dz? Cd{2l—2)7?}  d{u}o{2u"?}
oxd dx N dx  dx ou
d{l—=x
= —{ldx }(—6u—4) = —(—6u!)=6(1—z)"
d{82f(w,y)}
B f(z,y) Oyox _d{0} 0
Oyox? dx dr
d{f?zf(x,y)}
*f(z,y) Oy? di-y} _
Oy?0x dx N dr
d{82f(w7y)}
> f(z,y) Oy? d{-y} _, -
oy3 dy dy
Second, we need to find out (0, 1), d{fc(;;’ )i ) d{f;z, )i ) ,dQJ;(Zz’ v) ) ’8253523)
Pow)| Py Sy Piay| g Pren|
0y? ”i(f, o3 r=0 Oyoa? |a=o’ Oy*0x v=0 oy3 v =0
_ _ o df(zy)} Ly
JO.) = s +ll=140=1; =2 - (1-0)2=1
d{f(z,y)} L &) 5 _
dy  |a=o T .o =2(1-0)7 =2




N W A~

-3

82f(:c,y) —0 - 82f(l'ay) 1—2 =_1
0yox z=0 ’ y? =0
P f(x,y) 4 P f(x,y)
B3 - =6(1-0)"=6 Dy - 0
3 3
(9f(x,y) 0 : af('r7y) :2.1—3:2
0y20x |z =0 Oy*  Je=o

Finally by substituting these into ®, we get

f(x,y):1+a:+(y—1)+%[29[;2+2$(y—1)~0—(y—1)2]
—I—l [62° +32*(y — 1) - 04 3z(y — 1) - 0+ 2(y — 1)?]

3!
—1)? —1)3
:1+x+(y—1)+x2—(y2) +x3+(y3)

—1)2
:x+y+x2——(y Loy

b) the approximation f(x,y) of the Taylor series expansion of degree three around (—1,2)

oy ) /’v/i‘/././i’ Ly + ()

- g 7 7 71 , ' -,

§+ln/ —|-2_2(a:—|-1)—|-%(5—/‘{)l/
273z +1)2 — 273(y — 2)2 + 274 (2 + 1)34 2 2)°
25 2

15 z

x 1 03 ,
Y 1_21

In order to work out f(z,y) around (—1,2) , we need to find out « and b in Equation (83). Since
a=—-1; b=2
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we get a = —1 and b = 2. This means we are going to find out the Taylor series expansion around

d{f(z,y)} d{f(z,y)} &f(z,y)

(x,y) = (—1,2) using Equation 1) We have already found

dx ’ dy Coda?
Pflry) Pflry) Pflr,y) Pflay) Fflx,y) Pflry) -
oydr 0 {, ( 895)3} : ayaxZ{ ,( 8y)2}8x ,andmprewouslzy. (Thu?wejustnefdto
. B d{f(z,y d{f(z,y d*fz,y Ff(x,y O f(z,y)
findout f(—1,2), —= == Ty | TAE e Byl e 02 o
> f(z,y) *f(x,y) *f(z,y) ang 27 (@:9)
axg :vf—l ’ aya.CEQ zi—l ’ ayan ziz—l ’ ay?’ zf2—1
iy Y 1 . dif(@y)} 2 o2
f( 1,2)—1_(_1)+1n2—2+1n2 ; Fra =(1—-(-1))2=2
d{f(l‘,y)} _1 . de(x,y) s -3 __ -3 __ o—2
e e Tt
& f(x,y) . Py _ g
ayal‘ ch;l ’ 8y2 ngl
83f($, Z/) _ —4 _ -3 . 83f<x7 y)
a5 - =6(1—(-1)"*=3-27"; “g0n? - =0
P f(z,y) o Pfay) 3 _ o2
8y261’ zi;1 _O ’ 8y3 zi;1 _2 2 _2
Now we find f(x,y) using (a,b) = (—1,2) as follows:
d{f(z,y d{f(z,y
faw) = £+ @rn DI g TSI
y=2 y=2
&’ f(z,y) *f(z,y) *f(z,y)
2 ? ) 2 )
y=2 y=2 y=2
1 383f($, y) 2 (93f(x, y)
+5 [<x+1> Sl IR CR R VTR b e I
y=2 y=2
> f(z,y) f(x,y)
2 ) 3 )
y=2 y=2
1 1 1
=§+ln2+2_2(m+1)+§(y—2)+§[2_2(x+1)2—|—2(w—|—1)(y—2)-0—2_2(y—2)2]
: !
o [3:272@+1)° +3(@+1)*(y—2)-0+3(x+1)(y—2)*-04+272(y — 2)°]
1 —3(,, _ 9\3
:§+ln2—|—2_2(:1:+1)+%(y—2)—|—2_3(:p+1)2—2_3(y—2)2+2_4($+1)3+% @)

c¢) the value that the quadratic approximation gives for f(—0.9,1.9) correct to 5 decimal places and the
percentage error correct to 2 significant figures.
We have already worked out the approximation of f(z,y) around (—1,2). In order to find out
f(—0.9,1.9) using the approximation of f(x,y), we need to know the exact value of z —a and y — b.

z—a=-09+1=01;: y—b=19-2=-0.1
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Therefore we obtain (z — a,y — b) = (0.1

—0.1) which satisfy the condition of |z — a| < 1 and
ly — b| < 1. By substituting (z,y) = (-0

, 1. ) into degree two of @, we get

N=)

1 1
§+ln2+2_2(:£—|—1)+5(y—2)+2_3(x+1)2—2_3(y—2)2
1 1
=35+ In2+272.(0.1) + 3 (—0.1)+27%.0.12 =272 . (—0.1)?
1+12+1 1 0.01 001
= — n —_—— — _—
2 40 20 8 8
2o+12+1 2
_ A e 22
40 40 40
19
= +In2
g T
= 1.16815

correct to 5 decimal places. Since f(—0.9,1.9) = 1.16817, the percentage error is

1.16815 — 1.16817
0815 x 100 = —0.00171208% ~ —0.0017%
1.16817

correct to 2 significant figures.
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DAY4
46) The current, I, is given by
I(V) = I;sinh(V)
where V' is the applied voltage and I, is a constant. If the operating voltage is given by V, = 7 (measured in

Volts), find a second order Taylor approximation for /(1) about this operating voltage.
A second order Taylor expansion for (V') about V' = 7 is

dl V —m)? d?1
I(V):[(ﬂ')-i-(v—ﬂ')w +%m
V= —= V=

We now need 4L and 1.

I(V) = Isinh(V) = [, — 5 —
dar / eV +eV

av 2
*I I eV —eV
ave 9
Therefore
1% v V)2 v v
[(V) = Isinh(m) + (V —m) L& T8 (V—m) i
2 V= 2l 2 V=m
s -7 P V_ 9
= [, sinh(7) +[S—e +2€ (V —7) +]se 22 ( 2'7T)

V —m)?

= I;sinh(m) + I cosh(m)(V — ) + I sinh(n) ( 5
47) The current, I, is given by
I(V,t) = ¢ cos(wt)

where V' is the applied voltage and ¢ is time. Find the term in V3 in the Taylor series expansion around
t=0,V =0. .

o 1 0°1 :

The term that has t>V3 in it must be the term — ;Cy,——— t2V* as the overall order is equal to

5! at2oVv3 $=0.V=0

5. Therefore

I(V,t) = ¢ cos(wt)
1
% = —we " sin(wt)
2
1
% = —w?e ™ cos(wt)
83] . ( 1) 2 _V £ = 2 -V t
vae — (L cos(wt) = we™ " cos(wt)
o N
SV —w?e™" cos(wt)
oI
SvgE — W V cos(wt)
Wh hi ! i 23
en we put this into — o 50287528\/3 t°v
t=0,V=0
1 5Cow?e ™V cos(wt) V3 = 502w ¢ cos(w0)t?V? = L o4 WAHAV? = ichtQV3
51 oy —o 51 5.4.3-2-12-1 12
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48) The current, I, is given by

eV
I(V,R) = —

( Y ) R
where V' is the applied voltage and R is a variable.

a) Find the second order Taylor series for / around V' =0,R =1
The first derivatives of I are

or v
oV R
o .,
R ¢’ R
The second derivatives of I are

9’ ¢V

av? R
0’1
_ 2 1% 3
OR? s
82
OROV
We evaluate these derivatives at (V, R) = (0,1) as follows.

ol
ol
aR (V,R)=(0,1)
o1
ov? (V.R)=
82
OR?
0*I
OROV

—¢VR™2

(V,R)=(0,1)

=1
(V,R)=(0,1)

Therefore

oI

HV.B) = 10,1+ (V = 0) 55|

1
2

82

(V —0)? EVE

Lo —oyr—1)- 2t

-1

=1+V—-R+1+= [V2—2V( -1)—=(R-1% =24V —-R+ [VQ—QV(R )—(R—1)2}

b) Using the series estimate /(0.1,0.9) and compare it with the exact Value of 1(0.1,0.9)

We substitute V = 0.1, R

1
1(0.1,0.9) ==2+0.1—-09 + 5 (0.1 —2-0.1(0.9 — 1) — (0.9 — 1)*] = 1.21

\%4 01

1
= 0.9 into the second-order Taylor series we found in question [484]

If we work it out manually using /(V, R) = it becomes 1(0.1,0.9) = — = 1.22797 Therefore the

R 0.9

two results differ by 0.0179677.
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integralsem?2all.tex

1) DAY1
2) A curve is defined by z(t) = ¢ + sin(¢) and y(t) = 1 + cos(t).
Sketch this curve for —m < ¢ < 7. Find the length of this curve for —7m <t < 7.
Hint: you may need to use the trlgonometrlc formulae:
cos?(t) + sin(t) = 1 and 1 + cos(t) = 2 cos? (t/2) and cos(A — B) = cos Acos B + sin Asin B

o x|y | —m —m 0| -5 | -n/2—-1]1
When t = %F where n = —2 ~ 2, we obtain 0 02| = rYCESEE p- - 0

Based on the table, the curve should look like the figure.

o
[\

05

0 il . . . . . T
-3 -2 -1 0 1 2 3

The length of the curve, L can be obtained by doing

SR(CORCOE

We now need d{z} and d{y}.
dt dt
x(t) =t +sin(t);.. d;{gf} =1+ cos(t)
y(t) =1+ cos(t);.. d;{lij} = —sin(?)

L= Tr\/l—l—cos()) + (—sin(t))2dt = /\/1+0082 ) + 2cos(t) + sin?(t)dt = /\/2+200s t)dt
/\/ (1 cos())dt — /\/2 2 cos2(t/2)dt — /2cos(t/2) 2 [2sin(t/2)]", = 4[1 — (=1)] = 8

3) A cone is generated by rotaing the curve y = cosh(x) + 1 about x-axis through 27 radians from = = 0 to
x = 1. Calculate the suface area of the cone (excluding the two ends). Surface area is

/0 1(27Ty)\/0l9627+0ly2
:/01(27Ty) 1+ (dc‘g{})Qdm
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v o=z d{coshz} " —e¢"

Since coshz = & +2€ . Therefore the surface area is

d{y} 2 1 ef — o 2 1 \/ e2x + e—2x —9
—Z= ) dx = 2 1 dr = 2 14—
i + ( I ) T /0 (2my) + 5 T /0 (2my) + 1 dx
4 2z —2r 9 1 2z 2 1 2z —2z 2)
:/ (2 y)\/ re +e d:p—/ (2wy)\/de:/ (2ﬂy)\/udx
4 0 4
—m 1 x —x T —x
27Ty \/ e +e dx—/ (2my) x dx—/ (27?(e +2€ +1))-e +2€ dx
0

1
= e +e " 42)- +e‘x)da::z/ ¢ f e 4 2+ 2" 4 2¢ Yd
2 0 2 Jo
2z —2x 1 2 _92
T |e ¢ T e 4
= |— = 20+ 26" — 27| == |— ——— 4242 —2!
2{2 2+x+e e}o 2{2 2++e e}

4) A curve is defined by z(t) = 4 cos(t) — cos(4t) and y(t) = 4sin(t) — sin(4t).
Sketch this curve for 0 < ¢ < 27. Find the length of this curve for 0 <t < 27.
Hint: you may need to use the trlgonometrlc formulae:
cos?(t) + Sln 2(t) =1 and 1 — cos(t) = 2sin*(#/2) and cos(A — B) = cos A cos B + sin Asin B
When ¢ = 77 where n = 0 ~ 24, we obtain

f z y o 3 0 [ 39641 | 1.13397
57382843 | 2.82842 || = | 25 | 433012 || 2% | 0.535284 | 4.72973
o . 4 153528 | 2.99768 || U= | -1.82842 | 2.82842
07296409 | 2.86603 | 1 | -4.36369 | 1.90132 | Z' | 5 0
1517436372 | -1.90128 | U | -2.96412 | -2.86602 || *= | 15 | -2.59808
e 4 19%70.535245 | -4.72972 || 2 | 2.49997 | -4.33014
21773.82841 | -2.82846 | 2 | 3.96411 | -1.134

Based on the table the curve should Iook I|ke the figure.

5
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The length of the curve, L can be obtained by doing

)

d{z}
dt

y(t) = 4sin(t) — sin(4t); .. % = 4 cos(t) — 4 cos(4t)

diz} iy}

We now need )
W dt dt

x(t) = 4cos(t) — cos(4t); .. = —4sin(t) + 4sin(4t)

= /27T V/ (—4sin(t) + 4sin(4t))2? + (4 cos(t) — 4 cos(4t))2dt

= /QW V/16(— sin(t) + sin(4t))2? + 16(cos(t) — cos(4t))2dt

V(= sin(t) + sin(4t))2 + (cos(t) — cos(4t))2dt

=4 /27r \/sin2(t) + sin®(4t) — 2sin(t) sin(4t) + cos?(t) + cos?(4t) — 2 cos(t) cos(4t)dt

2T
=4 /2 — 2sin(t) sin(4t) — 2 cos(t) cos(4t)dt
0

=4 /27T \/2 — 2(sin(t) sin(4t) 4 cos(t) cos(4t))dt = 4 /27T \/mdt
- 4/02” \/mdt = 4/027T28in(3t/2)dt =38 [—% cos(3t/2)} ZW =38 [_g(_l _ 1)} _ %

5) Sketch the curve described in Polar coordinates(r, 6) by
r = cos(20) + 1

for —3 < o < 5 and find the area that it encloses
First of all we scan ¢ and produce a table of
0 r=cos(20)+1 z=rcosf y=rsinb

-7 0 0 0
-3 0.5 0.25 -0.43
-7 1 0.7 -0.7
—z 1.5 1.3 -0.75
0 2 2 0
z 1.5 1.3 0.75
e 1 0.7 0.7
z 0.5 0.25 0.43
z 0 0 0
and then we can produce the figure
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Finally we calculate A as

1 [2 1
/ % 5/ (14 cos(20))%df = 3 0082(29) + 1+ 2cos(20)d

—,

2 2 2

1 (21 (49) 1 [
:5/2 +COS +1—|—200$ 20) d9—§/2 +1.5+2(:os(20)d9
1 [sin(40) +1.50 + sin(26) b 3
= — . mn = —
A i L4

[ME]

6) Sketch the curve described in Polar coordinates(r, §) by
r = cos’(f) +sin®(0) + 1
for 0 <46 < 27 and find the area that it encloses for 7 < 6 < 1.57
Note: 4 cos®(0) = 3 cos(6) + cos(36)
4sin®(9) = 3sin(0) — sin(30)
and 16sin°() = 5 — 7.5 cos(260) + 3 cos(40) — 0.5 cos(66)
16 cos®(0) = 5 + 7.5 cos(26) + 3 cos(46) + 0.5 cos(66)
and 16sin°(0) = 5 — 7.5cos(26) + 3 cos(40) — 0.5 cos(66)
and 32sin®(0) cos®(0) = 3sin(26) — sin(66)
and 16 (cos®(6) + sin (9))2 = 10 + 3sin(26) + 6 cos(46) — sin(60)
and 16 80083(9) + sin®(0) + 1)2 = 26 + 3sin(20) + 6 cos(46) — sin(66) + 24 sin(0) — 8sin(36) + 24 cos(0) +
8 cos(36

First of all we scan ¢ and produce a table of
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0
0/127
1/127
2/12%
3/127
4/12m
5/127
6/127
7/127
8/12m
9/127
10/127
11/127
12/12
13/12
14/127
15/12%
16/127
17/12%
18/127
19/127
20/127
21/12
22/127%
23/12
24/127

and then we can produce the figure

r = cos®(f) +sin®(0) + 1

2
1.91856
1.77452
1.70711
1.77452
1.91856

2
1.88388
1.52452

1

0.475485
0.116119
0
0.0814398
0.225479
0.292893
0.225483
0.0814433
0
0.116113
0.475473
0.99999
1.52451
1.88388
2

2

15T

05T

05T

x =rcosf

2
1.85319
1.53678
1.20711

0.887261
0.496561
0
-0.487582
-0.762259
-0.707108
-0.411781
-0.112162
0
-0.0786649
-0.195271
-0.207107
-0.112742
-0.0210794
0
0.0300517
0.237735
0.707097
1.32026
1.81968
2

y =rsinf
0
0.496559
0.887259
1.20711
1.53678
1.85318
2
1.81969
1.32028
0.707111
0.237743
0.030054
0
-0.021078
-0.112739
-0.207106
-0.195273

-0.0786681

0
-0.112156
-0.411773
-0.707103
-0.762262
-0.487593

0
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7

8)

Finally we calculate A as

1.5m ,',,2 1 1.57 9
A:/ 0 = 5/ (cos®(6) + sin®(9) +1)" df

1.57
~ 9 116 / 26 + 3sin(20) + 6 cos(46) — sin(66) + 24 sin(f) — 8sin(30) + 24 cos(f) + 8 cos(30)d0

=3 {269 - gcos(%) Z sin(460) + 6 cos(66) — 24 cos(0) + 3 cos(30) + 24 sin(6) + 3 sin(BQ)] = 0.0262813
Find the length of
for0<z <1
After we obtain
d {y} 0.5
=3z
dz

we calculate L as

:/01\/@“:/01@@:/01@@

When we intrc1)duce t=1+9x

z 0 —
t 1 — 10
and dt = 9dx. Thus
1 0 g 11 1 1
= 1 dr = t—=—-|—| ==-150—=
[ v [Vig =53] =5[]
Find the length of
y =2V
for 0.5 <z <1
After we obtain
d{y}zx—m

dx

1
1+ d{y} dx —/ 1+ (2799) /vl—l—x—ldx
0.5 0.5

When we introduce t = /1 + 2!

we calculate L as

z 05 — 1
t V3 = V2
and

t=V1+ta b t*=1+z" . 2dt = —x *dx
s =t -t = (=) 2dt = — (17— 1)%de = —(t + 1)2(t — 1)%dw

Thus

1\/7 V2 —otdt V2 —9f2
/0 T /ﬁ G+ 12 —1) /ﬁ G+ 12 —1)
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Now we assume

—2t° A LB C LD ®
(t+1)20t—1)2 t+1 t—1 (t+1)2 (t—1)?
where A, B, C, and D are real constant numbers.
Whent=1®givesus -2 =4D — D = —0.5.
Whent = -1 ® givesus —2 = 4C' — C' = —0.5.
Whent=0and C =D =-05®givesus A — B = 1.
Whent=2and C =D = —-0.5 ® givesus A — 3B = —1.
From these two equations we obtain (A, B) = (0.5, —0.5) Finally
/ﬂ —2t2 / C D
= + + dt
w3 [+ 1)2(t—1)2 ¢7t+1 -1 (t+1)? (t—1)2
05/\/5 ! ! ! =05 |Injt+1]—In|t — 1|+ ! + ! }ﬁ
= . —_— —_— n _ — —
s t+1l t—1 (t+1) (t—l t+1 t—1] 4
1 1 1 1 1
=0.5 n V3t + + - -
\/5—1 V3-1| V241 V2-1 V341 V3-1

9) A solid object is generated by rotating the curve
=x+1

about x— axis through 27 radians from x = 0 to x = 1. Calculate the surface area of the object exclusing the
two ends
After we obtain

d{y}
dx

=1

we calculate S as
/27Ty 1+ {y} /27T1'+1 \/1+12dx—2\/_7r/(x+ )dx—2\/_7r[ +x} = 3V2n

10) A solid object is generated by rotating the curve
r=VTt? -1
y=2t"+1
about z— axis through 27 radians from ¢t = 0 to ¢ = 1. Calculate the surface area of the object exclusing the

two ends
After we obtain

; {—}2\/_t
d )
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11)

12)

we calculate S as

- e (1) (R
- /01 27 (212 + 1)\/(2\/%)2 + (4t)%dt

1
= / 2m (2t + 1)v/28t2 + 16t2dt
0

1
— 2\/447r/ (2t + 1)tdt
0

1
= 2\/447r/ (2% + t)dt
2t !

