Name:

1) Find —7 — (+3)

2) Find 10 — 3 - (=7)

3) Find /3% + (—4)2

4) Find 9-6+43-(=7) + (—4) - (=2)

5) Find 6 when 0 satisfies 1 = 2 cos6

6) Find ¢,s and a when they satisfy

quizvector.tex

ID Number:

—7T—(+3)=-T—-3=-10

Using the first and third equations, we can obtain s and ¢. s = 2 — 3t is substituted into the first equation:

Substituting ¢t = 1 into s = 2 — 3¢, we obtain

By substituting (s,t) = (—1,1)into —3s =a + ¢

7) If p=9t—7j + 5k and ¢ = —8i + 35 — 2k
a) p + q in terms of 4,5, and k

[5 mark]
10—3-(=7) =10 — (=21) = 10 + 21 = 31
[5 mark]
V32 4+ (—4)2=v94+16=v25=5
[5 mark]
9-643-(—7) 4 (—4) - (—2) =54 — 21 + 8 =41
[5 mark]
1=2cosf
'0050*1
.. _2
11
L p— 1d
.0 =cos 3
T
==
o 3
[5 mark]
4+2s=2t; —3s=a+t; —2—s=-4+4+3t
4425 =2t
S A+2(2-3t) =2t
A4+ 4—-6t=2t
.8 =2t+4 6t
S.8=8t
Sl=t
§=2-3.1=2-3=-1
—3s=a+t
=3 (=1)=a+1
3=a+1
3—1=a
ca=2
[5 mark]

express

SHEINE)
(72)-(2)

Keep your concentration until the third calculation, i.e.,
the calculation of z component, finishes. You tend to



make a mistake in handling + In the calculation of 2
Component. Therefore p+q =1 — 45 + 3k

[5 mark]
b) p — q in terms of ¢,7, and k
9 -8
p—gq=| -7 |—| 3
5 —2
9—(-8) 9+8 17
= -7—-(+3) | = —-7-3 | = —10
5—(-2) 5+2 7
Therefore p — q = 17¢ — 105 + Tk
[5 mark]
8) Consider the vectors ¢ = 4t — 55 + 10k and d = —6¢ + 3 — 7k together with the scalar A = 3.
Find
a) ¢ — Ad expressed in terms of ¢, j and k
4 —6
c— A= -5 | —3-
10
3 6
—18
=22i — 8] + 31
[5 mark]
b) the magnitude of ¢
le| = /42 + (=5)% + 102
=16 + 25+ 100
=141
Do not forget squaring the values.
VA2 4+ (=5)2 4+ 102 # /4 + (=5) + 10
[5 mark]

¢) a unit vector parallel to ¢ The exam questlon IS talking about C, nOt C —
Ad. Read your exam questlon carefully.

c 1
43 — 55 + 10k
“ e \/141( J )

[5 mark]
9) Points R, S, and T" have coordinates (—4,0, —1), (5,3, —5) and (2, —7, —3) respectively.
Find

—_— —
a) the scalar product RS - RT.

RS #OR + 08
but

RS = RO +0S=—-0OR+0S



[5 mark]

=9:6+3- (=) + (1) - (-2)
=54-214+8=41

The outcome of the scalar product is a scalar. Please
check whether or not your answer is a scalar. Do not put
1, 7, k, in your answer such as 54t — 219 + 8k < wrong

[5 mark]

— =
b) the vector product RS x RT.

4 -2
RSxﬁ:‘ _34 :; i
4 -2
T
9 6
+‘ o0 ‘k
={3-(=2)—(-4)- (-7}
+{(=4)-6-9-(-2)}j
+{9- (=7) - 3- 6}k
= {—6— 28}
24— (-18)}
+{—63 — 18)}k

= —34i — 65 — 81k
The outcome of the vector product is a vector. Please

check whether or not your answer is a vector. Do not

add three components together in your answer such as
—34 — 6 —81 =—121 «+ wrong




[5 mark]

— —_—
c) the angle between the vectors RS and RT'.

Do not mix up the scalar product and the vector product
with respect to sin and cos

— — — —
RS - RT = ‘RS| - )RT‘ - cos

RS x RT| = ‘RS’ - (Rﬂ | sin @)

Do not swap around sin and cos between these two for-
mula.
R3] = o 32+ (-ap

=+v81+9+16
= V106

|RT| = Vo2 + (=17 + (-2
=36 +49+4
= V89

— — e —
-~ RS-RT = ‘RS‘ : ]RT) - cosf
.41 =106 - V89 - cos @
41

. ————— = cosf
V106 - /89

4l = 1.12363radians
106 -

-1
.0 =cos

2

[5 mark]

2 2
10) A line ! is parallel to p = ( -3 >, passing through A(4,0,—2). A line m is parallel to ¢ = ( 1 ), passing through B(0,a, —4). Find the
-1 3

Cartesian coordinate of the crossing point and a when [ and m are crossing each other.