= 2V44r { }
2],
=4V1ln
A solid object is generated by rotating the curve
y=x+1

about y— axis through 27 radians from y = 1 to y = 2. Calculate the surface area of the object exclusing the
two ends
After we obtain

d{z}

—1
dy

we calculate S as

/277@/14— {y} dy _/ o (y — 1) ()dy—Q\/_w/(y—l)dy

= 2V/2r [E—yL:%@W [2—2—%+1] %

A solid object is generated by rotating the curve
y=—-x+1

about y— axis through 27 radians from y = 0 to y = 2. Calculate the surface area of the object exclusing the
two ends

Please notethatz =1 -y >0for0O<y<landz=1—-y < 0forl1 <y < 2. After we obtain

d{x}

=1
dy

181



we calculate S as

S:/ 27T|I|H1—|— d{y}

/ m(x)\/1+ 2dy+/
/271— W1+ dy+/12 —1+y)\/1+ (1)dy

:2\/§7r{/01(1—y)d’y+ 1+ydy} {|:y_§:|:+|:—y+%2:|j}

1
:2\/§w{§—2+2+1——}—2\/}

13) A solid object is generated by rotating the curve

14)

r=VTt* -1
y=2+1
about y— axis through 27 radians from ¢ = 0 to ¢ = 1. Calculate the surface area of the object exclusing the

two ends
After we obtain

d{x}
dt {_}2\/_t
d{y

we calculate S as

5= [y (192) " (100)

_ /1 om(vVTE — 1)\/(2\/%)2 + (4t)dt = /1 2 (VT2 — 1)V/2882 + 1682t

= 2V/44m /1 om (VT2 — 1)tdt = 2v/44x /1 o (VT — t)dt = 244w [\/Et4 - g] = 2V/44r [g - %]

A solid object is generated by rotating the curve

xr =tsint 4 cost
y =sint —tcost
about z— axis through 27 radians from ¢ = 0 to ¢ = 7. Calculate the surface area of the object exclusing the

two ends
After we obtain

d{x}

7 =sint +tcost —sint = tcost

d{v}
dt

= cost —cost — t(—sint) = tsint
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we calculate S as

5= [Famon(S)+ (1Y
= /OZ om(sint — t cos t)\/(t cost)® + (tsint)® = /OZ o (sint — tcost)\/t2 ((cost)? + (sint)?)dt

E i
= / 27 (sint — t cost)tdt = 27?/ (tsint —t* cost)dt @
0 0

Here we find out /tsin tdt and /t2 cos tdt as follows:

/tsintdt: —tcost—/(—cost)-l-dt: —tcost+/costdt:—tcost+sint &)

/t%ostdt:t2sint—/2tsintdt:t2sint—2/tsintdt:t2sint—2(—tcost+sint)(-.-®)
= tsint + 2t cost — 2sint ®

Putting @ and ® into @ we obtain

™

S = 2#/4(tsint—t2005t)dt
0

=27 [—tcost +sint — (t2 sint + 2t cost — QSint)]

SSERSRNE

=27 [—tcost—i—sint—tZsint—2tcost+251nt]
s 2 2 3
=2m [3sint—t2sint—Z’si&cosﬂal :\/—2{3—(%> —Zﬂ}

15) A solid object is generated by rotating the curve
xr =tsint + cost
y =sint —tcost

about y— axis through 27 radians from ¢ = 0 to ¢ = 7. Calculate the surface area of the object exclusing the

two ends
After we obtain

d{z} . .
7 =sint+tcost —sint = tcost

d
_c{ig} = cost — cost — t(—sint) = tsint

we calculate S as

S = /07‘I 2ﬂx(t)\/(%>2 + (%)2% - /07‘I 2r(tsint + cost)y/ (tcost)? + (tsin ) dt

I i
= / 27 (tsint 4 cost)tdt = 27?/ (t2 sint + t cos t) dt ®
0 0

Here we find out /tcos tdt and /t2 sin tdt as follows:

/tcostdt:tsint—/sint-1-dt:tsint—(—cost) =tsint + cost )

183



16)

17)

/t2 sintdt = —t* cost — /Zt(— cost)dt = —t*cost + /215 costdt

—t2cost+2/tcostdt t?cost + 2(tsint + cost)(.- @) = —t*cost + 2tsint + 2 cost

Putting @ and ® into @ we obtain

us

Y2
S:27r/ (t*sint + tcost) dt
0

[=NE

=27 [—t2cost+2tsint+2008t+tsint+cost]

™ 2 2 3
:271[ cost+3tsmt—|—3cost}6‘ \/g{— (%) +I7r+3}
A solid object is generated by rotating the curve
=Tt -1
y=2t*+1

about z— axis through 27 radians from ¢ = 0 to ¢ = 1. Calculate the volume of the object
After we obtain

d{z}
—— =2Vt
dt VT
we calculate V' as

d : 1
/dV / P {x}dt /(2t2+1)2_2\/§t.dt:2ﬁﬂ/ (22 +1)°¢t - dt
0 . 1 1
—2\/%/ (4t5+t+4t3) dt—2\/_{ t° + t2+t4]
0

2 0
3 13 267
= 2V7 |- + L _2\/' 01 _py7 [13] - 20v7
6 6 6 6
A solid object is generated by rotating the curve
=Tt -1
y=2t>+1

about y— axis through 27 radians from ¢ = 0 to ¢ = 2. Calculate the volume of the object
After we obtain

d{y}
ST gy
dt

d
/dV / )? {y} /(\/_t2—1) At dt
2 2 92 t4
:47r/ (7t4+1—2\/?t2>.t.dt:47r/ (7t5+t 2\/_t3 7— ‘/_
0 0 0
96 2 o4 .95 92
:47T[72 9 2ﬁ2]:4ﬁl72+2_2¢712]:%[224

we calculate V' as

3 1

6 2 1

24 6
3 3

om0
_f] 230—24\/’
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18) A solid object is generated by rotating the curve
r = —4cost
Yy =sint

about z— axis through 27 radians from ¢ = 0 to ¢ = 7. Calculate the volume of the object
After we obtain

1z}
dt

/dV / )2 d{x} /Ozﬂ(sint)Q (4sint) dt

3sint — sin 3t i

:/ 47rsin3tdt:47r/ Hdtzw/4(3sint—sin3t)dt
0 0 4 0

1 T 11, 1 1 -3 1 9 1

—3cost+ -cosdt| =7 |-3—=+z(——%)—(3+)|=1|—F%=———F%+=—3

3 L { V2 3 \/5) ( 3)] {ﬂ 32 3}

[—9 1 9 1] [ 10 8} 16—10\/§

— =T __+_ (e

3v2 3 6

=4sint

we calculate V as

=77 |— — —— _|_ R
3v2 3v2 3 3
19) A solid object is generated by rotating the curve

r = —4cost
Yy =sint

about y— axis through 27 radians from ¢ = 0 to ¢ = 7. Calculate the volume of the object
After we obtain

div}
dt

= cost

d in
/dV / ) {y}dt /4 7 (—4cost)” - costdt
0

3 cost 3t 1 ;
:167r/ Cos tdt:167r/4 COSE+COSSt 1 gn [3sint 4+ ~ sin 3t
0 0 4 3 0

]

we calculate V' as
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20)
21)

22)

vA o s W

DAY2
Evaluate the following integral

/[ aa

where D is the region bounded by 0 <y <sinz and 0 <z < 7.
the li

The limit of x and y are given. As the

/ / dydx
0o Jo

/ dy = [y]i"* = sinx
0

The integral inside is

Putting this into the original integral,

/ sinzdr = [—coszx]j = —cosm — (—cos0) = —(—1)+1=2
0

Evaluate the following integral

J[ ey - yyas

where D is the region bounded by y = /z and y = 2.

We need to find the limit of x and y.

<
mit of z is fixed, the integral we evaluate is written as
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From the sketch ,we can see that
S<y<rforo<z<l1 ®

0ry2§x§y%for0§y§1 @

When we take @, the integral we evaluate is

-

y3
/ / (4ay — y*)dxdy

When we take @, the integral we evaluate is

1 Ve
/ / (4zy — y*)dydx
0 3

v 3 y? ?f‘ﬁ 2 4 3\2 3\4
[ ey gy = o = ] 2a(a - (V- (2t - 9 )

The integral inside is

7
=227 —2%/4 — (2:(:”2'3 — x3'4/4) =2 20"+

Putting this into the original integral,

1 12 13 1
7 7 1 1 1 7 1 1
/<1x2_2x7+$_)d = {— PR fe =—_—=4
0

4 43 8 4 13], 12 4 4-13
_7-13 13-3 N 3 91-39+3 55
- 12-13  4-13-3  4-13-3  12-13 156

23) Find the volume of the solid enclosed by the planes
4o + 2y +2 =10

y =3z
z2=0
z=0

The plane 4z+2y+z = 10 intersects z = 0 plane on the line 4x+2y+0 = 10, in other words, y = —2x+5.
Thus these four planes can make a solid like the following figure:
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z=10—4x — 2y

Y
3 N Yy = 3x
I
y=—2T+5

The integral limits of the x and y directions are
0<z<1l; 3zr<y<—-2x+5
Therefore the volume of the solid is

/ /3m2z+5zdydx— / /3:“5 10 — 4z — 2y)dydz — / {(10—4x)y—y2}:m+5daz
:/O {10 42) (=22 +5) — (=22 + 5)%) — (10 — 4x)(3x)+(39§)2}d9&
:/01{(10—4x+2x—5)(—2m—|—5)—(10—4m—3m)(3m)}dm

= /01 {(5 —2z)(—2x 4 5) — (10 — 7x)(3x)}dx = /01 {4952 + 25 — 20z — 302 + 21x2}dx

1 2523 195 25
:/ {25x2+25—50x}d9§:{ x +25x—25x2] = 492525 ="
0 3 . 3 3

1
24) Find the [¢2dt.

1 3 3
1 $2™ t2 22
2dt=——+c=—5+c=—+c
L 3 3
2 2
25) Calculate 211%;—%’ x 11.
12 12 660
12,3 225y 2 80y 8%
4375 43 % 3 129 129

188



122

26) Simplify 71%

xZ
12z
5 2exa® 1227
44z 5x(4+2) (20 +51)
2
X

27) Evaluate the following integral over the given region D

// evdA, D = {(l‘,y)ll §y§2,y§x§y3}
D

The region of integral is

From the figure, we can write down the integral region in the following ways:

1 1
r3<y<zforl<z<2andzs <y<2for2<z<8 ©)
ory<z<yifori<y<2 ©@

@ is the order of integration reversed. @ is the original integral range. Since y ’s limit is fixed(=without
any variables), integration for y becomes the second integral and thus integration for x becomes the
first integral. The original problem can be re-written as

2 y3 .
/ / evdxdy
1 Jy

First , we perform the integral inside as follows:

y3 z 1 z x:y3 x =y y3 Yy 2 2
/ evdr = [—ey} =y [ey} =y {ey — ey} =y {ey — e} =ye’ —ye
y =

1
Y =Y



We now return this into the original integral:

2y 2 )
/ / evdady :/ (yeV — ye)dy
1 Y 1

In order to evaluate [ ye*"dy, we set t £ y2. Then dt = 2ydy.

dt by
y2 — t—:—:—
/ye dy /62 5 5

L}

Thus
2 y? 2 12 22 2 12 2 4
e Y ¢ 2 e 1 ¢
V' yedy = |— — L] = (e m ) (e ) = (— —2e) — (= — =
[ == |G =] =G -Fo-G-Fo-(G-2-G-59
4 ¢ 1 4
= et Ze=5S_9
g TRt Ty

28) Evaluate the following integral

ffe -

where D is the triangle with vertices A(0,3), B(1,1), 0(5 3)
The sketch of the triangle with vertices A(0, 3), B(1,1), and C(5,3) is
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200 [
150 |
100 b

50

50 b
-100 |
-150 |
-200 |

200

100
50

-50
-100
-150
-200

The line AB is expressed as y = ax + b, by putting (z,y) = (0,3) into y = ax + b, we obtain b = 3.
Furthermore (z,y) = (1,1) is putinto y = ax+3 and a« = —2 is obtained. Thus the line ABis y = —2x+3,
in other words, =z = ?"Ty In the same way, the line AC' is obtained as y = 3. As for the line BC, using
(x,y) = (1,1), we obtain 1 = a + b. Using (z,y) = (5, 3), we obtain 3 = 5a + b. By subtracting these two
equations to remove b, we obtain 2 = 4a, i.e., a = % Then, from 1 = a + b, we obtain b = % Thus, the
line BC is obtained as y = £ + 1, in other words, = = 2y — 1. From the figure, the range of the = and y
values are expressed in the following two ways:

1
—2r+3<y<3 for 0<z<1 and 5+2 <y<3for1<x<5h
or
3 —
T<x<2y—1 for 1<y<3
Since the second approach have only one integral, we go for the second approach.

2y—1

2y—1 6
/ / (62% — 40y)dxdy —/ [3:63 — 4ny] dy
3—y
2

:/1 [2(23; — 1) — 40y(2y — 1) — (2(3;y) 4Oy37y) dy

3
3— 3
- / [2<2y—1>3—40y<2y—1>—2< =) +4OyTy dy
1 |

= /1 [2 -2y — %)3 — 80(y* — %) -2 ﬁ(y —3)? +20(3y — yz): dy

= [o 2hw- g -soge - 33 -2 S dw -9t e e - 1)

= [1- - 20 0+ 09y

:[4(3—%)4—@33 + 50 - 3° {1—— —12—0+50+1—16(1—3)4]

— 4(2)4—12—033+50 32] [4(%)4 120+50 ()}_Z—9oo+450—i+$—50—1
:%—501+%—156 501+%:—345 1202_%+1_20:_%
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29)

30)

DAY3
Sketch the region of integration of the double integral of

9 3
// xdxdy
4y

and rewrite the integral with the order of integration reversed and evaluate the integral
The region of integral is

0

0 X 2 3

From the figure, we can write down the integral region in the following ways:

4<y<z?for2<z<3 O)
orJy<z<3fora<y<9 ®

@ is the original integral range. @ is the order of integration reversed. Since z ’s limit is fixed(=without
any variables), integration for = becomes the second integral and thus integration for y becomes the
first integral. The integral can be re-written as

3 pa? 3 ) 3 3 e 3
// zrdydr = / zlyly dx = / z (2% —4) de = / (2° — 4z) do = {— — 2x2]
2.J4 2 2 2 4 2

34 9 24 9 81 16 65 65 —40 25
=2 _9.32_ (2 _9.92) =2 _92.9_219.4=-"_9.5= S
T (4 2 ) 1 St 4 ° 4 4

Sketch the region of integration of the double integral of

BIL‘

2
/ / ydydx
1J1

and rewrite the integral with the order of integration reversed and evaluate the integral
The region of integral is
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From the figure, we can write down the integral region in the following ways:

In(y) <z <2fore<y<e’andl <z <2fori<y<e @
orl<y<e¢forl<az<2 @

@ is the original integral range. @ is the order of integration reversed. Since y ’s limit is fixed(=without
any variables), integration for y becomes the second integral and thus integration for = becomes the
first integral. The integral can be re-written as

e r2 ¢2 2
// yda:dy—l—// ydxdy ®
1J1 ¢ JIn(y)
The first term of ® is

‘[ ‘ ‘ ¢ 217 & 12 -1
// ydrdy = / ylr)idy = / (2 —1Dydy = / ydy = L @
1J1 1 1 1 21, 2 2 2

The second term of ® is

e p2 ¢2 ¢ ¢ ¢
/ / ( )ydwdy: / Y @]y dy = / y(2 —In(y))dy = / 2ydy — / yln(y)dy — ®
¢ JIn(y ¢ ¢ ¢ ¢
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Now we deal with /yln(y)dy in ® as follows:

/yln /ydy /(d{ln }/dy> - )y;_/(;y;)dy
I LA S

Therefore using ®, we can re-write ® as

2 2
2% In(y) — 2 ¢ 4y? — 292 In(y) + v ¢

// ydwdy—/ 2ydy — / yIn(y)dy = {yt% = I )
In(y [4 [4 [4

{ —2y2In(y )} et —2¢'In(e?)  5e? —2e¢%In(e)  Se' —de!  5e? — 2%  ef — 3¢ o
— ; = — — - —

4 4 4 4 4
Using @ and @, we can re-write @ as

¢ 2 e2 p2 2 4 2 2 4 2 4 2
ec—1 e¢*—3e 2¢ — 2+ ¢* — 3¢ et —e*—2
// ydxdy+// ydxdy = + = i =
1J1 ¢ Jin(y) 2 4 4 4

31) Sketch the region of integration of the double integral of

2 pd—zx
/ / dydx
0J0

and rewrite the integral with the order of integration reversed and evaluate the integral
The region of integral is

0 2 4 0 2 4
From the figure, we can write down the integral region in the following ways:

0<z<2for0<y<2and0<z<4—yfor2<y<4 @
or0<y<4—zxforo<z<2 @)

@ is the original integral range. @ is the order of integration reversed. Since y ’s limit is fixed(=without
any variables), integration for y becomes the second integral and thus integration for = becomes the
first integral. The integral can be re-written as

2 r2 4 rd—y
/ / dxdy + / / dxdy
0Jo 2Jo
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The first term is

2 r2 2 2
// dwdy:/ [w]ﬁdyz/ 2dy = [2y]§ = 4
0J0 0 0

The second term is
4

[ iy = [ty = [y = -] ~16-s- -2

When we add these two terms,

2 r2 4 pd—y
// dxdy—l—// drdy=4+2=6
0Jo 2Jo

32) Sketch the region of integration of the double integral of

1 ry
// dady
27y

and rewrite the integral with the order of integration reversed and evaluate the integral
The region of integral is
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0.3 . 2 2 2 2 2 2 2 .0.3 2 2 2 2 2 2 2
0.3 T 1 0.3 €T 1

From the figure, we can write down the integral region in the following ways:
05<y<+zfor025<z<05andz <y <+ zfor0.5<zr<1 @

1
Ory2§x§yf0r§§y§1 @

@ is the original integral range. @ is the order of integration reversed. Since z ’s limit is fixed(=without
any variables), integration for = becomes the second integral and thus integration for y becomes the
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first integral. The integral can be re-written as

0.5 pvE 1 oz
/5/ dydx—f—/J dydx
0.25/0.5 0.5

0.5 0.5 1,‘1'5 0.5
/ 5/ dydr = / [y]@{?dx = / (Vr —0.5)dz = [— - 0.5x]
0.25/0.5 : 0.25 L5 0.25

The first term is

0.515 0.2515 0.515 0.2515
= —0.5- 05—( —0.5- 025) —0.5-0.5— +0.5-0.25
1.5 1.5
The second term is
1
/J dydx—/[]fda:—/ (Vo —z) d
0.5 0.5
1.5 72 1 115 0.51-5 0.52 1 1 0.51-5 0.52
h?‘?hjﬁs—5—<m z)—ﬁ‘a—L5+3‘

When we add these two terms,

05 pve Lrve 0.5% 0.25% 1 1 05 052
dyd dydz = —0.5-0.5— 05-025+— —-— —
/0.25/0.5 ! "H/og/x T 5 Y1572 1 2

0.2515 1 1
e e A

33) Find the double integral of / / fdxaly between 1 <y <3 and y < x < 92
)
The region of integral is




From the figure, we can write down the integral region in the following ways:

Ve<y<azforl<z<3andzr<y<3for3<z<9 @
ory<z<yifori<y<3s @

As @ is simpler than ©, we use @ for integration. Since y ’s limit is fixed(=without any variables),
integration for y becomes the second integral and thus integration for = becomes the first integral.

If we take the first integral

y? v
A e e e
Yy

Y )
Now substitute this back in to second integral.

3 3 4 2 3 3 3 3
Loy 2 /(y—y) /(y—y) 1/ 3 Lil, 1,
W -y)dy= | ——dy=| —F—dy=5[| W —ydy=5|7y — 35V

/123/( ) 1 2y 1 2 2 1( ) 24 27 ;4
LI, a0 1, 180 8] 1 16

2{4(3 ) 2(3 ) 204 2 2[0 ] ; =8

Therefore the answer to this double integral is 8.
34) Find the f cos 2xdzx.

1
/cos 2edr = 3 sin2x + ¢

/Wd:r;:m:—l—c

36) What is the value of /22 +4y?+zforx =3 and y =1, z = 2.
Ve +4y? +2=vV32+4-124+2=v94+4+2=V15

35) Find the [ wdz.

37) Evaluate the following integral by first reversing the order of integration.

3 19 ,
/ / 3V dydx
0 Ja2

The region of integral is the coloured area in the left hand-side figure.

198



o X 3

The original limits of the integration is

0<z<3,2°<y<9

We now have to change these ranges so that the y has limits made of the constant numbers and z has
the limits expressed using y. 0 < z < 3 means 0 < 2 < 3? = 9 Therefore 0 < (2 <)y < 9 As for the =
limits, 2* < y is equivalent to = < ,/y Thus we obtain 0 < = < ,/y In this way, the original integral is the

same as
9 VY 9 1 VY 9 1 9 1
// x3ey3da:dy:/ {Zx‘leyﬂ dy:/ Z(\/ﬂ)4eygdy:/ Zerygdy
o Jo 0 0 0 0

Here when we introduce a variable ¢ £ 3, we obtain dt = 3y%dy.
y10] 9
t]0]9

9 93 729

12y3 / 1 1t 1 1 193 4 —1

_ d: [ — dt:—‘_ =
4zﬂe y= | 1 3td =73k 12

38) Evaluate the following integral by first reversing the order of integration.
8§ 2
/ / Vat + ldxdy
0 J¥y

The region of integral is the coloured area in the left hand-side figure.
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The original limits of the integration is
0<y<8,Jy<z<2

We now have to change these ranges so that the x has limits made of the constant numbers and y has
the limits expressed using x. The area of integral can also be expressed as

0<z<20<y<a’
In this way, the original integral is the same as

2 pad 2 2
/ / Vat + ldydx = / Vi F1[yE de = / Vit 4 12%dx
o Jo 0 0

Here when we introduce a variable ¢t £ 2* + 1, we obtain dt = 423dx.
z |0 2

t11]2%+1

17

171 175 —1 1745 —1
dt = — | —t"°| = =
\[ 4{15 }

24+1 1
., 4 15 6

2
/ Vat + 1adde =
0

1
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39)

40)

41)

42)

43)

DAY4

Using a parameter ¢, express the position vector of a point on the curve C where C is the segment of a parabola
y = 22 +4x — 1 joining the points (—3, —4) and (0, —1). Set the range of ¢ appropriately. When x changes, y
changes on y = 2244 —1. The x coordinate of two points is —3 and 0. Therefore —3 < z < 0. When we
setz =t,therangeof tis =3 <t < 0.Asy = 2> +4x—1,y can be expressed as y = t>+4t—1("." t = x).

r o\ t
y )\ 2+4t—1
Therange of tis —3 <t < 0.

Using a parameter ¢, express the position vector of a point on the curve C where C is the left half of the circle
2% 4+ 9? = 64. The point traverses in the counter clockwise direction. Set the range of ¢ appropriately. As the
curve is the circle with the radius of 8 and its center is (z,y) = (0,0)

x \ [ 8cost
y )\ 8sint
The right half of the circle can be expressed as
3m

<t< —
- T 2

NN

Using a parameter ¢, express the position vector of a point on the curve C where C is the line segment from
A(—2,—8) to B(1,1). Set the range of ¢ appropriately. As C is a line on zy-plane, in general, a line can
be expressed as y = mxz + b. Since this line goes through (z,y) = (-2, -8) and (z,y) = (1, 1)

—8=-2m+5b @®
l=m+5b @
®-@ gives us —9 = —3m,i.e., m = 3. When we put m = 3 into @, we obtain b = —2. Thus the line is

expressed as y = 3x — 2. The x coordinate of A and B are —2 and 1, respectively which can be written
as —2 <x <1.Whenwe set x =t, therange of t is —2 <t < 1. As y = 3x — 2, y can be expressed as

y=3t—2( z=t)
(5)=(ate)

-2<t<1

As x changes from —2 to 1,

Using a parameter ¢, express the position vector of a point on the line C where C is a straight line joining the
points A(0,0) and B(2,4). Set the range of ¢ appropriately. The line which joins A(0,0) and B(2,4) can be
written as y = 2x. The = coordinate of A and B is 0 and 2, respectively. Thus when we set = = ¢, then
the range of tis 0 <t < 2. As y = 2z, y can be expressed as y = 2t(".- t = x). Thus

r=ty=20<t <2

Using a parameter ¢, express the position vector of a point on the curve C where C is a the segment of a

parabola y = x? joining the points A(0,0) and B(2,4). Set the range of ¢ appropriately. The curve which

joins A(0,0) and B(2,4) is given as y = z%. The x coordinate of A and B is 0 and 2, respectively. Thus

\_/I_vrk:en we set z = t, then the range of t is 0 < t < 2. As y = 22, y can be expressed as y = t>(".. t = z).
us

r=ty=1t50<t<2
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44)

45)

46)

Using a parameter ¢, express the position vector of a point on the curve C where C is a circle (v —3)*+(y—4)* =
25. The point traverses in the clockwise direction. Set the range of ¢ appropriately.

- o ke, . (> _ ([ 3+5cost
r—3=>5cost ; y—4=>5sint ; "(y)_(4+5sint)

Since t is measured from z-positive axis anti-clock wise (0 — 2), in order to move clockwise, we need
to set the movementof t as 0 <t < —2r.

Using a parameter ¢, express the position , express the position vector of a point on the curve C where C is a
broken line passing through the points A(0,0), B(0,1), and C(1,1) in the order of A — B — C. Set the
range of ¢ appropriately.

From A — B, x is constant and y changes. Thus

Therangeof tis0 <t < 1.

Using a parameter ¢, express the position vector of a point on the curve C where C is the line segment on
y = 2 for —2 < z < 3. Set the range of ¢ appropriately. The curve is given as y = 2. The range of z is
also given as —2 < z < 3. Thus when we set = = ¢, then the range of t is —2 <t < 3. As y = 22, y can
be expressed as y = t*("." t = z). Thus

r=ty=1t-2<t<3
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47)

48)

49)

50)

51)

52)

DAYS5S

Using a parameter ¢, express the position vector of a point on the line C where C is a straight line joining the
points A(0,0) and B(1,1). Set the range of ¢ appropriately. The line which joins A(0,0) and B(1,1) can
be written as y = x. The x coordinate of A and B is 0 and 1, respectively. Thus when we set x = ¢, then
therange of tis0 <t < 1. Asy =z, y can be expressed as y = t(".- t = x). Thus

r=ty=t0<t<1

Using a parameter ¢, express the position vector of a point on the curve C where C is a the segment of a

parabola y = x? joining the points A(0,0) and B(1,1). Set the range of ¢ appropriately. The curve which

joins A(0,0) and B(1,1) is given as y = z%. The x coordinate of A and B is 0 and 1, respectively. Thus

\_/I_vEen we set x = ¢, then the range of t is 0 < ¢ < 1. As y = 22, y can be expressed as y = t*(".- t = z).
us

x:t;y:t2;0§t§1

Using a parameter £, express the position vector of a point on the curve C where C is a circle (z—1)*+(y—1)* =
4. The point traverses in the clockwise direction. Set the range of ¢ appropriately.

_ ' o, . o x\ [ 1+4+2cost
r—1=2cost ; y—1=2sint ; "(y)_<1+28int)

Since t is measured from z-positive axis anti-clock wise (0 — 27), in order to move clockwise, we need
to set the movementoft as 0 <t < —2n.

Using a parameter ¢, express the position , express the position vector of a point on the curve C where C is a
broken line passing through the points A(0,0), B(1,0), and C(1,1) in the order of A — B — C'. Set the
range of ¢ appropriately.

From A — B, y is constant and = changes. Thus

(3)-(5)

Therange of tis0 <t < 1.

Using a parameter t, express the position vector of a point on the curve C where C is the line segment on
y = z% for —1 < x < 1. Set the range of ¢ appropriately. The curve is given as y = z2. The range of z is
also given as —1 < z < 1. Thus when we set x = ¢, then the range of tis —1 <t < 1. As y = 22, y can
be expressed as y = t*(".- t = ). Thus

x:t;y:tz;—lgtgl
Find

7@ (@ +y)dz + (z — y)dy]

where C is a circle
(-1 +(y—1)72=4

traversed in the clockwise direction.
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a) Express z,y,z using ¢
r—1=2cost ; ; y—1=2sint ; 0<t< 21

Since t is measured from z-positive axis anti-clock wise (0 — 27), in order to move clockwise, we
need to set the movement of t as 0 <t < —27.
b) Express F as the function of ¢t Using x = 2cost + 1 and y = 2sint + 1

F_ r+y \ [ 2cost+2sint+ 2
S \Nz—vy ) 2cost — 2sint

i{r) d{z}
- aaty
vy _ t i
c) Express — d?y} using t
dt
d{2cost+ 1}
d{r} _ dt [ —2sint
dt | d{2sint+1} | — \ 2cost
dt

d) Put all of theminto [F - Mcht

dt
T 2cost+2sint+2 ) (—2sint )
0 2cost — 2sint 2cost
—27
:/ (—4costsint — 4sin?t — 4sint + 4cos’t — 4 costsint)dt
0
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—2m
:/ (—8costsint — 4sin®t + 4 cos>t — 4sint)dt
0

—27
1 —cos2t 1 2t
:/ (—4sin2t — 4 ;OS +4 J”;OS — 4sint)dt
0

—2m
:/ (—4sin2t — 2+ 2cos2t 4+ 2 4 2cos 2t — 4sint)dt
0

—27
= / (—4sin 2t + 4 cos 2t — 4sint)dt = [2cos 2t + 2sin 2t + 4 cost]; > = 0
0

53) Solve the equation log(x) — log(z? — 1) = —2log(z — 1)
We work under the conditionof z > 0,22 —1>0,and x — 1 > 0.

log(z) — log(z* — 1) = —2log(z — 1) ; .. log(z) — log(z® — 1) + 2log(x — 1) = 0
—1)?
- log(r) —log(z® — 1) +log(z —1)* =0 ; ..log % =log1
2 —
—1)?
%:1 ; .'.LL’(J?—].)QILL’Q—].
s =24+ 1)=2"~-1; -2t -2+ar=2"-1

St =3+ +1=0
Since we can easily tell that = = 1 is one of the three answers, wen can factorise the equation as

2?37+ +1=0; (r—1)2*-22-1)=0; . 2*-20—-1=0(2—-1>0)
2++/22 +4
I:—+ Lr=1+V2; .'.x:1+\/§('.‘x>1)

2 I

54) Solve the equation log,(2x —9) = 2 — log,(z — 1)
We work under the condition of 2z — 9 >0andz —1> 0

2

logy(22 — 9) = 2 — logy(z — 1) = 2log, 2 — logy(z — 1) = log, 2% — log,(z — 1) = log,

r—1
22
2 —9= T RN —1)=2%; 20 -20-92+9=4; 22" —1lz+5=0
x_
11+/112-4-2. 11 ++/81
ST = 5; Sr=——— z=5(20-9>0)

2.2 4

55) Solve the equation

We work under the condition of z > 0.

1
log,, (5) =2 =2log, z = log, x*

1 1 1
‘.§::E2 ; .'.x::tg ; .‘.x:§('.‘az>0)
56) Evaluate
/ (2*dz + zydy)
c
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over the following path

r=1-—1t
y:
0<t<1
10F ~o¢ff/////////,
P AAAAAAASN
PAAAAAAASN
081 FAAAAAAAN
AAAAAAANSN
AAAAA NN
T AAAAA Y
out[16]= A A A 4. 4 4
s oA A
04l
;oo B4
02F -7
0ol L |

a) Express x,y,z using ¢

b) Express F as the function of ¢

d{x}
c) Express%: d?ty} using ¢
d{1 -t}
iry [ _
i |ty )=(3)
dt

d) Putall of theminto [ F - %dt

/0((3_?;) ( 1>dt /01(_(1_t>2+t(1_t))dt:/01<_(1—t)(1—t)+t(1—t))dt

1 1
:/ (—(1 =2t +¢%) +t—t2)dt:/ (—1+2t—t2+t—t2)dt:/ (=143t —2t%) dt
0 0

0
2 et 2 8 69 -1
3 21, 3 2 6 6 6
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57) Evaluate

/ (2*dz + zydy)
c

over the following path

x=cost ; y=sint ; 0<t<7/2

06

NN N N A/ A a

out[20]=

N
N
A

04

02

00r e e - -

0.0 0.2 0.4 0.6 0.8 1.0

a) Express z,y,z using t

r =cost ; y=sint

o= ()= (wiio)

b) Express F as the function of ¢

4} d{z}
r
S S t i
c) Express — d?y} using t
dt
d{cost}
di{r} dt [ —sint
at | d{sint} | 7\ cost
dt

d) Put all of theminto [ F - Maht

dt

ot N (st (T 24 4 sin(t) cos*(t)dt = ™ odt = 0
0 sin(t) cos(t) cost o 0 S oS SInt) cos o 0 o

/ [322ydz + (z° + 1)dy)
c

58) Find
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over the following path: the segment of a straight line joining the points (0,0) and (1,1)

10} A A A 7
I A A A

A A A 1

o8 fAAA AAN

fpAASAAAA

poa A A AAAA

*°r o4 AAAAAA]

out[24)= / AAAAAA /4 1

L f A A A AAA]

Y A A

O T I

0.2 fffffff*

I

N

0ol I

a) Express x,y,z using ¢
z=t; y=1t; 0<t<1
b) Express F as the function of t Usingz =tandy =t

F— 3%y \ ([ 3t
T\l ) B+

iir) d{x}
r
L S S t i
c) Express —. dC{ly} using t
dt
d{t}
dt d%t} -\

dt

d) Put all of theminto [F - %:}dt

1 3t3 1 1 ) 1
/0 (t3+1)-<1)dt:/0(3t5+t3+1)dt:/0(4t3+1)dt:[t4—|—t]}):2

/(j[?)nyd:c + (z° + 1)dy]

over the following path: a broken line passing through the points A(0,0), B(1,0), and C(1,1)

59) Find
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Out[29]=

a) Express x,y,z using ¢

for A — B and

for B — C.