Develop a plan to solve the problem.
a) produce a Cartesian coordiate of a point L on a line [
with a parameter s
b) produce a Cartesian coordiate of a point A/ on a line m
with a parameter ¢
c) make these two Cartesian coordinate equal to find a, s,
and ¢
d) put the value of s into the Cartesian coordinate of a
point L

Using an arbitrary variable s, the line [ can be expressed as



4+ 2s

[5 mark]
Using an arbitrary variable t, the line m can be expressed as

[5 mark]
When [ and m are crossing, there exists s and ¢ which satisfy
44 2s 2t
—3s = a+t
—2—35 -4+ 3t
From this, we obtain the following 3 equations:

4+2s=2t
—3s=a+t
—2—s=—-4+3t
c.—s=—2+43t
cs=2-3t
[5 mark]
Using the first and third equations, we can obtain s and ¢. s = 2 — 3t is substituted into the first equation:
4425 =2t
S 442(2-3t) =2t
A+ 4—-6t=2t
.8 =2t+4 6t
-.8=28t
Sl=t
Substituting ¢t = 1 into s = 2 — 3¢, we obtain
§=2-3.-1=2-3=-1
By substituting (s,¢) = (=1,1) into —3s =a+t

—3s=a+1t

=3 (-1)=a+1
S3=a+1
3—=1=a
cLa=2

[5 mark]



Thus the Cartesian coordinate of the crossing point is

4+ 2s
—3s
—2—s

[5 mark]



quizcoordinatecomplex.tex

Name: ID Number:

1) Find 4/22 + 32 when z = 2, y = —8.

VAT = VP (8P

V4 + 64
=168
=V4- V17
=2V 17
[1 mark]
2) Find 6 when tanf = —4.
tanf = —4
0 = tan"'(—4)
6=-1.33

SI;lic‘)“_)nneed to add 7 to 6 as the Cartesian coordinate is not

[1 mark]
3) Find /22 +y2 + 22 when z = —1, y = —/3, z = 2.
Val+y?+22=4/12+ (-V3)2+22=V1+3+4=vV8=2V2
[1 mark]
4) Complete the square for = and  in z® + y? — 10y =0
2 +y - 10y =0
2?4+ (y-5°-5>=0
x2+(y—5)2=52
[1 mark]
: _
5) Find 6 when cosf = 75
1
cosf = —
V2
_ 1 m
6 = cos™* <—> = —
V2 4
[1 mark]

6) Calculate the equivalent polar coordinates of the following Cartesian coordinate of (2, —8)

Y
A




— VP (8]
=v4+64
= V68
=V4-V17
=2V17

[1 mark]
tanf = ¥
T
-8
tanf = -
tanf = —4
0 = tan" "' (—4)
6=-1.33

Since this is in the fourth quadrant the answer is valid.
[1 mark]

7) In Cartesian coordinates a point P is given by x = —1, y = —/3, z = 2. Give the position of P in spherical coordinates. We need to find out r,
0 and ¢ which

r=ya2 222 =12+ (—V3)?2 4+ 2 =VI+3+4=v8=2V2

[1 mark]

[1 mark]

Hawever ¢ is in the ard quacrant. Thus ¢ — 4. Ch@CK the location of the point by
drawing the Cartesian coordiante!! From your drawing, ob-
tain the rough idea on ¢. The procedure to this type of
problems is
a) Draw the Cartesian coordinate figure and place the point
in question
b) Estimate the rough idea on ¢, you do not need to worry
about 6 as there is no ambiguity involved as long as
you follow the formula to calculate ¢
c) Calculate ¢ and check whether or not ¢ is similar to
your estimate. If not, add 7 to obtain the correct ¢

[1 mark]
8) Find the Cartesian form of

r=10-sinf



_',r:IO-y',‘sinﬁzg
T T

oo =10y
Lty =10yt =2
2t 4yt =10y =0

Procedure is as follows

a) Get rid of ¢ using cosf = ~ and sin¢ = =
b) Get rid of r using > = 22 + ¢?

[1 mark]
By completing the square,

>4 (y—5)°—5"=0
nat 4+ (y—5)* =5

[1 mark]
9) Calculate the equivalent exponential form of 4 — 32 and draw the argand diagram.