0.2

0.0

> e e e > e e e e e e e e o

B e e ]

- = = = = A YA A A A A A Sa Ca

> > = = a A A A A A A A oA a1
e s o m w owm mwm wW W W]

A
A
i
A
bl
4
f
f
f
i

0.8 1.0

b) Express F as the function of t For A — B, usingz =tandy =0

322y
F_(x?’—i-l

For B— C,usingxz=1andy =t

d{r} _
c) Express =

ForA — B

For B = C

)

:<ﬁ+1>
y

322
F:(x3+y1):(
d{x}
@ using ¢
dt
a{t}
d{r} |
i = | aly | =
dt
{1}
d{r} |
a | dly |-
dt
dir}

d) Put all of theminto [F -

A

0
3+ 1

dt

)

1
0

Jo [

0

2



60) Find

/C[Snydx + (2° + 1)dy]

over the following path: the segment of a parabola y = x? joining the points (0,0) and (1,1)

101 A A A A 1
pA A A
A A A

08f A AAAAAA A
roA A A

- I N

T bAoA AAAAA
4 A A AAAA

ol b YA AAA

' VS I I B B R
R VS I B

sl 2 BN T T R R N B B
bt A
bt A

0of %f%%f****’

a) Express x,y using ¢
=1t ; y:t2 ; 0<t<L1
b) Express F as the function of ¢t Using z = ¢t and y = 2

F_ 3%y \ _ ( 3t
T\ +1 ) T B+

p d{x}
c¢) Express % = d?ﬁ using t
dt
d{t}
d{r} 1
dt d?ﬁ} - ( 2t )
dt

d) Put all of theminto [ F - %:}dt

OBt (1
o L P+1 2t

1
) dt = / (3t +2t(t* + 1))dt
0
1 1
— / (3t* + 2t* + 2t)dt = /0 (5t* + 2t)dt = [t° + t?]; = 2
0
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61) Evaluate
/ (*dx + zydy)
C
over the following path
r=1—t>; y=2t ; 0<t<1
a) Express x,y,z using ¢
To help us solve this, first we must express x and y in terms of ¢.

r=1—t"; y=2t

b) Express F as the function of ¢
Now we need to express F as a function of ¢, using vector form.

P ()= (o)

200 A A A AAAAA
LA dddA4449
LA A A A 4949y
ol A4 44449
' 4 4 4 4
4 4
AN 4
10 14 A
7
‘ ‘ Y] 4 LA A 4
o5l ‘ ’ P P4 ry v
0.0 e
‘0‘.0“‘012“‘0‘.4“‘0‘.6“‘0‘.8“‘1‘.0‘
; d{z}
c) Express%asafunction of d@} using t
dt
d{1—¢?
d{r}_ { t } - —2t
i = afly =
dt
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d{r}
dglt'} dt
L dt

/01 ( (1(1—_15%?;) ) ‘ ( _22t ) dt = /01(—%(1 — 123 +2(1 — 3)(2t)dt

Split the integral up

d) Put all of theminto [F -

Using the Formula [F -

/1(—215(1 a4 /1 21 — £2)(2t)dt

t 0l =11 d{u}
2 e
Letu=1-1¢ Y 0 lherefore i 2t

The first term can be handled as follows:

1 0 t=1 —2tU/3 0 1 o
/(—2t(1—t2)3)dt:/ (—2t(1—t2)3)dt:/ du:/ WP — {—u‘l} _ 1
0 1 t=0 —2t 1 4 1

The second term can be handled as follows:

| i 0 4ty 0 0
/ 2(1 — 2)(2t)dt :/ 44(1 — £2)dt :/ ——du = —/ —2udu = [—u?]| =1
0 0 1 —2t 1

Therefore the answer is

/1(—2t(1 —12)3)dt + /1 2(1 — 2)(2t)dt = —Tl o :
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62)

63)

64)

65)

DAY6

Using a parameter ¢, express the position vector of a point on the curve C where C is the segment of a parabola
y = x? joining the points (0,0) and (2,4). Set the range of ¢ appropriately. When z changes, y changes
ony = z2. Thus
r\ [t
y ) \
As x changes from0to 2 and x = t,therange of tis 0 <t < 2.
Using a parameter ¢, express the position vector of a point on the curve C where C is the right half of the
circle 2° + y* = 16. The point traverses in the counter clockwise direction. Set the range of ¢ appropriately.
As the curve is the circle with the radius of 4 and its center is (x,y) = (0,0)
x \ [ 4cost
y )\ 4sint
The right half of the circle can be expressed as
™ ™
—o<t< =
27 T2
Using a parameter ¢, express the position vector of a point on the curve C where C is the line segment from
A(—2,—1) to B(1,2). Set the range of ¢ appropriately. As C is a line on zy-plane, in general, a line can
be expressed as y = mxz + b. Since this line goes through (z,y) = (-2, —1) and (z,y) = (1,2)
—1=-2m+b @
2=m+0b @
®-@ gives us —3 = —3m,i.e., m = 1. When we put m = 1 into @, we obtain b = 1. Thus the line is
expressedasy =z + 1
T\ t
y ) \t+1
As x changes from —2 to 1,
—2<t<1
Note:
x\ [ =2+t
y )]\ =1+t
with 0 < ¢ < 3 is also correct.
Evaluate

/ zy'ds
c

2?4+ y? =16

where C' is the right half of the circle

rotated in the counter clockwise direction.
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4000
3000
2000
1000

-1000
-2000
-3000
-4000

a) Express x,y,z using ¢

x = 4cost
y =4sint
T T
—o<t< =
2= — 2

because of half a circle

which satisfies 22 + % = 16.
b) Express f(x,y) as the function of t Using x = 4 cost and y = 4sint

f(z,y) = vy* = 4cost - (4sint)* = 4° costsin* t

-~ d{x}
d{r o
il S S t i
c) Express — d?y} using ¢t
dt
d{4cost}
d{r} | — g | _ ([ —4sint
dt | d{4sint} | — \ 4dcost
dt

d) Put all of them into

[ (%) () (%)

g
/ 45 costsin® t/(—4sint)? + (4 cost)2dt

jus
2

jus

> 3
= / 49 cost sin® tv/16 sin? ¢ + 16 cos? tdt = / 45 cos t sin* 15\/16(81112 t + cos? t)dt
—3

vl

™

3 3 3
= / 4% costsin* tV/16 - 1dt = / 4% costsin*t - 4dt = / 45 cos t sin® tdt

us
2

™

(VB
(VB

214




When we define 6 = sin® t, we obtain df = 5sin®* t cos tdt.
/ _T

Gt [ (=1 | (

)

> I Thus

—_
— NIE]

Wl

1 6 6

g 4 4 192

4ﬁcostsin4tdt:4ﬁ/ 5= 3[9]1_1 =—-2= 8192
~1

[NE]

66) Simplify (—8a%b~3)2
(_8a2b73)2 — (_8)2a2><2b73><2 — 64&41)76

/Odt:c'.'@:0
dx

/ 423ds
C

where C' is the line segment from A(—2,—1) to B(1,2)

67) Find the [ 0dt.

68) Evaluate

Solution 1
a) Express z,y,z using t
Since z, y are both increasing 3 from the point A to B, we can write
r=t; y=t+1; —2<t<1
b) Express f(x,y) as the function of t Usingz =tandy =t + 1

f($7y):4I3:4t3

) d{z}
c) Express — - = d?ﬁ using ¢
dt
d{t}
d{r} T 1
el ERTTL T ( 1)
dt
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d) Put all of them into

/ f(z,y,2) \/(&) +<%)2+<%)2~dt
/124 V12 4 12dt = /124 32t = V2L, = V2(1 — (—=2)Y) = —15v/2

Solition 2
a) Express z,y,z using t
Since z, y are both increasing 3 from the point A to B, we can write

r=-241t; y=—1+1t; 0<t<3
b) Express f(x,y) as the function of t Usingx = -2 +tandy = —1 + ¢
flr,y) =42 =4 (t - 2)°

d{z}
c) Express ——= dir} _ t using t
a |ty
dt
d{-2+1)
dir} _ dt _ 1)
at | d{-1+¢t} | {1
dt

d) Put all of them into

[ s (G () = ()

/3 (t— 2PV T2t = / (= 25V3dt = [VE(E — 2)'8 = VA(1 — 21) = —15/3

/ xds
c

where C' is the line segment on iy = 22 for —1 <z <1

69) Evaluate
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a) Express z,y,z using t

r=t; y=t*; —1<t<1
b) Express f(z,y) as the function of ¢t Using x = ¢ and y = ¢*
flzy) =z =t
d{x}
d{r} n .
c) Express — - = d?y} using ¢
dt
d{t}
e | a{?} |\ 2t
dt

d) Put all of them into

[ (G (3= (5)

1 1
/ t\/1+ (2t)2dt :/ tV/4t2 + 1dt
—1 1

t —1
When 0 £ 4¢2 4 1, we obtain df = 8tdt.| 4> +1 [ 4-(=1)>+1 | 4-(1)>+1 |Thus
0 ) )
! 5 sdl 1 °
/ tVAL2 + 1dt z/ 0 — = | ——0""| =0
-1 5 8 1.5-8 5
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70) Evaluate

/ xyzds
c

cost
where C' is the helix given by sint with 0 < ¢ < 4.
3t
a) Express z,y,z using t

T = cost

y =sint

z =23t

0<t<d4nm

b) Express f(z,y, z) as the function of ¢t Using = cost and y = sint¢ and z = 3t,
f(z,y) = zyz = 3tcostsint = 1.5t sin 2t

d{x}
t
c) Express%: d?_i/} using ¢
()
dt
d{cost}
dt —si
d{r} _ d{sint} _ C(S):;t
dt t
dfl?)t} 3
dt

d) Put all of them into

[ (%) () (%)

4m 4m
/ 1.5t sin 21/ (—sint)2 + (cost)? + 9dt = 1.5@/ t sin 2tdt
0 0

Now we need to evaluate [ ¢sin 2tdt. Use by parts

/tsithdtzt/sithdt—/l- (/sithdt) dt:t_C;S% _/(_Cgszt) di

_ —lcos2t _ —sin2t  —tcos2t n sin2t  —2tcos2t +sin 2t
2 2.2 2 2.2 4
Putting this result into the original integral, we get

i 1.5v/10 1.5v/10
1.5V 10/ tsin 2tdt = 1 [—2t cos 2t + sin 2t];™ = 1 (—87) = =3V 107
0
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DAY7
71) A loudspeaker cone is generated by rotating the curve y = coshx — 1 about the x— axis through 27 radians
from x = 0 to x = 1. Calculate the surface area of the cone excluding the two ends.
[5 marks]

o _,_2(96 d{coshz} e

. Surface area is
dx

Since coshx =

N
/27ry\/dx2+dy —/ (2my)y |1+ d{y} /27ry\/1—i—(e — ¢ )dx

2

1 2z —2z 4 2z —2r —2x 9
= / (27y) \/1 + %dw = / (27Ty)\/ re + ¢ dm = / (27y) de
0
2:p —2z 2 —x
/ (27Ty)\/ + ¢t dr = 27Ty e + ¢ dx = / (2my) X

—O57r/( Tt —2) x (¢ d:c:()57r/ 249 2% — 2 )da
0 0

1 1 1 1
= 0.5#[522“ - 52’236 421 — 2% 4 2¢77)} = 0.57r(§e2 — 52’2 +2—2e+27 1)

d

72) For the force
F = (y+3222%)i+ (z — 2)j + (22°2 —y)k
find the potential ¢ such that F' = V¢. Hence evaluate

(1,2,3)
/ (y + 32%2%)dx + (v — 2)dy + (22°2 — y)dz
(0,0,0)

d{¢}. d{cb}j d{o},

F=Vo=—0 3t o
= (y+32°2%)i+ (v — 2)j + (2272 — y)k
Therefore
d{ﬁb} +322; M:x_z; M:2x3z—y
dx dy dz

This is written as
0¢ = (y +32%2%)0x ; 0= (x — 2)0y ; Op = (22°2 — y)0z
Thus

/&b = /(y +32°2%)0x ;o =ay+ 22" +caly, 2)
/8¢:/(x—z)8y; S0 =1ay —yz+cp(x, 2)
/8¢ = /(23:32 — )0z ; o =122 —yzr+c(z,y)

Thus we can tell that ¢ = 2y — yz + 2322 When we define
dr = dzi+ dyj + dzk, (y + 32*2%)dz + (v — 2)dy + (2232 — y)dz = F - dr. Since F = V¢, the integral in
question is manipulated as

(1,2,3) (1,2,3) (123) 5 (1,2,3)
/ F-dr:/ V¢-dr:/ {¢}-dr:/ do
(0,0,0) (0,0,0) (0,0,0) o{r} (0,0,0)
_ r(1,23) 3,27(1,2,3) 3 92
—[¢](07070) [xy yz+x2}(000) 1-2—-2-341°-3°=5
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Alternatively

x t
r=|vy | = 2t
z 3t
where 0 < ¢ < 1.
y + 32222 2t + 3t (3t)? 2t + 27t
F = T —z = t—3t = —2t
2132 —y 2t3(3t) — 2t 6t* — 2t
1
afry
dt 3

Thus the integration in question can be re-written as

1
/ .y,
; dt

1 1
—/ 2t+27t4—2t-2+(6t4—2t)-3dt—/ 2t + 27t* — 4t + 18t* — 6tdt
0 0

1
:/ 45t1 — 8tdt = [9t° — 4t} =9 -4 =5
0

0 —x?
/ / 12xydydx
—-1Jz

draw a clear, labelled sketch of the region of integration and evaluate the integral using any suitable method.
From the given equation we get the range of = and y as follows

r<y< —a? —1<z<0
From these four conditions, we obtain

[~

73) For the double integral

y NS

X

|
-1 0

X
0 p—z? 0 s 0
/ / 12a:ydyd:c:/ [12xy2}xx dx:/ 122(2* — 2%)dx
-1Jz -1 -1
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74) Find the work

W:/F-dr
c

done by the force F = 2% + zyj in moving a particle along the curve given parametrically by
x(t)=1—t
and
y(t) =t

where 0 <t < 1.
a) Express z,y, z on the curve C using t and set the range of ¢

x(t)=1—t
yt) =t
0<t<1

b) Express F as the function of ¢

P ()= (650 - (155)

d{z}
t
c) Express%: CZC{Z_?} using ¢
a2
dt
d{z} d{1—t}
d{ry | T | _| " a. | _ [ -1
& = | afp «fy i
dt dt
d) Put all of theminto [ F - %dt
diry [P 14+£2—2t -1\, 2 2
/F- 7 dt_/0< L A dt_/o—l—t + 2t +t — t3dt
—/1 128 4 3tdt = | —t — 245 4 32 T TR
~Jo B 32 |, 3 2 6
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odeall.tex

1) DAY1
2) When z(t) = ce3" and z(0) = 3, find c.

(z,t) =(3,0) ; ~3=ce ™ - 3=c’; =30 "=1)

3) Simplify(—2z2)2.
(_2x3>2 — (—2)2$3X2 — 4x6

4) If y(t) = In|t* + ¢| and y(0) = 1, then find c.
(y,t) =(1,0) ; . 1=I|0°+¢c|; ~1=In|c]; ~el=c; c=¢
5) Simplify & (—In |1 — ¢ +In|1 +¢]).

(—Injl —t[+In|l+t¢]) =

N —
N —

1 1+t
|l + ¢ — 1n\1—t|]—§{ ft}

6) Find the general solution of

x\/l—i—yQ—i-y\/l—i—xQ%:O

and then find the particular solution that satisfies y(7) = 1.
The given equation is manipulated as

xMWWM:o; WITE A

Y x
ey - R —/—dw
V14 y? / v1+a:2 \/1—|—y V1422

When we set z = 1 + 32, we get

1 2
z=149; '.d{z}zd{ s ; .'.@=2y; dz =2ydy ; .. sdz=ydy
dy dy dy
Using this,
1dZ 1 1 1 1 1 1 1 : 1 1
- 27 3dy = = et = 25— a3 = (14 92)3
/\/1+y /\/1+y / / 2 —2+1 2 3 (1+y7)
In the similar manner we obtain
X 1
dr = (1+2°)2
T ( )

Using these results, the equation is furthermore manipulated as

(4= (142 4e; (14 +(14aY)i=c O

Yy i
——dy=— | ——=d
/\/1—|—y2 Y /\/1—|—JE2 !
which is the general solution. Now we find the value of ¢ from the given condition of y(7) = 1. By

substituting (z,y) = (7,1) into @,

(14122 +(1+7)2=c; 294502 =c; .25+45-22=¢; .62
Thus we obtain the particular solution of
(1+12)2 + (1+2%)2 =6v2

[
I
o

(\]
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7) Find the general solution of
d ? d
z? M +333yﬁ+2y2:0
dx dx

The roots of
az? +bz' +¢=0

are
—b+Vb? — 4dac
z = )
2a

The equation in question is identical to

az?+ bzl +c¢=0

when
d
a=2%>; b=3xy ; c=2° ; z= {y}
dz
Thus
d{y} —3zyx/(Bay)?—4-22- (292 —3ayEx+/(ay)? —3BayLtazy —dzy —2xy —2y -y
de 212 B 22° B 22° 2% 7 227 r  x
From the first equation we get
—2 1 -2 1 —2 1
M:_y ;oo —dy = —dz ,',/—dy:/—dx ; _',lny:—2/—dx
dx x Y x Y x x

S Iny=-—2lnz+c; s lny=lhz?+nc=In(c-27?); y=c-a?

From the second equation we get
— 1 —1 1 —1
_d{y} - ;oo —dy = —dx ;. /—dy = /—dx
dz x Yy x Y z
1
Sony = —/—d:z: ;s lny=—-lnz+c; s lny=hz'4+hec=Inlc-27"); ~y=c-2!

x

Thus we obtain the general solution of
Yy=c-x l,y:c 2
8) Find the [ Ldu.
1
/—dx:ln|a:|+c
x
9) Solve the equation of [2x + 3| =5

2 +3=5; . 2x+3=45; " 2x=45-3; - 2x=5-3,-5-3; - 2x=2-8; - rx=1 -4

10) Find the [ kdt.

/kdtzki—i—c
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kt+c

11) Simplify y =1Ine where k and c are constant.

log.e=1; - y=kt+c

12) Find the general solution of

d{z} 20,2

—— =3t —1
o (2" =1)

and then find the particular solution that satisfies z(0) = 3.
To solve this we must rearrange it so all the x terms are on the left hand side and all the ¢ terms are on
the right hand side. Then we integrate both sides.

d{z} 2(,.2 1 d{z} 2 1 2
— -1) : — — T Hr = 320t
; 3t°(x ) 1) dt 3t @ 1)8:5 3t

Factorising the fraction gives

1

CES = 1)ax = 3t°0t
Now we simplify the fraction at the left hand side as follows:
1 A B Alx+1)(z—1) Bz+1)(z—1)
Gi)e—D -1 @+ 1T @=D CESY

1=A(x+1)+ B(x—1)
When we substitute x = —1in1 = A(x + 1) + B(z — 1), we get

1
I=A@+1)+Br—1); ~1=A-1+1)+B(-1-1); ~1=B(-2)..B=—;
When we substitute xt =1in1 = A(x + 1) + B(z — 1), we get
1
1=Az+1)+B(xz—-1); 1=A14+1)+B(1-1); -.1=A(2) ; .'.A:Q
. 1 .
Thus the fraction CEDNCESY can be written as

1 1 1

(z+D(x—1) 2@—-1) 2x+1)

Thus —t— 0z = 3t29t can be re-written as

(2" —1)
1 1 ,
<2(x— 1 2(:c+1)) v = 30°0t

and now we can integrate both sides

[y st o e e

1 1 1 3
- —= dr = [ 3t%dt ; 1 —1]— =1 1 —t3
'Q/a:—l 2/ s+ )" / ’ nfe =1l =ghfr+1f=3t+e
1 -1
2(1n\x—1| Injz+1)=t+c ; .',§(ln|§+1|>:t3+c
,',1H|x_1‘:2t3+c o r—1 :e2t3+c o r—1 :i22t3 c
r+1 r+1 r+1
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13)

14)

15)

Let K £= +¢°,

3
1]—1:Ke2t3 : x:1+K€2t3
r+1 1 — Ke*
To find the particular solution we substitute in z(0) = 3 which means = = 3 when ¢ = 0.
rz—1 3 3—1 3 2 1
_:KQt_ . . :KQ-O . ._:KO, ',—:K
—l’—i-l‘x_g ¢ ‘t_O; ..—3+1 4 ] e ;. 5
Therefore the particular solution is
1 2t3
1+ K T8 24"
e 1— K2 B i—thS - 2 2t
K
Solve the following equation under the condition x(0) = 3
d{r}
i R
at
d :
% = kx can be written as
1 1 kt+c kt+c c kt kt
—dr =kdt ; .| —dv= [ kdt ; " lnex=kt+c=Ine"""; - z=c¢ =e¢%e" =Ce
T T

In order to find out C under the condition z(0) = 3, we put (¢,z) = (0,3) into z = Ce*. Thus 3 = Ce¢° = C.
Therefore, the answer is z = 3¢*".
Solve the equation

ydiy} et

d - .
v} ~ 5 can be written as
dx

Y
1
ydy = ¢ “dr ; . /ydy = /e_xda: ;o §y2 = ¢ "4c; y=C—-20"; y=+/C—2"

Solve the following equation subject to the condition y(0) = 1

d

AU g
d , .
div} _ 3z%¢ Y can be written as

dx
e/dy = 32°dx ;.. /eydy = /3:c2d:c =24+ sIned =@’ +c) ; cy=In(2®+c)
In order to satisfy
y(0) =1

we perform
y(0) =In(0* +¢)=Inc=1=1Ine

Thus we now know ¢ = ¢. Thus the answer is y = In(z® + e).
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16)

17)

18)

19)

Solve the equation

d{y} 6sinx
de gy
d i :
v} _ Osinz can be written as
dx Y
: : 1,
ydy = 6sinxdr ; . | ydy = [ 6sinxdr ; .. ¥ = —6cosx + ¢

.‘.y2 =—12cosx+C ; . y=+v—12cosx+C

Solve the equation
d{z}
—— =tr -2
o = te—2)
1 ]_ 1 2 lt2+c A
2da::tdt Do de: tdt ; .'.1n\:c—2\:§t +c; cslnjz—2=Ine2 " (.lne’ =A)
Tr — xr —
Lo, 1, 1, 1,
e —2]=e2 ;o —2==e%2 ; - 1-2=Ce2 ; - x=Ce2 +2
Solve the following equation
d{y}\* d{y} _0
dz dz
The given equation is factorised as
diyy |\ 4y} _
dz dx
Thus we obtain
d{y} d{y}
dx 0 dx 0
. . d
From the first equation of % =0, we get
d
;Li} =0; . .dy=0-dx ; .'./dy:/O-dx o coy=04+c; y=c

From the second equation, we get

d
iy}zl; Sody =dx o .'./dy:/dx; Ly=x+c
x

Thus the solution is

y=c,y=x+c

Solve the following equation

di{y} 1-y
=0
dx +1—x2

226



The given equation can be manipulated as follows:

diy} 1=y o cdlyp 1oy 1 dfyp 1
dx 1 — 22 N 1—22 7 "T1—9y2 dx 1 — 22
1 1 1 1
. — . dy = — d
.1_y2dy 1_1_2dw, ../1_y2y /1—:5236
. 1 1 1 . A B
Since 5 = we can express —————  in the form of —— + —— where A and
1—y?  (1=—y)(1+y) (1=y)(1+y) l—y 14y

B are constants which are found in the following procedure.
1 A B
C-wty) 1-y 1ty
By substituting y = 1 into the above equation,

;. 1=A(1+y)+ Bl —vy)

1
1=A01+1)+B(1-1); ..1=24; :§:A
By substituting y = —1 into the above equation,
1
1=A0-D)+B(A~-(-1); . 1=2B; ~5=B=A4
Thus
1 A B A A 1 1 1 1 1
= + = + =A + = (—+t—
1l-y(l+y 11—y 14y 11—y 14y (1—y 1—|—y) 2(1—y 1—1—y)
In the same way,
1 —lbi—+ 1)
1—2)1+2) 2'1—-2 1+x

Therefore, the original equation can be further manipulated as

1 1 1, 1 1 1, 1 1
dy = — dv ;o | 2t ——Ydy=— [ = d
/1—y2y /1—x2x’ /2(1—y+1—|—y)y /2(1—x+1+x)$

1 1 1 1 1 1 1 1
.'./(H—Fm)dy:—/(l_x-f—1+x)dx; .'./(—H—Fm)dy:—/(—m-i-l_i_—x)dl‘
—In(y—1)+Iny+1)=—(—In(z—1)+In(z+1)+c=n(z—1) —In(z+1) + ¢

1 -1 1 —1 —1 1 —1
,',ln—y+ —ln(Z +c ; ,',ln—y+ —In(Z +1In(c) =In o N vt =t
y—1 x+1 y—1 r+1 x+1 y—1 r+1
41 1( 1) r—1 r—1
=c -1); y=c —c —
Y 19 ; ) :E—|—1y T 1
r—1 x—1 = +1 clz—1)4+z+1
Lyl — = - - —L; Sy =
-~y C;z:—i—l) T+l oY i< —1 Y clr—1)—z—1
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DAY2
20) Find the solution to the differential equation

d
% = —2y + 20sin(4x) — 10 cos(4x)
x

satisfying the condition (x,y) = (0, 2)

a) Allocate P(x) and Q(z)
When we compare the equation with Equation (85), we obtain

P(z) =2

and
Q(z) = 20sin(4x) — 10 cos(4z).

b) Calculate A = /P(x)dx

c¢) Obtain ®(z) = ¢*
From Equation (86),

d) Calculate B = /@(x)@(x)d:c
B = /@(x)@(x)dx = /2235(20 sin(4z) — 10 cos(4z))dx = 20/62373 sin(4z)dz — 10 / ¢** cos(4x)dx @

Now we need to find out /ezx sin(4z)dxz and /ezx cos(4x)dx. First we perform the following two
differentiation:

a{esin(dn)}  d{e} pd fsin)}t . .
T =i sin(4x) + e S e 2¢* sin(4x) + 4e°* cos(4x) )
d{e* cos(4z)}  d{e**} 5, d {cos(4z)}
dz  dw dz
@x2+® gives us

= 2¢** cos(4w) — 4¢** sin(4x) ®

cos(4x) + e

2T &3 2z
Qd{e sin(4x)} N d {e** cos(4x)} — 1062 cos(4z)
dx dx

d 2z o3 4 d 2z 4
/2 (e sin(dr)) + {e™ cos( x)}dx = /1Oe2x cos(4x)dx
dz dz

/28(e2x sin(4z)) + 0(e** cos(4x)) = /1Oe2x cos(4x)dx

-, 2¢% sin(4x) + ¢* cos(4x) = /1Oe2“ cos(4x)dx

- 2e**sin(4x) 4 ** cos(4x)

_ 2z
10 = [ ¢ cos(4z)dx @
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@-®x2 gives us
d{e*sin(4z)} _d{e*" cos(4x)}

_ _ 2z L1
= 9 - 10e“* sin(4x)
2% o3 4 2z 4
"./d{e sin(4x)} _Qd{e cos( x)}dx — /10e2xsin(4m)daf
dr dx

/8(e2§C sin(4x)) — 20(e* cos(4x)) = /106% sin(4x)dx

oL e sin(4x) — 2¢** cos(4x) = / 10¢** sin(4x)dx

 e*sin(4x) — 2% cos(4x)
10

= /e% sin(4x)dx ®
By putting @ and ® into ©®, we get

B =20 / ¢** sin(4z)dx — 10/6% cos(4x)dx

e?* sin(4x) — 2¢** cos(4x) 10222’3 sin(4z) + ¢** cos(4x)

=2
0 10 10
= 2¢*" sin(4x) — 4¢** cos(4x) — 2¢** sin(4x) — ¢** cos(4xw) = —5e** cos(4x)
. . 1
e) Obtain the general solution y = () [B + (]

y = ! [B+c| = € [—5¢** cos(4x) + ]
O(x) [
1

f) Apply the condition to y = 3 [B + c| in order to find out c and thus the particular solution

As the condition (z,y) = (0,2)

1
2:@[—560005(4-0)—1—0} =-5+4+c; .c=T7

x)

—~

. Lo 1
Thus the particular solution is y = = [—5¢* cos(4z) + 7]
21) Find the solution to the differential equation
d
{y} 4 2y — 48721
dz
satisfying the condition (0, 1)

a) Allocate P(z) and Q(z)
When we compare the equation with Equation (85), we obtain

P(x)=2

and

Q(z) = 4e7 %,

A—/P(x)dx—/de—Zx

b) Calculate A = /P(x)dx
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22)

23)

24)

25)

26)

c¢) Obtain ®(z) = ¢*
From Equation (86),

P(7) = et = >

d) Calculate B = /@(m)@(:c)dx

B = /CID(x)Q(x)dx = /e%f - (4e7 ) dx = /4dx = 4x

1
¢) Obtain the general solution y = () [B +
1 1
— B - [4
V=g (B = o+
f) Apply the condition to y = () [B + ] in order to find out c and thus the particular solution
1

. L 1
Thus the particular solution is y = o [4z + 1]
Make y the subject of 2¢% = z + c.
2% =1z +c

1 1 1 1 1
% = 5(93 +c)Ine” = ln\é(as +¢)|9y = In ]5(33 + o)y = §ln|§(a: +¢)|

Simplify 2(z +2) —x + 3
20 +2)—r+3=20+4—x+3=x+7

4
Find D from £ = In|Da*| when (z,y) = (1,1).
x
4 4 4 (1)*
4 Y Y Y
s s 1“7 1 7
Y —mDa?| - ea® =P ea® — Dot —er’ =D — () =D 1.e'=D-D=¢
x x (1)
Solve the following equation
|3x — 8] —3 =14
3z =8 —3=4; .. |3x—8=4+3; . [3x—8|=7; . .3x—8=47; . 3x=4T7+8
1
S3r=T4+8,-7+8; . .3z=151; .'.x:5,§
Find the solution to the differential equation
d
) G A
dx x

satisfying the condition (z,y) = (1, 3)
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a) Allocate P(x) and Q(z)
When we compare the equation with Equation (85), we obtain

and

b) Calculate A = /P(x)dx

c) Obtain ®(z) = ¢*
From Equation (86),

d) Calculate B — / B(2)Q(x)dz

8= [e@aQus= [ (= [ (=t
e) Obtain the general solution y = @(135) [B + (]
- -
Y7 o) Bre=2171° +C]

f) Apply the condition to y = @ [B + ] in order to find out c and thus the particular solution

As the condition is (z,y) = (1, 71)’

3_ |2 + =1
1= 71t c=
. o 1 1, 145 1
Thus the particular solutionis y = — |[—=2* + 1| = ——2° + —
x| 4 4 x
27) Find the solution to the differential equation
d
ﬁ + 2ytanx —sinx = 0
dz

satisfying the condition (x,y) = (0,0)
a) Allocate P(x) and Q(z)
When we compare the equation with Equation (85)), we obtain

P(z) =2tanx
and

Q(z) =sinzx.
b) Calculate A = /P(x)dx

A= /P(a:)d:z: = /Qtanxdx = 2/tanxdaz = 2(—1In(cosx)) = —21In(cos ) = In(cos x) >

231



c¢) Obtain ®(z) = ¢*
From Equation (86),

d) Calculate B = /@(az)@(w)dw
_o d{—cos ;z:}dx

B / B(2)Q(x)d — / (cos )% sin wdz — / (cos z) =

1 _
s = 57t = (cosz)

_ / (cosx) *d(cosx) = — / (s) " d(s)(. s £ cosw) = 241

[B + (]

. . 1
e) Obtain the general solution y = (1)

B+ = m [(cos )+ c|] = (cos z)? [(cos )+ c| = cosz + ccos® x

f) Apply the conditionto y = ﬁ [B + ] in order to find out c and thus the particular solution

YT B

s.e=—1

0=cos0+ccos’0=1+c ;

Thus the particular solution is y = cosz — cos® z

28) Solve the following inequality
9<3-2xz-5)<21

9< —20413<21; . 9-13< —22<21—13

9<3—-2x—-5)<21; 9<3-2x+10<21 ;
—4 8
co—d < 2 <8 ,',—>.:E2—2; 2> >4
29) Solve the equation
3I:9272—SC
3:(::9502—:1: < 3:(::(32):52—30 : ...3x:32(:c2—w) : 113'22(1'2—1') : 1’221’2—237
3
. 0=222—20—2 ; .0=22%—3zx ; 2.0=(2x—-3)z ; .'.sz,Q

30) Solve the equation

z2—1
1
V 16x — (5)
1 z2-1
22—

o (5 @Y =) V=2
24x><% _ 2—(:(:2—1) co or = —(.172 _ 1) Co 2p = —1'2 + 1

—24+v224+4 2448
a2 —1=0; zx= 5 tE 2\/_:—1i\/§
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31) Solve the equation

1 2
1 T _ - 2zx—1
6 (2) 8

16% — (3)28%_1 o (24)a: _ (2_1)2 (23)2:(:—1 S L (2—2) (23(23:—1))

2
20 =978l e = 94 3(20—1) ; L dr=—-2+62—3
SAr—6rxr=-5; . —20=-5; . x=25
32) Find the solution to the differential equation
di{y} _ 3y
LS R 4
dz x+4 rod

satisfying the condition (z,y) = (—5, —2)

a)

b)

d)

Allocate P(z) and Q(z)
When we compare the equation with Equation (85), we obtain

3
Pla) = 2+ 4
and
Q(x) =z +4.

Calculate A = /P(m)dx

1 ‘ ‘
A:/P(:p)dx:/— ; da::—?)/ dr = Injz+4|=Inl|z +4]"
r+4 x+4

Obtain ®(z) = ¢*
From Equation (86),

@(I) = eA = eln\:v+4| ’ = |,I‘ + 4|7?< QIOger = 7")

Calculate B = /cb(x)Q(:c)dx

(x+4)* ' = —(z+4)7"

B= /CI)(x)Q(a:)d:c = / |z +4]7° - (z + 4)dx = / |z + 4| Pdr =

-24+1
Obtain the general solution y = ! (B + (]
O(z)

_ 1 _ 1 . -1 _ 37 -1 _ 2 3
y = 300 [B+c] = (A [—(@+4) "+ =@+4)° [-@@+4) "+ =—(z+4)° +clz +4)
Apply the condition to y = q)(lm [B + ] in order to find out c and thus the particular solution
As the condition (z,y) = (-5, —2%,

—2=—(-5+4)P+c(-5+4)P=-1—-c; . c=1

Thus the particular solution is y = —(x + 4)* + (v + 4)*

33) Find the solution to the differential equation

%:x—i-zy
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3
satisfying the condition (x,y) = (0, —)

4
a) Allocate P(x) and Q(z)
When we compare the equation with Equation (85), we obtain P(z) = —2 and Q(z) = .

b) Calculate A = /P(x)dx
A= /P(x)dx :/—2dx = —2x

d(r) =t =™

c) Obtain ®(z) = ¢*
From Equation (86),

d) Calculate B = /@(x)Q(m)d:p

B= / ®(2)Q(z)dx = / ¢ Fadr == - / ¢ “dr — / (dg} leIfdx) da

_ 1 —2z 1 —2x o 1 —2x 1 1 —2r __ 1387214 27296
=x _2e /_2e dr =x _2e 5 5 e = — 1
. . 1
¢) Obtain the general solution y = o) [B + ]
1 1 [oe® r 1
= —_— B = — = — — — 2z
Y (ID(x)[ + p—r { — 1 —|—c} ST
1 . . .
f) Apply the conditionto y = () [B + ] in order to find out c and thus the particular solution
X
" 3
As the condition (z,y) = (O, Z)’
3 1
Zz—z—l—ceo ;oc.e=1
: o 1
Therefore the particular solution is y = % 1 + ¢**
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DAY3
34) Solve the equation

1\ 1\ 1\ " 1
e <( )_2> R ((2—1)—2> 2= (ﬁ) 2= o2z 27 =27

AT =20; 20— =0 ; _'_x0'5(2x0'5—1)20

a5 =0,05 ; (2% =0%05% ; .2=0,025
35) Solve the equation
51 =100 3"
5x+1 — 100 . 31‘ : 5m+1 — 22 . 52 . 336
S BT =92.5%.87 o L 5THIT2 = 2237 1 s log 571 = logs(2%) + log; (37)
cox—1=1logs(2%) + xlogs(3) ; ..o — xlogs(3) = logs(2%) +1
2logs2 +1
Sox(l—logs(3)) =2logs 2+ 1 ; ==
':E( Og5( )) Og5 _I_ T 1 _ 10g5(3)
36) If Cx =2z and z = % find C' in terms of = and y.
ce=2, c=%
x x
- d{y} 1
37) Find —— of y = =.
) Fin Iy of y =3
_ d{y} - d{y} 1
N T . _
y=a g s T 2