Please remember the meaning of Argand diagram which
consists of r and ¢

[1 mark]

| |
- — |
. [NCESHS SIS ]

I

|
<
~
D

Since this is in the fourth quadrant the answer is valid.

[1 mark]



10)

11)

[1 mark]

The point p is at z = re’*. We rotate p about origin and the angle of the rotation is 7/3. The new position of p is p. Calculate the Cartesian
coordinates of p.

The point p’s original angle is ¢, not 0. Thus the new angle
after the rotation is ¢ + 7. The Cartesian coordiate expres-

sion is either a + jb or (a, ), not (a, jb). = retis otateaty s

This can be expressed as

5 = pdtHT/3)

= r(cos (t + 7/3) + ysin (t + 7/3))

[1 mark]
Thus the coordinate of p is
(rcos(t+7/3),rsin(t+ 7/3))
[1 mark]
Using De Moivre’s theorem, write (\/3 + ]ﬂ)4 in the form o + 30.
The strategy to tackle this problem is
a) change v/3 + 71/3 to the exponential form
b) use Equation (28) to get the form of r(cos 6 + ysin 6)
¢) Apply Equation {34)
First let’s find .
r=1/(V3)?2+(V3)2=v3+3=V6
[1 mark]
Now to work out 0. We know that tan § = Y3 — 1.
V3
0=tan ‘1= 1
= = 471'
[1 mark]

Now using De Moivre’s theorem.



4

(vV3-2v3)" = |Ve(cos(im) + ssin( )

= (\/6)4(cos(37r) + ]Sin(%”)f

4 1 : 1
= (V6)" (cos(4 - Z?T) + 7sin(4 - Z7r))

= (V6) - (v/6)*(cos(4 - iw) + sin(4 - iﬂ))

=6-6(cos(4 - iﬂ') + sin(4 - iﬂ'))
= 36(cos(m) + ysin(m))
= 36(—1 + 70)
— 3640
Therefore a« = —36 and 3 = 0.
[1 mark]



quizdiff.tex

Name: ID Number:

1) Find {y}

of y = 5z7.
it = e
[1 mark]
2) Express z using x and y when z, y and z satisfy 2z +y + xz +2yz =0
204+ y+az+2yz=0
S22z 4+y+(x+2y)z=0
S(r+2y)z=-2z—y
_ —2z—vy :_Qx—l—y
T+ 2y T+ 2y
[1 mark]
—2x + 2T + —2x — —(2x +
=y — J_ J_ ( v) Pay extra at-
T+ 2y T+ 2y x+2}; T+ 2y
tention to the location of “—” around and in the fraction.

3) Find = when 2® + zy +y®* =3 and y = —2z

z® 4 z(=2z) + (—22)° = 3
st =22+ 42 =3
32 =3

cx==%£1

Do not forget + when you obtain z from 2> = o
[1 mark]
4) Find 86{:3} of y=1—x3.

ofi-ot} oy ot} a1
Oz T Oz ox 2"
1 12 1 -1

= —xr2 2 = —T
2

2

[1 mark]
5) Find y when 2% + zy +y? =3 and z = —1

(-1 +(-1)-y+y° =3

Sl—y+y?=3

Yyl —y—2=0

_1EVI-4(=2) _1xVIF8 143,
2 2 2 ’

It is better for you to remember the answer of

—B++VB?—4A
A’ + Bx+C =0as z = \/QA O.

The determinant B> — 4AC > 0 — Az®> + Bz + C can be
factorized using real values.

The determinant B> — 4AC < 0 — Az’ + Bx + C can not be
factorized with ease.

[1 mark]



6) Differentiate f (z) = ¢” (3.5 — y/z) with regard to .

4 B 1 1 1 1 1 1 —— _
A
3r =
2r -
1+ f e®(3.5 — /) e®(—0.52 05 4 3.5 — £0-5) .
0
_1 / 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
£r
o{f (x)} :ez5{3-5*\/5} i o{e"} (3.5 — V)
Ox Ox Ox ’
[1 mark]
1
=e" <f%x_§) +¢” (3.5 — V)
o <_% 3 35— \/5>
[1 mark]

7) Differentiate f(z) = %H with regard to x

60
40
20

0

-20

-40

-60

0-(x+1)—21
(z+1)?

=2

(z+1)?

Do not mix up the differentiation and the integration.
0{+} 1 1
— s = —— —dx = In .

Ox

r2 X
[1 mark]
of y = 5(z% — 1)".

8) Find 2 10
ox



15 T T T T T

0
/
°T 70x(x% — 1)0 - 2 7
10 F 5($ — ]_)
_15 1 1 1 1 1
-1.5 -1 -0.5 0 0.5 1

xr
First let u = ? — 1. Therefore the function becomes y = 5(u)". Differentiate both of these equations.

u=z"—1
o{u
) y=5(u)’
gi’} = 35(u)°
[1 mark]
Now using the chain rule formula below we can find a;i}
O{yt _ 0y} 0{u}
oz ou oz
=2z -35(u)°
=70z(z® — 1) u=2>-1
[1 mark]
9) Evaluate the limit algli% sizx. You may use sin(0) = 0 and cos(0) = 1.
When you see lim Q, first of all, try putting z = 0 into
r—0 g(x)
f (@)
g(z) ;
Then you shall face 5 < mathematically undefined.
: . [l
Finally you declare that you use lim —— instead.
t—0 g (:)3)
When z = 0, we find
sinz|,_, =0
and
z|,_,=0.
Therefore we use L'Hépitals rule as follows.
O{sinz}
ST gy _ cos(a)
o0 9z} L
oz =0
[1 mark]



10) y is the function of z. Using a parameter ¢, x and y are expressed as

x = 4 cos(t) — cos(4t)
y = 4sin(t) — sin(4t)

d{y}

E
Xpress — -

using .

Ox x )
Since = and y are expressed using ¢, we can find (;(f} and éi/} with ease. So we are going to use
as follows:
Olyh _9ty} o1t} _ odut Oz}
Oz ot oz ot ot
9{=z} oy} ..
9 and ot are:
0=} _ _ysin(t) + 4sin(4t)
ot
o{y} _ B
5 4 cos(t) — 4 cos(4t)
o{y}
9, 2
o{y}
ox
_ oy o
ot oz
_odyp deh
ot ot

= (4cos(t) — 4cos(4t)) - (—4sin(t) + 4sin(4t)) "
= (cos(t) — cos(4t)) - (—sin(t) + sin(4¢)) ™"

_ cos(t) — cos(4t)

—sin(t) + sin(4t)

11) Forz® + zy+y°> =3

[1 mark]

o{x} o{y} {y}
e and BT to produce

[1 mark]

[1 mark]

[1 mark]

[1 mark]



Oy}
a) find W

Implicit differentiation sees all the variables such as
X,Y,%,S,t as a function.
o{f-g} _ a{f} i,
o gy _ 0% b a?x} 2 {y)
LY L Yy Y
ox 8x or y+e Ox

Do not forget to differentiate both = and y

First of all we find agy} as follows:
X

ofa’ +ey+y’} _ 0{3)

{ } ox { }835
NCACE SN BNCA TS
Yo T o 0
3{9:} PNCA V) a{y}
ox ox
6{y} + 2y a{y}

2z 4+

S 2r+y+r——

)a{y}

Sz 42y —(2z +y)

Jo{yr . 2z+y
oor T x4+ 2y

b) evaluate y at x =
First of all, we f|nd the value of y When z = 0 as follows:

T +1:y+y2:3
(0 —0+y° =3
.'.y2:3
Ly=%V3

2{y}

B atx =0

c) evaluate

o {y} _ 2z+y Oty _ _y _ 1

07 |yosvs)  T2leyosvs 029 2y 2

[1 mark]

[1 mark]

[1 mark]

[1 mark]



I. PREREQUISITES
In order to successfully complete this Engineering Mathematics course you must be competent with the following material. If you are unfamiliar with

the any of the following material it is recommended that you attempt some practice questions before undertaking the main course material.
1) Logarithms
log, () =m = x

log (z) = logy, (=
In (z) = log, (z

log, (m - n) = log, (m) + log,
log,, ( ) log, (m) — log,
log, (m") =n - log, (m)

log,. b
log, b = og.
log,. a
2) Indices
a™ . a" = a(m+n)
ar _ ymem
a
(a'rn)n — a(m n)
1
a m
a
(m/n) am
a®=1
1
a =a

3) Trigonometric Identities
y=sin"'z = arcsinz <= x =siny
y=cos & =arccosr < x=cosy
Yy = tan”'z = arctanz < x = tany

1
COseC T = —
sinx
1
secxr =
Ccos T
1
cotr =
tanx
_ 1
Y = CcOosec It «—= 2= cosec Yy = —
siny
1 1
Yy=sec T < T =secy =
cosy
1 1
y=cot T <= x=coty=
tany
sin (z
tan (z) = sin (@)
cos ()