38) Obtain the particular solution of the equation

dzy d{y} 3
S otV 3y o 4y +2)e™
dx? dx y=(4z+2)e

d
satisfying y(0) = 0 and {_y}‘ = —15/4
dr |,_,
When the auxiliary equation
M—22-3=A+1)(A=3)=0
is solved, A = 3, —1 = «, ( is obtained. From Equation (105), we set
Yi(x) = ae® + be™*

because « # 3 in Equation (105). Since r(z) has the factor of ¢3*, we tell that ¢ = 3 which is the same
as a, i.e. , a = c. Since r(z) has the factor of 4x + 2, we tell that n = 1. Thus from Equation (113), we

set

1
Y(z) = ¥zt <Z gmxm) = "z (g1 + g0)
m=0
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with & = 1 because Y;(z) does not have the term ¢3%x.
A%@)} _ A (00 +gon)}

(3g1x2 + (390 + 291)x + go)

dx dx
2 3z 2
) - A En T2} e (303900° + (3 + 200)0 )+ (002 + G-+ 200) )
= ¢* (9g12° + (990 + 12¢1)z + (690 + 291))
When we put
Ya(z) = ¥ 2(g12 + go)
w = (3g1x2 + (390 + 2g1)x + go)
d?Ys(x
#g) =% (991332 + (990 + 12g1)x + (690 + 291))

into Equation (118)), we get

¢* (99127 + (990 + 12g1)x + (6go + 2g1)) — 2¢° (3g12” + (3go + 2g1)x + go) — 3¢ (q12” + gox) = (4a + 2)e*”
27 (8gix + (4go + 2g1)) = (4 + 2)e”

By equating coefficients of z and z°, we obtain

891 =4
490+ 201 =2
From these two equations, we obtain ¢g; = 1/2 and g, = 1/4. Thus the general solution
1 1
3x —x 3x
- b o4
y=ae” +be " +e x(2x+4)

d{y}

is obtained. In order to use the initial condition, we produce —r from the general solution and we get
X

d{y} 3 - el o 1 3 1
— T _ pe 2 T(Z - @ ).
. 3ae e "+ 3e (2:6 —|—4x)—|—e (:c—|—4)

By using the initial condition
y(0)=a+b=0
and

(AU} { YA N
dx 2—0

44
we get « = —1 and b = 1. Thus the particular solution is

1 1
_ 37 -z 3x,.( -
y=—¢"+e +ex%x+ﬁ

39) Obtain the particular solution of the equation

d’y  d{y}
LA AL T 4
dz? dx ey =8z +
satisfying y(0) = 4 and % =2
T |,
When the auxiliary equation
N — 4N +4
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=(A=22=0
is solved, A = 2 = a = (3 is obtained. From Equation (106), we set
Yi(r) = ae* + bae*”
because «a = 2 in Equation (106). From Equation (110), we set

1
Ya(x) =3 gma™ = go + 1

m=0

A1)} _ diga+a)
dx dx

PYyla) _ d{g)
dx? dx

(251

=0

When we put
Ya(r) = g1z + go
d{Ya(x)} _
dx
d*Yy(x) 0
dz?
into Equation (118)), we get
—4g1 + 41z + go) =8x +4 ; dgir +4g0 —4g1 = 8v + 4
By equating coefficients of 2 and xz° we obtain
4g1 =8 @®
4go —4g1 =4 @

From the equation ®, we obtain g; = 2 and from the equation @ we get g, = 3. Thus the general

solution
y(r) = ae* + bre* + 21 + 3
is obtained. In order to use the initial condition, we produce % from the general solution and we get
X
d
_{y} = 2a¢®® + be** + 2bze*” + 2.
dx
By using the initial condition
y(0)=a+3=4
and
d
W gatbta—2,
dx

=0

we get a = 1 and b = —2. Thus the particular solution is
y(x) = e* — 27¢* + 27 + 3

40) Find the roots of the quadratic equation \*> — 3\ + 2 = 0.
M-3A+2=0; ~(A=-2)A-1)=0; ~A=2)1=1
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41)

42)

43)

44)

Find the roots of the quadratic equation A\*> — 4\ + 13 = 0.
When we compare

AN —4XN+13=0
with ax? + bx + ¢ = 0, we obtain

Thus we can obtain the answer from

A_—bi\/b2—4ac' S 44+/(—4)2—4-1- 13 .)\_4i 16 — 52
- 2a ) . . 2 b) .. - 2
4  —36 6
A= gEI A=242 A =2+3
Find the roots of the quadratic equation A\ — 2\ + 1 =0
M_2X4+1=0; ~A=1)XA=1)=0; ~A=1*=0; ~Ar=1
Find the roots of the quadratic equation \? — 4\ +4 = (
M—dA+4=0; - A=2)A=2)=0; ~(A=22=0; . A=2
Find the general solution of
{?J} 2t
2— 4——— =
oz " at
. . o d{y} 4
and then find the particular solution which satisfies y(0) = 6 and i =5

To solve the following we must first find the complementary function Yl( ) and and then the particular
integral Y>(¢) . The final answer will be the sum of both:

y(t) = Yi(t) + Ya(t)

In order to find out Y;(t), substituting Equation (103) into QW +4 ;{Zi/} 6y = 0, we produce auxiliary
equation:

A2 44X —6=0; . 20+3)(A=1)=0; . A=-31=0a,3
Since « and j are real and « # [, the complementary function Y1( ) is

Yi(t) = ae™® + be'

Now to find the particular solution, you need to know the correct substitution. 7(z) = ¢* means the
coefficient of ¢, i.e., ¢ = 2. Since ¢ # «, 3, the particular integral is Equation (108)

d{Ys(t)} 0*Y(t)
t: 2t . —:2 2t —:4 2t
Bt) =g 0 o —— T ge
Substituting these into the original ODE
2_(%2 +4 ;{thJ} 6y = e ; . 2-4ge® +4-2ge* —6ge* = ¢* ;- 8ge®! + 8ge?t — 6ge*t = *
1
-1 26 _ L2t “10g=1: . g=—
AOge™ =5 10 =15 g=15
Thus the particular integral is
1



45)

Therefore the general solution for this ODE is

1
y(t) = Yi(t) + Ya(t) = ae™™ + be' + e

To find @ and b we need to differentiate y(t).

1 d{y(t 2 d{y(t 1
y(t) = ae™" + be' + Ee% Do % = —3ae 3 + be! + 1—Oe2t co % — —3ae~% 4 bet + ge%
diyt 4 d{y} 4. - d{y(t)}
in =——att=0,w t,——=) = (0,—=) into th ion of follows:
Since —— o 5at 0, we put (t, I ) = (0, 5) to the equation o o asfollows
4 1 4 1 4 1
—52—3a60+beo+geo; .'.—S=—3a+b+g; .'.—g—g:—?m—i-b; S.—1=-3a+b O]
Since y(0) =6, i.e., (t,y) = (0,6), we get
_ 1 1
Y(t)]y=6 = ae™ + be' + Eeztlt 0 ; ,'_6:ae0+be0+ﬁe0
1 1 59
C 6= b+ — : " 6— — = b, .—= b @
. a—+ —l—lo7 10 =a-+ “ 10 a+
@-0is
29 59 10 69 69
10+ =a+3a ; "10+1O a ; 10 a ; 10 a
By putting a = %j into @, we get
Lyl 69 59 B9 69, 59-4 69, 236 69 0 167
¢ 10’ 4010 7710 407 0T 40 400 VT 40 400 7T 40
Therefore the particular solution to the ode is
69 167 1
1) = e Bt Tty 2t
v =300 Tt gt
Obtain the particular solution of the equation
d?y d{y} 2
—2 9 3y — 3
dz? dx Y e
satisfying y(0) = 4/3 and {y} = —25/3

When the auxiliary equatlon
M—22-3=A=3)A+1)=0
is solved, A = —1,3 = «a, § is obtained. From Equation (105)), we set
Yi(z) = ae™® + be3m
because o« = —1, 8 = 3 in Equation (105). From Equation (112), we set

(ngx )—e (90 + g1)

because ¢ = 2 in Equation (112).
A{Ya(a)} _ d{e¥ (i + o))
dx dx
= 2¢*(g17 + go) + gre*
= eQx(lex + 240 + 91)
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d2Y d 2z 2 2
2(1’) _ {e ( 91T + 290 + gl>} _ 222$(291J] 4 290 + 91) + e2$(291) = e2z(4glﬁlf + 490 + 491)

dz? dx
When we put
Ya(x) = ¥ (g1 + o)
d{Ys(z
di¥a(v)) d2( }_ (2012 + 290 + g1)
X
d?Ys(x
d;g ) ¢** (g1 + 4go + 4g1)
into Equation (118), we get
X (dgix + 4go + 4g1) 2% (2g12 + 290 + g1) ;.. —3e* (1w + go) = 3we®”
o2 (4 + 4go + 491 —4gix—4g0—2g1—3912—3g0) = 3w ;. e** (291 — 3go — 3g1x) = 3xe*”
By equating coefficients of 2 and 2° we obtain
21 — 390 =10
—301 =3

From these equations, we obtain g; = —1 and g, = —2/3. Thus the general solution
y = ae*.’l} + beB:{; + e2$(_$ o 2/3)

is obtained. In order to use the initial condition, we produce # from the general solution and we get
X

d{y}

. ae™" + 3be® + 2e*(—x —2/3)—

By using the initial condition
y(0)=a+b—2/3=14/3
and

d{y}
—l =—a-+3b— = -2
L a 3 7/3 5/3,

we get a = 3 and b = —1. Thus the particular solution is
y =3¢ " — e + ¥ (—x —2/3)

46) Obtain the particular solution of the equation

ARAt A {y} b3y = 302+ 2
dxz
diyt|  _,
dr |,_,
When the auxiliary equation

satisfying y(0) = 1 and

M+dA+3=A+1)A+3)=0
is solved, A = —1, —3 is obtained. From Equation (105), we set
Yi(x) = ae™® + be
because « # 3 in Equation (105). From Equation (110), we set

2
Ya(x) = Z gm=™ = g2” + 12 + go

m=0
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d{Ya(z)} _ d{g22® + g1z + go}

=2
dx dx 922+ 1
PYa(x)  d{2g:x + g1} _y
dx? dx 92
When we put
Ya(z) = 927 + 17 + o
d{Y-
D ey
0
d*Yy(z)
=2
A2 g2

into Equation (118)), we get
205 + 4(2g27 + g1) + 3(gax® + g1 + go) = 32> + 21 ;. 3go2” + (892 + 391)x + 295 + 491 + 390 = 3% + 2w
By equating coefficients of 22, x and z°, we obtain

392 = 3
892 + 391 = 2
292 +4g1 +3go =0

From these three equations, we obtain g, = 1, gy = —2 and g, = 2. Thus the general solution
y=ae " +be " 4% — 20 +2

is obtained. In order to use the initial condition, we produce % from the general solution and we get
X
diy} = —ae® — 3be " + 21 — 2.
dx

By using the initial condition
y(0)=a+b+2=1

and
d{y}
dx

we get a = 0 and b = —1. Thus the particular solution is

= —a—3b—2=1,

z=0

y=—¢ "+ 1% 20 +2.

47) Obtain the particular solution of the equation

Py d
Py diy}

=2 4
dx? dx v

d
satisfying y(0) = 8 and ;—xy}' = -3

When the auxiliary equation "~
M+A=2XA+1)=0
is solved, A = —1,0 is obtained. From Equation (103)), we set

Yi(z) =a+be™™®

241



48)

because a = 0, 3 = —1 in Equation (105). From Equation (111), we set

(Z Im® ) = 2(go + 1) = gor + 12°

with £ = 1 because Y;(z) does not have z or z2.

d{Ya(z)} _ d{g:2’° + gox}
dx dx

=2q17 + go

d*Ys(x) _ d{2g1x + go}
dx? dx

ey 2g1
When we put

Ya(z) = g12® + gox
d{Yy(r)}

= 2g1x + go
dx
d*Ys(x)
=2
de gl

into Equation (118), we get
21 + 212+ go = 20 + 4
By equating coefficients of = and 2° we obtain
291 =2
201+ go=4
From these equations, we obtain g; = 1 and g, = 2. Thus the general solution

y=a-+be " +a®+202

is obtained. In order to use the initial condition, we produce —— {y} from the general solution and we get
d{y}::—b@ﬁ-+2x4-z
dx

By using the initial condition

and

— —b4+2=-3,
=0

we get a = 3 and b = 5. Thus the particular solution is y = 3 + 5¢ ™% + 22 + 2z

Obtain the particular solution of the equation
¢y d{y}
—Z_3 2y = ¢*
dzx? dx tay=ce

satisfying y(0) = 1 and {y}‘
When the auxiliary equation
M _3A4+2=A-1)(A=2)=0
is solved,
A=1,22qa,8
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is obtained. From Equation (105), we set
Yi(z) = ae® + be**

because

aF#p
in Equation (105).
Since

c=1
and

a=1,

from Equation (109) we set
Ya(x) = gaPe”.
Since Y;(z) does not have a term of xze”, we try to set k = 1. As Y,(z) is in the same form as Y;(z) we

need to add an z to make it a unique solution.
Now we need to find out ¢ by using Equation (118). Thus we need the first and second derivative of

Ya().
d{Yo(x)}  d{gwe”}  O{we"}

T =9 g(xe® +¢%) = gre” + ge
d*Yy(x)  d{gze® + ge®} O(we® + ")
— — — X xX xX — X 2 xX
dzx? dx g ox glet et 4 ¢) = gaet 4 2ge
When we put
Ya(z) = gae”
d{Y;
{ 2($)} :gl,ez_’_gew
dx
d*Yy(z) . v
W = g:L‘e + 2g€
into Equation (118)), we get
d? d
d—;; - {y} +2y=1¢" ; gwe” + 2ge” — 3(gre” + ge) 4+ 2gxe” =¥ ; L —ge®=¢" ; g=-—1

Thus the general solution
y = ae® + be** — ze”
is obtained.
In order to use the initial condition to find out « and b, we produce —— {y} from the general solution and
we get

d
loh _ ae® + 20e*” — xe® — ¢,
dx
By using the initial condition
y(0)=a+b=1
and 4
ly} +20—1=2
dx =0
we get
a=—1
and
b=2.
Thus the particular solution is
y=—e" + 27 — xe”
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DAY4

49) Simplify y = e 3 le+4],
y = g dnlztal . y = glnlo+417 ; c.lny=1In (elnlx%l%) ;
SIny=Inlz+4In(e) . Iny=Injz+4]2; y=|z+4°
50) Simplify Iny = —In(z + ¢).
1
Iny = —1 ;o Iny =1 oy = oy=
ny n(r+c) ; ny = In(z + ¢) y=(x+c) y=
51) Make a the subject of 0 = 2x — 2115
1 1 1
— =9 - - — —4aq : - -
1 TS T
52) Solve the following equation for z. 2> —4 =0
2 —4=0; - 22=4; x=44% . - zr=42
53) Find the general solution of
d*y {y}
— —4——+ 13y =0
dx? +
and then find the particular solution that satisfies {y} = —4 and y(0) = 3.

Z =0

d? d . :
J_ 4{—y} + 13y = 0, we produce auxiliary equation:
da? dx
N —4X+13=0

Now we need to factorise this and work out the roots.
Because v? — 4ac < 0 there are no real roots to this quadratic. Therefore both roots will be complex.
Remember j = /—1.

Substituting Equation (103) into —

AN —4A+13=0
is identical to az? + bz + ¢ = 0 when

Thus, the answer is

bV —dac  A+\/(—4)2—4-1-13  4+/16— 52

A= = =
2 2 2
4 V=36 6
:§iT_2i5‘7_2i3]_pi]q p=2q=3

The general form of the solution of an ODE with complex roots is
y(z) = e [acos gz + bsin qz]
Now by substituting p = 2, ¢ = 3 into the general form, the general solution is

y(x) = ¢ [a cos 3z + bsin 3]
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In order to find the particular solution we need to find ;y} Let g(z) = ¢** and f(x) = bsin 3z +a cos 3z.
Using the product rule

d{y} _ d{f(z)} d{g(z)}
with
d{g('x)} — 2221‘
dx
m = 3bcos 3x — 3asin 3z
dx
we can obtain
d
iy} = ¢* . (3bcos 3 — 3asin 3x) + 2¢** - (bsin 3x + a cos 37)
T
, d
Now putting (z, ;;J}) (0, —4) into the equation of —— {y} , we get
—4 =¢"- (3bcos0 — 3asin 0) + 2¢° - (bsmO +acos0) ; .—4=3b+2a
We now use the other condition y(0) = 3. By putting (z,y) = (0, 3) into the general solution, we get
3=2¢"Jacos0+bsin0 ; ..3=a
b is obtained by putting a = 3 into —4 = 3b + 2a :
—4=30+2a ; .—4=30+2-3; . —4=3b+6 ; .‘.b:_Tlo

Therefore the particular solution is

—10
y(x) = ¢* [bsin 3z + a cos 3z] = ¢** 5 sin 3x + 3 cos 3x

54) Obtain the particular solution of the equation

¢y d{y} .
A YT
d
satisfying y(0) = 2 and %‘ =5
T |,
When the auxiliary equation
N =22+1=0

is solved, A = 1 = a = 3 is obtained. From Equation (106), we set
Yi(z) = ae® 4 bxe”
because « = 1 in Equation (106). Since ¢ = 1 and « = 1, from Equation we set
Ya(x) = ga®e”.
Since Yi(x) has already a term of ze¢”, we try to set £ = 2 to avoid the duplication of the like term.