(z) + cos® (z) =
sec® (z) = 1 + tan® (z)
sin (A + B) = sin (A) cos (B) £ cos (A) sin (B)
cos (A £ B) =cos(A)cos(B) F smiA:asm (g)

tan tan

tan (A + B) = 1F tan Atan B
sin (2A) = 2sin (A) cos (A)
cos (24) = cos® (A) — sin” (A)
=2cos’ (A) — 1
=1—2sin” (4)
tan (24) = %LEA)
1 (A)
in(A+ B) +sin (A — B)
in(A+ B) —sin (A — B)
os (A+ B) + cos (A — B)
os (A+ B) —cos (A — B)

3 7
cos (z) = %

V\/

2sin (A) cos (B)
2cos (A)sin (B) =
2cos (A)cos (B) =
)

si
si

co co

—25sin (A) sin (B) = co

gz _ e
sin () = ¢ ¢

2



4) Hyperbolic Identities
cosh (z) = (" +¢77)/2

2 = cosh™! (e te m)

sinh (z) = (¢ —¢7")/2

x =sinh™! (%) tanh (z) = (¢” —e™")/(e" + ")
cosh® (A) —sinh® (A4) = 1

When you need coshfl(a) where « is a real number,

e e
—— =
et 4 e =2
e 41 = 20"

e — 20" +1=0
et =atVa? -1
Lrz=In(latVa?-1)

When you need sinh ™" () where « is a real number,

e’ —e ¥ =2a

e 1= 200"

e —2ae" —1=0

et =atVa2+1
srx=In(latVa?+1)
n(a++va?+1)(-A>0for InA)

5) Completing the Square
42 — 22 —5=0

We can solve the above equation by completing the square as follows

422 =2z — 5 =
4z — 2z =
21 _ 5

5% =

N A
4) 4 16
Lo 2

4) 16
1 21
=1tV

6) Quadratic Equation
We can use completing the square to derive the quadratic equation.

ax’ +br+c=0
az? + bx = —c



b £vb% —4dac

2a 2a
- b n Vb2 — 4dac
=-—gE

2a
_ —bE /b2 —dac
B 2a
7) Polynomial Long Division
If we know one factor of a polynomial equation, in order to find out the other factor we perform a division. In this example we know that 22 — 9z — 10
has a factor of = 4 1. Therefore
z—10
z+1)27 —92—10
—)a? 4z
—10z—10
—-) —10z—10

0 0
Thus, we find the other factor to be
z — 10

In order to confirm this is correct we can multiply this factor by the known factor to find the original polynomial.
(x —10)(x 4+ 1) = 2° + z — 10z — 10
=2 —92-10

8) Area of a Triangle in Vector Form
When a triangle is defined with two sides |p| and |g| and the angle between these two sides is 0, the area of triangle is

21l -lal -sino
9) Inequalities
Symbol Meaning
< is less than
> is greater than
< is less than or equal to
> is greater than or equal to

The one rule for inequalities is if you multiply or divide by a negative number the inequality sign is reversed as follows

—ax+c<d

—ar<d-—c

(d—c)
a

> —

= —f>y

—e

%>g+f
r < —e(g+f)

10) Modulus
The modulus symbol is ||. Anything that is enclosed within this can not evaluate to a negative number. For example | — 4 + 2| = 2.

y‘ y=u Y ‘ v =l




II. KEY POINTS ON VECTORS

Key Points
i, 7, and k are unit vector in z, y, and z directions respectively. 7 is v/—1.

1) A vector has a x component, y component, and z component
o A vector is expressed as ¢ when it has only a z component and its modulus is 1.
o A vector is expressed as 7 when it has only a y component and its modulus is 1.
o A vector is expressed as k when it has only a z component and its modulus is 1.

Z
Y
1/
R
X

_l>

—
1

2) When a vector has an amount of @ in  component, an amount of b in y component, and an amount of ¢ in z component, the vector can be expressed
as

n =at+ by + ck

= b 6]

h=_= )

4) Vector addition

X
When there are two vectors
ai
a = ait + azxj + ask = as
as
and
b1
b=>bit+ b2j + bsk = bo

bs



the addition of the vectors is

a1 bl
a+b= az + 1 b2
as b3
a1 + b
= as + bo 3)
a3 + b3
5) The position vector of P with coordinates (a, b, ¢) is
—
OP =at +bj +ck ()
6) When there are two vectors
ai
a =ait+ azj + azk = as
as
and
b1
b=b1i+b2j+b3k= ba
bs

and these two vectors subtend an angle 6,

a
the scalar product of a and b is
a-b=ai-bi+az b2+ as-bs=|allblcosh %)
7) When there are two vectors
ai
a =ait + azj + ask = as
as
and
b1
b=>0bit+ b2j + bsk = bo
bs
and these two vectors subtend an angle 6, the vector product of a and b is
al bl
( a b ) = az b2
as bg
o a2 bg .
a><b—‘a3 by 1 (6)
as b3 .
ol
+ ail bl k
a2 bg

= (a2b3 — agbz)’i
+(aszbr — aibs)j
+(a1b2 — agbl)k

= |a||b|sin On

where 7 is a unit vector and the direction of 7 is the same as a x b in Fig.



0

a

Fig. 1. a X b is perpendicular to the plane containing a and b

8) The vector equation of the line which goes through a point A and is parallel to a vector c is

r=a+tc @)
where ¢ is the real number. Please note that ’z’,’y’,’2’ are not involved in the vector equation. The cartesian form of Equation (/) is obtained as
follows:
X al C1
Y = az +1 C2
z as C3
X al C1
Y — az =1 c2
z as C3
T — al C1
Yy —az =1 C2
zZ — as C3

This can be expressed in the scalar manner as

x— a1 =tc
T — ax
.‘ :t

C1
Yy — a2 = tea
LYy —a
e
z—as =tcs
‘.Z—(Ig —

=1

C3
By getting rid of ¢ in these three equations, we get the cartesian equation:

T —ai Y —az z—as

= = ®)
C1 C2 C3
9) The vector equation of the line through points A and B with position vectors a, b is
r=a+tb—a) )

EEEDNE IE I

where ¢ is the real number. Please note that *x’,’y’,’ 2’ are not involved in the vector equation. When 0 < ¢ < 1, then = is in-between A and B. The
cartesian form of Equation (9) is obtained as follows:

xT al b1 ai
Y = az +1 ba — | a2
z as bs as

x ay b1 —ax

Yy = a2 + t bQ — as

z as bs — a3

x al b1 —ax

Yy — a2 =1t by — as

z as b3 — as

T —aq b1 — a1

Yy — az =t b2 — az

zZ — as b5 — as

This can be expressed in the scalar manner as

z—a1 =t(by — a1

)
T — ax

=t
bl—al

y —az = t(b2 — az)
Yy—az

L =1t
bz—az

)

Z—a3:t(b3—a3



zZ — as
=t

Hb3—(1;3

By getting rid of ¢ in these three equations, we get the cartesian equation:

10) A plane perpendicular to the vector n and passing through the point with position vector a, has equation

11) A plane with unit normal 72, which has a perpendicular distance d from the origin is given by

X — a1 . Yy —az o Zz — as

bi—a1  ba—ax bz—as

r-n=a-n

r-n=d

r-n=d

12) A plane which goes through A(a), B(b) and C(c) is given by

— — —
r=0A+sAB+tAC

If the point R(r) is inside of the triangle ABC then 0 < s, 0 <t¢,and s +¢ < 1.

r=0A+LsAB + tAC

13) A point R(r) which is inside the tetrahedron O, A(a), B(b) and C(c) is given by

where «, 3, v are real numbers and satisty

r=aa+ Bb+vc

a+B+7<1,0<a 0<f3, 0<y

r=aa + b+ e

10)

an

(12)

13)

14)

s)



O X

Fig. 2. The relashionship between polar and Cartesian coordinates

ITI. KEY POINTS ON COORDINATES
Key Points

1) If the Cartesian coordinates of a point P are (z,y) then P can be located on a Cartesian plane as indicated in Fig. [2| 7 is the distance of P from
the origin and 0 is the angle, measured anti-clockwise, which the line OP makes when measured from the positive xz—direction. If (x,y) are the
Cartesian coordinates and [r, 6] the polar coordinates of a point P, then

xr=rcosf, y=rsinf (16)

r=+/z?2+y?, tanf=y/x a7

2) If the Cartesian coordinates (z,y) are any point P on a circle of radius » whose centre is at the origin. Then since /x2 + y? is the distance of P

from the origin, the equation of the circle is,
P VTR, d = (8)

3) If the Cartesian coordinates (x,y) are any point P on a circle of radius r whose centre is (zo,yo). Then since \/(z — 20)2 + (y — y0)? is the
distance of P from the origin, the equation of the circle is,

r=y( =02+ (y —p0)? (&= w0)" + (y — o) =17 (19)
Note that if zo = yo = 0 (i.e. the circle is at the origin) then Equation (T9) reduces to Equation (T8).