A{Ya(0)} _ d{ga*e") _

2.x T
2
. i xroe” + Z2gxe

d?Y: d{ga’e” + 2gxze”
d;gx) _ dige d;si_ gae’} _ gr’e” + 2gxe” + 2gze” + 2ge”
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55)

56)

57)

When we put
Ya(z) = ga’e”

d{Y:
{ 2('1:)} :g$221+29$€w
dx
d*Y-
d2gx) = gr’e” + dgxe” + 2g¢”
T
into Equation (118)), we get
2. x T T 2.z T 2. x T T T 1
gre” 4 2gre” 4+ 2ge” — 2(ga*e” + 2gxe”) + gaxte” =¥ ;. 2ge" =" Lg=5
Thus the general solution .
y = ae’ + bre” + §x2e:”
is obtained. In order to use the initial condition, we produce % from the general solution and we get
X
d 1
b _ ae” 4 be” + bre” 4 we® + —x?e”.
dx 2
By using the initial condition
y(0) =a =2
and J
1 =a+b=>5,
dzr |,_,
we get a = 2 and b = 3. Thus the particular solution is
T T 1 2. x
y = 2¢" + 3xe +§x e’
Solve for z for the following 321 =z + 2
3r—1
=x4+2; 3x—1=2x+2); ~3z—1=2x+4; - 3z—2x=4+1; . xz=5
Find the roots of this quadratic equation \* + 2\ + 2 = 0.
N 4+20+2=0
is identical to ax? + bx + ¢ = 0 when
a=1; b=2; c=2
Thus, the answer is
b+ Vb2 —4dac —-2+vV22-4-1-2 —2++4-8 —2+v-4 242
A= = = = = =—-1%x
2a 2 2 2 2
Find the roots of this quadratic equation \> — 2\ —3 =0
N —21-3=0

is identical to az? + bx + ¢ = 0 when
a=1; b=-2; ¢c=-3
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58)

59)

Thus the answer is

\ b+ VP —dac 2+ /(-2)2—4-1-(=3) 2+Vi+12 2+V16 244

2a 2 222

=1+

Find the roots of the quadratic equation \? + 12\ + 8 = 0.
N+ 1204+8=0
is identical to az? + bz + ¢ = 0 when
a=1; b=12 ; ¢=38
Thus, the answer is

—bE Vb —dac —12+£V122-4.1-8 —124+v144-32 —12+ V112

\ = — — —
2a 2 2 2
—12 V112 47
=—Ft — =— j:—:— +2
5 5 6+~ 6£2v7

Obtain the particular solution of the equation

—2 +2—— {y} + 2y = 5sin 2z

dx
satisfying

y(0) =0
and
diyt|  _,
dr |,_,
When the auxiliary equation
NM422+2=0
is solved,
—2+v4-38
A:#:—lijEpiq‘]

is obtained because = = —2+ V2l(’l2 — dac gatisfies ax? + br + ¢ = 0. From Equation (107

Yi(z) = ¢ “(acosx + bsinx)
because p = —1and ¢ = 1. Since w = 2 and —1 + y # jyw, from Equation (114) we set
Ys(x) = gcos 2z + hsin 2x.

2
diYa(w)} and d Yz(x). Thus
dx dx?

In order to make use of Equation (118)), we need to find out
these as follows:

d{Ys(z)}  d{gcos2x + hsin2xr}
dz B dz

= —2¢gsin2x + 2h cos 2x

d*Ya(x)  d{—2gsin2x + 2hcos 2z}
dr? dx

= —4gcos2x — 4h sin 2z
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60)

When we put
Ys(x) = gcos2x + hsin 2z

d{Y;
M = —2gsin 2z + 2h cos 2x
dx
d*Y:
2(2) = —4gcos2x — 4hsin 2z
dz?
into Equation (118)), we get
—4g cos2x — 4hsin 2x + 2(—2g sin 2z + 2h cos 2x)
+2(gcos2z + hsin2x) = 5sin2x ; ... —4gcos2x — 4hsin 2x—4g sin 2z + 4h cos 2z
+2g cos2x + 2hsin2z = 5sin2x ;. (—2g + 4h) cos 2z + (—2h — 4¢) sin 2x = 5sin 2z
By equating coefficients of cos 22 and sin 2z in the equation, we find
—2g+4h =0
—2h —4g = 5.

—2g 4+ 4h = 0 is the same as g = 2h and we put g = 2h into —2h — 49 = 5 and we obtain h = —0.5 and
thus
g=2h=2x(-05)=—1.

Thus the general solution

y=¢ “(acosx + bsinz) — cos2x — 0.5sin 2z

is obtained. In order to use the initial condition, we produce % from the general solution and we get
X
g = (acosx + bsinz) + e “(—asinx + bcos x) + 2sin 2z — cos 2.
X

By using the initial condition
y(0)=a—-1=0

and

d{y}

dx =0

we get a = 1 and b = 4. Thus the particular solution is

=—a+b—-1=2,

y=¢ “(cosz + 4sinz) — cos 2z — 0.5sin 2z.

Obtain the particular solution of the equation
d2
cy +y =2sinz + 3cosw
dz?
d
satisfying y(0) = 3 and %‘ =4
T

When the auxiliary equation
N+1=0

is solved, A = 0 + 7 is obtained. From Equation (107), we set
Yi(z) = acosx + bsinz
because p= 0, g = 1 in Equation (107). From Equation (115), we set
Yy(z) = 2¥(g cosx + hsin )
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with k£ = 1 because w = 1 and Y (z) does not have x cos x or zsin z.
d{Ys(z)} d{x(gcosx+ hsinz)}

dz B dz
=gcosx + hsinx + —grsinx + hrcosx = (g + hx)cosx + (h — gx)sinx

= (gcosz + hsinz) + z(—gsinx + hcos x)

2 B .
dYa(z) = dilg tha)cose + (h = ga)sinw} = —(g+ hx)sinx + (h — gx)cosx + hcosx — gsinx = —(2g + h

dx? dx
When we put
Ys(z) = gx cosx + hxsinx
d{Y;
% = (g + hx)cosx + (h — gz)sinz
T

d*Y:
ngx) = —(2g + hx)sinz + (2h — gz) cos x

T

into Equation (118), we get

—(2g + hx)sinz + (2h — gx) cosx + gr cosx + hasinx = 2sinz + 3cosz
. —2gsinx + 2hcosx = 2sinx + 3cosx

By equating coefficients of cos x and sin z, we obtain

—29 =2
2h =3
From these two equations, we obtain ¢ = —1 and h = 3/2. Thus the general solution
: 3 .
y=acosx + bsinx + x(—cosx + §smx)
w}

is obtained. In order to use the initial condition, we produce ——

d{y}

from the general solution and we get

3
—asinz + bcosx + (—cosx + ism:c) + z(sinz + icos:v)

By using the initial condltlon
y(0) =a=3

and
dwh oy,

dx =0

we get « = 3 and b = 5. Thus the particular solution is

y=3cosx + 5sinz + x(—cosz + §sin$)

61) Obtain the particular solution of the equation

dy ,d{y} .
a2 Ay + 5y = —3¢" cosx
satisfying y(0) = 7/5 and {y} =18/5
When the auxiliary equatlon -
N —4X+5=0
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is solved,
A=2+)1=ptq

is obtained because = = —2£ Vzlg — 4dac gatisfies ax? + br + ¢ = 0. From Equation (107), we set

Yi(z) = ¢**(acosx + bsin )
because p = 2,¢ = 1 in Equation (107). From Equation (116), we set
Ys(z) = ¢“(gcosx + hsinx)
because w =1and c = 1.
d{Ys(z)}  d{e*(gcosx + hsinz)}
dx dz

=¢“(gcosx + hsinz) + ¢*(—gsinz + hcosx)
=¢“((9g+ h)cosxz + (h — g)sinx)
d*Ys(z)  d{e"((g+h)cosx + (h— g)sinz)}

de? dx
=¢"((g+ h)cosz + (h— g)sinz) + ¢*(—(g + h)sinz + (h — g) cosx) = ¢*(2h cos x — 2gsin x)

When we put
Ys(x) = ¢*(gcosx + hsinx)
Y
w =¢“((9+ h)cosz + (h — g)sinx)
¢*Ya(x) _ -
ok (2h cosx — 2¢gsinx)

into Equation (118), we get

e”(2h cosx — 2gsinx) — 4e”((g + h) cosx + (h — g) sinx) + 5e*(gcosx + hsinz) = —3¢” cos

coe%((2h — 4g — 4h + bg) cosx + (—2g — 4h + 4g + bh) sinx) = —3e¢” cos x
By equating coefficients of cos x and sin z, we obtain
—2h+¢g = =3
2g+h = 0
From these two equations, we obtain ¢ = —3/5 and h = 6/5. Thus the general solution
-3 6
y = ¢**(acosx + bsinz) + ea’(? cosx + R sin x)

is obtained. In order to use the initial condition, we produce %

d -3 3
% = 2¢**(acosz + bsinx) + ¢*(—asinz + bcosx) + ex(? cos T + 5 sinx) + ex(g sinx + 7 €08 )
T

By using the initial condition

from the general solution and we get

y(0)=a—-3/5=17/5

and
d{y}
dx

we get a = 2 and b = —1. Thus the particular solution is

=2a+b+3/5=18/5,

=0

-3 6
y = ¢**(2cosx — sinw) + em(? cosT + £ sin x)
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62) Obtain the particular solution of the equation

d’y d{y}
Tz QW + 2y =2cosx
satisfying y(0) = 3 and {y} =4
When the auxiliary equatlon -
M —2A+2=0

is solved, A = 1 + j is obtained. From Equation (107), we set
Yl( )= (acos:v—l—bsmx)
because p = 1,q = 1 in Equation (107). From Equation (114), we set
Ys(z) = gcosx + hsinx
because w = 1 in Equation

d{Ys(z)} d{gcosx+ hsinx}
dz B dx

= —gsinz + hcosz

d*Y; d{—gsi h
2($): {zgsinz + COsx}:—gcosx—hsinx

dx? dx
When we put
Yo(x) = gcosz+ hsinz
m = —gsinxz + hcoszx
dx
d*Y:
2(2) = —gcosx — hsinx
dzx?

into Equation (118), we get

—gcosx — hsinx — 2(—gsinx + hcosx) + 2(gcosx + hsinz) = 2cosz
. (h+2g)sinz + (g — 2h) cosx = 2cosx

By equating coefficients of cos z and sin = we obtain

h+2g = 0

g—2h = 2
From those equations, we obtain ¢ = 2/5 and h = —4/5. Thus the general solution

: 2 4 .
y=c¢"(acosz + bsinx) + £ COST — Csing
d
is obtained. In order to use the initial condition, we produce ; i from the general solution and we get
X

d 2 4
% =e¢"(acosz + bsinx) — gsinx —pcosz + ¢“(—asinz + bcosx).
T

By using the initial condition

and
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we get a = 13/5 and b = 11/5. Thus the particular solution is
13 1 2 4
y=e"(—cosz+ Esmx) + £ COST — Csing

5

63) Obtain the particular solution of the equation

dzy d{y} 2
—Z —4—22 4+ 13y = 18¢**
dx? dx oy ¢

satisfying y(0) = 5 and % =4
x

=0
When the auxiliary equation \* — 4\ + 13 = 0 is solved,
A=2+£3=pEtq

is obtained because the solution of az? + bz + ¢ = 0is A = 0= VQZQ —dac From Equation (107), we
set

Yi(x) = ¢*(acos 3z + bsin 3x)
because p = 2,¢ = 3 in Equation (107). From Equation (108) with ¢ = 2, we set

Ya(z) = ge**
d{Ys(x d{ge*® N
03} _ o) _,
PYy(x)  d{2ge) |
d2 dz = ge
When we put
Ya(z) = ge*
L)}y o
dx
d2y2($) 2
22 e
dx? ge

into Equation (118), we get
4ge*™ — 4(2ge*”) + 13ge®” = 18¢*" ;- 9ge*” = 18¢*

By equating coefficients of ¢** we obtain 9g = 18. From these one equation, we obtain g = 2. Thus the
general solution
y = ¢*(acos 3z + bsin 3z) + 2¢**

is obtained. In order to use the initial condition, we produce % from the general solution and we get
X
d
{y} — 2e2x

dx
By using the initial condition

(acos 3z + bsin 3z + 2) + ¢**(—3asin 3z + 3bcos 3z).

and

a2 A )
dr |,_,

we get a = 3 and b = —2. Thus the particular solution is
y = ¢**(3cos 3z — 2sin 3x) + 2¢**
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DAYS5
64) Consider the differential equation

d{l}
—— I =r(t
o r(t)
a) For the homogeneous equation with r(¢) = 0, find the general solution.
d{Il} d{I} 1 / /
—— —1=0; .—=1; .. =dl=dt; —dl = [dt ; Inl=1 =1
L 0; .. 7 DT ; ; n +c=1Ine"

oL ="t = Déf

b) Find the general solution to the homogeneous equation charaterised by r(t) = e

solution for / = 0.5 at ¢ = 0 and describe the behavior for large ¢

i) Allocate P(t) and Q(¢)
When we compare the equation with Equation (85), we obtain P(t) = —1 and Q(t) = ¢~

ii) Calculate A = / P(t)dt
A:/P(t)dt:/—ldt:—

P(t)y = =e"

and the particular

iii) Obtain ®(t) = ¢*
From Equation (86),

iv) Calculate B = /@(t)Q(t)dt

B:i/Q@Q@M#:/}te%#:/}2%t:—%e% ®

1
v) Obtain the general solution [ = B

e
1 1 1 1
I = B _ - —2t — ¢t t
(IJ(t) +c| = t{ 2 ~|—c} 2e + ce
vi) Apply the condition to / = % [B + ¢] in order to find out ¢ and thus the particular
solution
As the condition (¢, 1) = (0,0.5)
1
0.5 = —5270 +ce’ ;o ce=1
L 1
Thus the particular solution is I = —=¢™* + ¢’. For large t, the term of — 1 ¢! goes to zero and

the term of ¢’ diverges and in the end I goes to infinite.
65) Solve the differential equation

82
O p_get
ot?

subject to the conditions that y remains finite for large ¢ and that / = 2 when ¢t = 0
To solve the following we must first find the complementary function Y;(¢) and and then the particular
integral Y>(¢) . The final answer will be the sum of both:

I(t) = Ya(t) + Ya(t)
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In order to find out Y7 (¢), substituting Equation (103) into 2—2 — I = 0, we produce auxiliary equation:

MN—-1=0; ~A=-1,1=a,p
Since « and j are real and a # (3, the complementary function Y, (t) is
Yi(t) = ae”" + be'

Now to find the particular solution, you need to know the correct substitution. r(¢) = 2¢~* means the
coefficient of ¢, i.e., ¢ = —1. Since ¢ = «, the particular integral is Equation (109). Thus taking into
account of r(t) = —1

d{Ys(t
Yo(t)=gte " +h ; .. % =ge ' —gte?
D*Ys(t _ _ _ _ _ _ _ _
: 81&22( ) =—ge ' —(ge Tt —gte™") —ge Tt —ge T+ gte Tt = —2ge" + gte!
Substituting these into the original ODE
82
g =91
ot?

L2ge P fgte Tt —gte Tt —h =2 -1
=2ge ' —h=2""-1
—=29=2; r.g=—-1; —h=-1; -~ h=1

Thus the particular integral is
Yo(t) = —te '+ 1
Therefore the general solution for this ODE is
I(t) =Yi(t) + Ya(t) =ae "+ be" —te "+ 1

For the value of I to be finite for large ¢, the value of b must be zero. Thus

I(t)=ae ' —te " +1
To find a we need to substitute / = 2 and ¢t = 0.

2=a’+1; a=1
Therefore the particular solution to the ode is

I(t)=e¢ " —te " +1

66) The current /(t) at time ¢ in an electric circuit with total resistance R and self-inductance L satisfies

d{l}+-R1__

where 0 < D < %.
a) Find the general solution to the problem.

i) Allocate P(t) and Q(¢)
When we compare the equation with Equation 1) we obtain P(t) = & and Q(t) = fLDt

ii) Calculate A = /P(t)dt
R
A:/P@ﬁ:/zﬁ:—
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iii) Obtain ®(t) = ¢*
From Equation (86),

iv) Calculate B = /d)(t)Q(t)dt

1 1 R 1 R
S (=Dt — (B-Dyt _ (B_Dyt D
L/eL LE-D)" " R—LD"
. . 1
v) Obtain the general solution 7 = 0] (B +

1 1 1 R R 1 R 1 R
I=——[B = — (Z-D)yt — ¢ Lt (£-D)t _ -Dt ~ By
q)(t)[ *el ezt {R—LDQL +C} ¢ - {R—LDQL +c R—LDe +ce T

b) The switch is closed at ¢ = 0 and the initial value of the current is /(0) = 2. When R =6,L =1,D =5,
find the solution to this initial value problem.

. . 1
i) Obtain the general solution / = — [B+ ¢/ whenR=6,L=1,D=5

o(t)
1 R
J— —Dt -5t _ =5t —6t
. LDe +ce L e " +ce
1
ii) Apply the condition to / = m [B + ¢] in order to find out ¢ and thus the particular
solution
As the condition (¢, 1) = (0, 2)
2=e"4¢c'; c=2-1=1

Thus the particular solution is 7 = ¢~ + ¢

c) Write down the steady-state value I, of the current
The particular solution is 7 = ¢~* + ¢~ %. When ¢ is infinite, both ¢~ and ¢~% approach zero. Thus
I = 0 is the steady-state value.
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67) Solve the following equation

d
2x2%+xy+y2:0

The original equation is manipulated as

d + 92
{y}+xy vy

dx 22 0
cdlyy oy
" odx 20 222
Cd{y} = 22 N
g~ a2 B
where z = £. Using Equation (87), we obtain
Inz + / dz
nr CcC =
f(z) ==
B / dz
A
2 2
B / dz
NN~
2 2 2
B / dz
)3 2
2 2
_ _2/ dz i
3242
L / dz
z(z +3)
Now we express ' as 4 + £ using the following procedure.

A B

1
;+z+3_ 2(z+3)
SDAz+3)+Bz=1

By substituting 2z = 0 into the above,

A-(0+3)+B-0=1
S 3A=1

Al

3

By substituting z = —3 into the above,
A-(=3+3)+B-(-3)=1

.—3B =1
1
B=—=-A4
3
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68) Solve the following equation under the condition (x,y) = (1, 1)

We take both sides of

-2 z
=—In
3 (z—|—3
%B(lnx%—c):ln(zig
_—lnx+c:ln( -
z+3
Inx™ +c:ln( -
z+3
n(C-27)=In (=
- z
s Cr? =
v z+3
s C:E_Tg(z—ki%):
3Cx? = 2(1—-Czx2
3C2% =21 - 02
x
3Cz2 T =y(1-Cx
.3Cx2 =y(1-Cx
3Cz2
1—-Cz>
327
. =
C—x>

d{y
:L'y3 ;{x} 21'4—|—y4

d{y
i
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divided by z*. Then we get
QECHNO)

z dx T
Let 2 = %,
23_d{y} =142z
dx
' @ B 1+ 2%
Cor 28
When we put
f(2) =242

into Equation (87),

1
. Zz4 =lnz+c=nCx
s =4 Cr=InC'%" =InDz?

where D is an unknown constant. When we put

Yy
z = =
z
into
24 =1n Dz,
we obtain
4
y_4 = In(Dx*)
x

syt =" In(Da")
We now apply the condition to find out D by putting
(z,y) = (1,1)

into
y* = 2% In(Da?).