Y




4) An ellipse with centre (zo,yo) satifies the equation

2 2
Y
0
or
2 2
Y
—

The parameter b is called the semiminor axis by analogy with the parameter a, which is called the semimajor axis (assuming a > b). When the
major axis is horizontal use Equation (20). If on the other hand the major axis is vertical use Equation (ZI).

5) The minimum distance between a point Q(«, 3) and a line ax + by + ¢ = 0 is expressed as
lac 4+ b8 + ¢

v a2 + b2

(22)

ar +by+c=0
Proof: The line ax + by + ¢ = 0 goes through the point R(r) where

’“:<—0§>

and it is parallel to

A point P(p) on the line can be written as

=r+tl
where ¢ is a real value. Since
—_—
QP L1
we can express this as the following equation:
QP l
=P-q-l
=r+tl—qu)-l
=@ —q) l+tI>=0
(g—r)-1

St=
U®



RN

@)

Fig. 3. The relashionship between Cylindrical and Cartesian coordinates
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Fig. 4. The relashionship between Spherical and Cartesian coordinates

—
Now we need to get QP as follows:
— )
|QPI" = |p — 4
=|r4+tl—q?
e+ |q* + 21 + 2trl — 2tlq — 2rq

—r)-1>? —r)-1
SN S SPN(C Aenk) KL M TEIPYC k) KL I S P 8

7f* It
—r)-1)? —r)-l
:\r|2+|q|2+((q |l|2) ) _2(q |l|2) (gq—7r)l —2rq
q-r7)-1)> q—r)l)?
—7)-1)?
= Irf* +laf* ~ {15 2
_|aoz+bﬁ+c|2
- a? + b2
.‘Q.P>|:|aa—|—bﬁ+c|
' N

6) 3D Cylindrical polar coordinate (p, ¢, z) in Fig. [3| can be obtained from
p=12+y*¢=tan"' (%)
X = pcoso,y = psing

You need to draw a diagram to determine the correct ¢
7) 3D Spherical polar coordinate (r, 6, ¢) in Fig. E] can be obtained from

r=+/22+y%+ 22,0 =cos”" (E) i =tan ' (y)
r T
cx=rsinfcos¢;y = rsinfsin ¢; z = rcosf

You need to draw a diagram to determine the correct ¢. 6 should satisfy 0 < 6 < 7 without a diagram

(23)
(24)

(25)
(26)



b

2)

3)

4)

5)

6)

7

8)

9)

IV. KEY POINTS ON COMPLEX NUMBERS
Key Points

The symbol 7 is such that

imaginary

a+ b =rel

-

—b=rsinf — |

real

In Argand diagram, the complex number a + b can be expressed as
a+gb=re’’ =r(cosf + ysin )

where

r=lotpl= Va1 tang ="

a=rcosf b=rsin6

Be careful: a? — b + 2aby = (a + 3b)* # |a + jb|* = a®> +b°
From the figure, +7 can be expressed as

If a + b is any complex number then its complex conjugate is
a—jb
In the Argand diagram, the argument can be 27n rotated to have an identical value:
¢I? — a(0+2mn)

where n is an integer.
De Moivre’s theorem

(re’”)™ = [r(cos 0 + 7sin 0)]™ = r™(cosnf + 7sinnb)

n*" roots of complex numbers

It

n 20

2" =re”” =r(cosf + ysinh)

then

PR IC L  VL N N R

In other words, if

ae’’ = ce’?

then
a=c

b=d+2nm
If a+jb=c+ yd , where a, b, ¢, and d, are real, then we can say

a=c,b=d
Ifa+)b=0,thena=5b=0
cosh x and sinh x are defined as

[ . e
coshz = T,smhx =

e —e
2

=r"e¢

—x

z = cosh™! (%) , T = sinh™! (%)

tanh (z) = (¢" — ¢ ™) /(e" +¢77)
cosh? (A) — sinh® (A) = 1

@n

(28)

(29)

(30)

(€29}

(32)

(33)

(34)

(35)

(36)

(37



x —x
When you need cosh™' () where « is a real number, using = cosh ™ <i) we get

2
e e
——=
st et =2a
e 41 = 206"

e 20 +1=0

e =at Va2 -1

.. x = cos a) = In(a a? —
h! In(a+ Va2 -1

When you need sinh ™' () where « is a real number, using = sinh ™" (%) we get

¥ —e”

2
e e
e 1= 20"
e — 2" —1=0
et =ataz+1
sr=Inlaxva®+1)

c.x=sinh™'(a) = In(a+ Va2 +1)( A > 0 for In A)

=«

x

10) cos@ and sin @ are defined as
cos@:%,sin@:; (38)

Proof: We know that
¢’ = cosf + ysin6 0]
By replacing 7 in @ with —j we get

7_79

e 7" =cosf — ysinf @)

® + @ gives us

0 —90
¢/’ + ¢ =2cosh

e 7

. ———— =cosf
2
@ - @ gives us

¢ — ¢ = 25sin6

0 —20

e’ —e .