We obtain
1=1InD.

Since 1 =1Ine, D = ¢. Thus the final answer is y* = 2*In(e - z4).
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69) Solve the following equation under the condition (x,y) = (1, %) and (z,y) = (2,

We take both sides of

divided by x. Then we get

Let

When we put

into Equation (87),

do

Let z = tan 6. Then dz = —3 7

COS

d
=y A

d
x%zy%- \/$2+y2

Ay} _y  veity?
dx T T
d{y} vy z? 4 o>
=2 -
dx T T

dx =0 3:_+x2
d{y} y Y2
dx _;+ 1+<E>
Y
Z =,
T
d{y}
dx
_Y A%
=2+ (3)

=z+V1+22=f(2).
f(z) =2+ V1422

Inz+¢

dz
f(z) ==
dz

:/z+\/1+22—z
dz

V1+ 22

. Thus

1nx+c—/ dz
V14 22
dof

1
- | e

cos 6db 1
= 1+ tan® 0 =
/ cos? 6 ( +tan cos? 6
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When we let

t =sind,
dt = cos 8d6.
So we put dt = cos 0db into
ot c— / cosid@
cos” 0

as follows:

/ cos 0do
Inz+c=

cos’
_/ dt
] cos?h
_/ dt
N 1 —sin’@
_/ dt
) 1=
1 1 1
= [ -[—4+ — | dt
/2(1—t+1+t)
1 1 1
= | | - —+ ——|dt
/2( t—1+t+1)

1
25(—1n\t—1|+ln|1+t|)dt
1, |1+t
=—1In
2 t—1
We now have to express t using z. Since
t =sinf
and
z =tanb,

sin# = cosf tan 6

. sin? 6 = cos® A tan® 4
-.sin” 0 = (1 — sin®f) tan® 0
=117

e

St (1) = 22

12 22
'§:1+z2
-t_ Z
; V1422
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Thus

I+ 11 14+¢
=—In
ne-+c 5 =g

14+ =
B N A & 5
2 “ -1
V14 22
11 V1+22+2
:—n—
2 ‘/14’22—2
<v1+22—|—z)2
=—1In
2 ‘(\/1+22—z)(\/1+22+z)
1
:Eln <V1+22+Z>2
=In|vV1+224+2
Therefore
Inx +c
=lnz+InC
=InCxzx
=In|v1+ 22+ 2|
Thus
Cr=vV1+222+z
When we solve
Cr=vV1+22+z2
with respect to z,
Cr—z=+V1+22

S (Cr—2)?=1422

(Cz)? =202+ 2> =1+ 22

S (Cx)? —2Cwz =1

- 202z = (Cx)*—1

(Cx)? -1
2Czx

When we put

SHESS

back into

(Cx)* —1
2Cx

Z =

we obtain
y _(Cz)p’ -1

x: 2Cx
o (Cx)* -1
Y= 2C
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We now apply the condition to find out C'. By putting

3
(x,y) = (17 Z)
and
15
(x>y) = (27 Z)
into
_ (Cz)* -1
V="
From the condition (x,y) = (1, %),
3 C*-1
4 20
This can be written as
3 -1
4 2C
. 6c= 4(02 —1)
. 3c=2(C%-1)

207 —-2-30=0
L2+ 1D)(C-2)=0

1
C=2-3
From the condition (z,y) = (2, l4—),
15 4C° -1
4 20

This can be written as
15 x 20 = 4(4C% — 1)
- 15C = 2(4C%* — 1)
o 15C =8C% — 2
.8C%*—15C —2=0
L (BC+1)(C=2)=0.
1

S C=2,—
8

Since
C=2

satisfies both

207 -30-2=0
and

8C? —15C —2=0
, the final answer is
(Cx)* -1
2C O
(22)* — 1

y:
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70) Solve the following equation under the condition (x,y) = (1,%

Letz:%

d{y} _y v
dx r x

When we put f(z) = z + 2? into Equation (87),

/z+z

[
Inx+c=

In order to find out C under the condition

we solve

This gives us

Therefore the answer is

71) Solve the equation

We take both sides of

divided by z? and obtain

)

—Z

lr13v+c—_2+1 22
,',lnx+c:——:—E
z Yy
S T
Y= Inx +c
1
1,=
(r.9) = (1.5)
I 1 1
2 Inl+ec c
c= —2.
B x
y= Inz —2
x
d
2y {y}+:p2—y2:0
dx
2
ydiyt (g) _0
z dx T

263



72)

Let

can be written as

which is the same as

When we apply

in Equation (87),
We now put
into

and solve it for y:

Solve the equation

We take the both sides of

divided by 2? and obtain

)
Z=—

T
ydiyl (YY) _
T dx + (x) =0
zd{y}+1—22:0

dx
d{y}_z2—1_ 1
de 2 — 7 ;:f(z)
1
flz)=2—-
/ dz
lnz+4+c= 1
zZ—=—2
z
dz

1

2
=——z

2

. 22=2lnz+C

z =

y
T

22 =—2lnz+C,;

2

y—2:—21nx+0
T
syt =2 (-2lnz+O)
d
22 {y}:y2+xy+x2
dx
d
72 {y}:y2+xy+a:2
dx
d 2
ﬁ: (g) _|_g_|_1_
dx T T
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Let

this can be written as

When we apply

to Equation (87),

Let

we get

Thus

We solve

with respect to z:

We now put

into

and then obtain

ie.,

d{y} _ _

24z4+1=f(2)

dz
Inz+c= 5
Z2Z2+z+1—2
_/ dz
N 2241
z =tanb,

1
dd  cos2h’

Inz + / 0=
nr+c= | ——
2241
1 1
:/ 2 2 do
tan“ 0 + 1 cos” 0
. 1
= 082 0 do
/COg cos? #

— [ as

=0 =tan ' 2("- 8 = tan6)

Inz+c¢=tan"!z

Inz+c=tan'z

S InCx=tan"'z

ctan(lnCz) = =

_ Yy

=2

T
tan(ln Cx) = 2
tan(ln Cx) = g,

X

y = ztan(ln Cx).
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73) Solve the equation

d{y}
e 2y
We take both sides of
AU 2%
dx
divided by = and obtain
diy} _ ¥
dx T
Let
=L
T
diy} _ ¥
dx T
can be written as
diy} ., _
e 2z = f(2).

When we apply f(z) = 2z to Equation (87), we get

Inz + —/ iz
nr C = Y

[ dz
a z
=Inz
SInCr=Inz
S Cr=z
We now put
=2
x
back into
Cx =z,
we get
Cr = Yy
which can be re-written as (
y = Cx”.

74) Solve the following equation

diy} _ 1-¢°
dx 2zy — siny

We can re-write the equation as

(y* — 1)dz + (2xy — siny)dy
= f(z,y)dz + g(z,y)dy = 0.

d{f(@,y)} _d{y*—1} _
dy dy

Since

2y
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and
d{g(z,y)} _ d{2zy —siny} _
dx dx

the answer can be obtained from Equation or Equation (93).
First approach

In order to find U(x, y), first we apply
Uw) = [ flag)de + hiy)

= /(?f — 1)dz + h(y)
= (y> — 1)z + h(y)

2y

then we find A(y) from
d{U(z,y)} _ d{(y’ — Dz +hy)}

dy dy

=2zy + alg_;y)
%:;,y)} =9(z,y) = 2zy — siny
c2xy + %;y)} = 2zy —siny

Cdirly)y
STy siny
/dh(y) = /(— sin y)dy
o h(y) = cosy

Thus, the answer is
(y* — 1)a + cosy = ¢

Second approach
When we use the alternative approach in Equation

U(z,y) = /x: f(fv,y)dwr/yg(xo,y)dy

Yo

@ v
= / (y* — 1)dx +/ (2x0y — siny)dy

o Yo
= (y* — 1) [z]5, + [zoy® + cosy] zo
= (y* - Dz — (y* — Do + [xon + cos y] — [:L’Oyg + cos yo}
= (y* — 1)z + cosy — 7o — ToYg — COS Yo
(P =1z +cosy+C=c
(P —1)x+cosy=c

75) Solve the following equation

Y L.
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Since

and

_d{f(z,9)}
dy ’
the answer can be obtained from Equation or Equation (93).

First approach
In order to find U(x, y), first we apply

U(z,y) /f y)dz + h(y)

/(x)m+u)

——y [ S+
1

then we find A(y) from

At the same time
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Therefore

Thus, from Equation (90), the answer is

ie.,

Second approach

When we use the alternative approach in Equation

76) Solve the following equation

Hint

is the same as

Ulr,y) = /x f(z,y)de + /y 9(xo,y)dy

T ¥ q
= / —%dx + —dy
) X

yoxo

1" 1,

_yH 1l
11 1

=y |= = —|+ —[y—
X o To

dz v+
d{y} _ P(z,y)
dr  Q(z,y)

We can re-write the equation as

(2* +y)dz + (y* + x)dy
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Since

and

d{g(z,y)} _dfy*+a}

d{f(w,y)} _ d{z*+y} _

1
dy dy

1

dx dx dy

the answer can be obtained from Equation or Equation (93).

First approach

In order to find U(z, y), first we apply

then we find A(y) from

Thus, the answer is

Second approach

Ulz,y) = /f(x,y)dw + h(y)
= /(x2 + y)dx + h(y)

1.
= 32"+ ay +h(y)

d{U(z,y)} d{%f’—l—xy—i—h(y)}

dy dy
_ oh(y)
d{U(z,y)} 9
i =g(r,y) =y +=z
R d{h(y)} = y2 +x
dy
Cd{ry)} _
"
/dh(y) = /dey
_ 1 3
h(y) = 7Y
13 1a
31: +xy + 3y =c
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When we use the alternative approach in Equation

Ulx,y) = xf(:v,y)dwr/yg(:vo,y)dy

Yo

— / (2% + y)dx + /y(y2 + x0)dy

o Yo

3 Y
= {— + y:c} + [% + zoy]Y,

3 20 3
3 3 3 3
= %—I—y:p— (%—l—yl'o) +%+xoy— (%%—xoyo)
3 3 3 3
:%+y$—%—y$o+%+$oy—y—;—foyo
z’ v %
B I R R
3 3
.'.%—i—ya:—i—%—l—C:c
23 Y
Sy +yr + El c
77) Solve the following equation
d{y} 2y—2a°
dr ¢ — 2z
We can re-write the equation as
(2% — 2y)dz + (y* — 2z)dy
= fz,y)dx + g(x,y)dy
= 0.
Since )
dif(zy)y _di” -2y
dy dy
and )
dig(z,y)} _d{y" -2z}

dz dz
the answer can be obtained from Equation or Equation (93).

First approach
In order to find U(x, y), first we apply
Ua) = [ Flap)dz+ by
= /(x2 — 2y)dx + h(y)

1 .
= 24— 2ys + h(y)
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then we find A(y) from

d{U(z,y)} d{%xg —Qxy—i—h(y)}

dy dy

= -2z + ag—(yw
d{U(z,y)}

iy =g(z,y) =y* — 2z

o4 d{h(y)} _ 2
dy

d{h(y)} _ ,

..- dy -

-'-/dh(y) I/dey

~oh(y) = gyg

Thus, the answer is

1 1
gx?’ — 2xy + gy?’ =c
Second approach

When we use the alternative approach in Equation

x
=—-2yr+ = — — — = 2
3 yx + 373 3 + 2T0Yo
3 3
.'.%—2yw+y§+C:c
23 %
o — 2 - =
3 yr + 3 c
78) Solve the following equation
d{y}y 2z+y
de 2y —x

We can re-write the equation as

(2z + y)dz + (z — 2y)dy
= f(z,y)dz + g(z,y)dy
— 0.
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Since

dif(z,y)} _d{2x+y}

dy dy
x dx dy
Equation (93).

First approach
In order to find U(x, y), first we apply

Ulz,y) = /f(fv,y)dl’ + h(y)

= /(2x + y)dx + h(y)
=2 +yz + h(y)
then we find A(y) from

d{U(z,y)} _ d{a®+yx+h(y)}
dy dy

_ . On(y)
=z + ay

W:g@,y):w—?y

» 4 Hh)} — 9y
dy
Cd{h(y)} _ %
Ty

- _
.-./dh(y) Z/(—2y)dy
—y?

h(y) =

Thus, the answer is

z? + yr — y2 =c
Second approach
When we use the alternative approach in Equation

U = | flogde+ [ gl )y

Yo

- /m(2x+y)dx+/y(xo — 2y)dy

o Yo
= [2° + yz] io + [zoy — yQ]zO
= [2% +yx] — [25 + yxo] + [woy — ¥*] — [zovo — 4]
o+ yx —y* — x5 — Toyo + Yo
st tyr -yt + O =c
.‘.m2+yx—y2:c

79) Solve the following equation

, the answer can be obtained from Equation or



The given equation can be manipulated as
xd{y} ty =23
dx
d
. {v} n Yy _ 22

dx T

Compared with Equation (94), we obtain

1
p(x) = =
q(z) = 2
a=3
Thus using Equation and Equation (97),Equation which are
1 =2
Q(z) = —22
we first solve for
Y = y1—3 — y—2

First, we find ®(z) in Equation (86):

Thus
. i ]
YITQ{/J} 2. (=22%)dw + ¢

1 Z
—2[/—2d:c+c
o

:le—%—l—c

Since Y = y 2, the solution is
y 2 zxz[—2x+c}

80) Solve the following equation
{y}

+ 2y — y5:0

The given equation can be manipulated as

{y} +2y—x-y>=0

d{y} Ty,
dx 435 49@

Ay v

dx Qx 4



Compared with Equation (94), we obtain

a=5
Thus using Equation and Equation (97),Equation (98) which are
|
20 22  w

Q) =(1-5)-7=-1

Pr) = (1-5)—

»-bl'—‘

we first solve for

First, we find ®(z) in Equation (86):

Thus

x—? -1 |
1 I
= F |:13 +c
= z° {1: Tte
=2+ ca?
Since Y = y*, the solution is
y_4 =+ ca?

81) Solve the following equation

dy = 2zy(2*y* — 1)dx

The given equation is re-written as

{y}

+ 2y = 22°%y
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which becomes Equation when

p(z) =2z
q(z) = 22°
a=3

Y = y'=3 = y~2 can be obtained from Equation (85) with Equation (97),Equation which are
P(x) =—2-2x = —4x
Qz) = —2-22° = —4a°

Using Equation (86),

Then, using Equation (85),

Y = ! {/ e 2 (—4z®)dx + ¢

e—2m2

Since [ ¢~2*"du is not obtained with ease, we now set

z=—2x
R
-2
A G S
dx
codz = —4dxdx
dz

. — d
. T

Substituting dz = 2 and 2? = = into

—4x
1 —272 3
V=—5 e - (—42”)dx + ¢
¢

, we get




82) Solve the following equation

_d{y} d{y}
y=7 dx In ( dx
The given equation is the same type as Equation (99). Thus we set

d d
() ()
Equation gives the general solution:
y = ax —In (a)
We now differentiate the general solution with respect to a:
o{y} _ 9{az —In(a)}

da da
_O_ﬁ{a:v}_ﬁ{ln(a)}
T Oa oa
1
S0=x—-
a
1
_:x
a
1
L= —
x

By substituting a = < into the general solution as in Equation (101) we obtain

- (5)
y=x-——In| —
x x

Sy=1—{In(1) — In(z)}
Sy=1—{0—1In(x)}

Sy =1+1In(x)
Therefore the solutions are
y=azr —1In(a)
and
y=1+In(x)

where a is an arbitrary constant.
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83) Solve the following equation

3 (ding})3+x%—y:0

When the given equation is re-written as
_d{y} d{y}\’
y=a dx 3 ( dzx
this equation is the same type as Equation with

()

i

The general solution is
y = ax + 3a°
By differentiating this general solution with respect to a
o{y} 0{ax+3d’}

da Oa

2.0=2x+ 94>
2

c.x=—9a

Here, we can not solve for a because ++/—z/9 may be imaginary numbers. Substituting z = —9a? into
the general solution ,

y = a(—9a*) + 3a®
= —9a” 4 3a’
= —6a®

Thus, the solutions are
y = ax + 3a°
and
(z,y) = (=9a*, —6a*)

which is a point, not a function.
84) Solve the following equation

L

y:xd——e dx
i

The given equation is the same type as Equation (99). Thus we set
d{y}

Equation (100) gives the general solution:

y = ax —e”
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We now differentiate the general solution with respect to a:
o{y} O0fawr —e*}

da Oa
Ly 2 94
T da da
S.0=x—¢°
et =z

o An(e”) = In(x)
c.a=1In(x)
By substituting a = In(z) into the general solution as in Equation (101) we obtain
= zln(z) — M@
Sy=zxln(r) —x
Therefore the solutions are
y = ax —e”
and
y=zln(z) —x

where a is an arbitrary constant.
85) Solve the following equation

o=t ()

The given equation is the same type as Equation (99). Thus we set
s (d{y}) _ (d{y})2
dx dx
Equation gives the general solution:
y = azx + (a)®
We now differentiate the general solution with respect to a:
O{y}  0{az+d’}

da Oa
_ _3{@3:} 0 {a*}
s.0= 5a + %
S.0=2+2a
CL=2a=x
T
SLa=—
-2
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By substituting « = = into the general solution as in Equation (101) we obtain

y = azx + (a)®
. x x 2
e (3)
IL‘2 .I‘Q
V=5t
' Y
LY = 1 + Z
B —22% 4+ 22
4
—x?
Ly = -
Therefore the solutions are
y = azx + (a)®
and
—x2
e

where a is an arbitrary constant.
86) Solve the following equation

The given equation is the same type as Equation (99). Thus we set

d{y}\ _ d{y}
f( dx )_COS( dx
Equation (100) gives the general solution:
y = ax + cos(a)

We now differentiate the general solution with respect to a:
d{y} 0{ax+ cos(a)}

") 0 feosta))
0{ax 0{cos(a
S0= 5a + %
.0 =2z —sin(a)
cosin(a) =@

Since we can not solve sin(a) = z for a with ease, the particular solution is expressed using two
equations by substituting = = sin(a) into y = ax + cos(a)

y = az + cos(a)
-y =a-sin(a) + cos(a)
Therefore the solutions are
y = ax + cos(a)
and
y = asin(a) + cos(a), z = sin(a)

where a is an arbitrary constant.
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