=sinf

27



V. KEY POINTS ON DIFFERENTIATION

Key points
1) Product rule
AN _ () 2loto} , 2UE) )
2) Chain rule
a) When y = f(u) and u = g(x),
o{y} _ 0 {u} . o{y} (40)

ox ox ou

It is important that you know the fundamental differentiable functions of Equation 1@ ~ Equation @k so that a complicated function can be
simplified to one of the fundamental functions of Equation ~ Equation . or example, if you know that 5* can be differentiable, you

zt—
o{s ) oY) 4
can change to Ee where X = a* — 2.
b) Function and Varlzﬁ)les
Equation
\
Number of letters > 2 7
Yes No
such as such as
flz,y) == 3=uxy
f is a function of & and y. y is the fuction of &. @ is the function of y.
\ \’ \’
x and y are variables.  f is not a variable. x is a variable. y is a variable.
5] v 0
Can apply — and —.  Can not apply Can apply and — to the equation
ox Yy of ox Oy
x and y are independent of each other x and y are dependent of each other
o 0 ox
x Y x .
=2 =0 —and—yemst
Jdy Ox Oy ox
¢) When W is a function of x, y and z and x, vy, z are the function of s and ¢, 0 {aI;V} and 0 {8‘;[/} can not be directly calculated but can be

calculated as follows:
owy _ o{W} odxz}  0{W} 9{y}  9{W} 0{z}

ot ox ot oy ot 0z ot
oW} _ oW} 9fz} (W} oy}, oW} 0{z)
0s ox Js oy Js 0z Js
d) When W is a function of x, y and z, the total differential dWW can be obtained by
dW = G{W}der a{W}der 6{W}dz
ox oy 0z
e) When W is a function of z, y and z, the gradient VIV is defined as
o{w}
ox
_o{w}. o{w}. o{w}, o{W}
VW=t ey Tt ey R dy
o{w}
0z

3) Quotient rule

5 {%} U@}y 2 lo@)}

g\r dz dz
= 41
Oz (9(x))*
Check if g(z) is really a function. If g(x) is a constant, you do not have to use the quatient rule. If f(z) and g(z) are polynomial, check the order
f(x)

of f(z) and g(x). If the order of f(x) is higher than that of g(x) then modify 9(2) so that the order of the numerator of the resultant function is

always lower than the order of denominator.
4) When z and y are the function of ¢,

o{yy _ 0y} 0{t} _ 9{y} (3{06}>_1

) ox Ot ot



and

o{y} o{y} 9y}
Py _ % | _ot Ak _ (a{x})l 1%
Ox? Ox 8t ot ot
5) Let F'(z) and G(y) the function of = and y, respectively.
a) % for F(z) + G(y) = 0 is obtained as
Flx)+Gy) =0
0{F(@) + Gy} _ 00}
. Oz Ox
LAF@) | (G} _,
T Oz Ox
) a{y} 2GW) _,
’ ox ox oy
O{F(z)}
. 0y} ___ Oz
C Oz 9{G()}
dy
b) 88{3} for F'(z) - G(y) = 0 is obtained as
F(z)- G(y) =0
0{F(@)-Gly)} _ 0{0)
OEWY o 0LCW)
.9 v} _
. oz —— G+ F(z )T =0
. 6{59(0 D)+ ey L8210
O{F(z
Colyy _ Moo
Ox F(yc)@{ca?;y)}
6) When a graph has a local minimum and local maximum at (Zym, Ym), Wy}\(m’w:(ggm,ym) = 0. Furthermore, if

(Zm, Ym) is the local minimum point. If —

7) L’Hopital’s Rule
Let’s assume we have a function of

2

0y
02

\(z D=(@mym) < 0, then (2., ym) is the local maximum point.

2

%y
@‘(atvy):(xnuyﬁm) > 0’ then

_ _ P(@)
If we want lim f(z) but we find out P(a) = Q(a) = 0 then we can still find f(a) by
: _ P
Im 7@ = Gia)
Proof: When we use Equation (83) we can write
P(a+h) = P(a)+h 55} e
and
Qla+h) = Qa) + h aéQ} b
T r=a
Then we can get the limit as
o{pr} o{r} At
P h—— 0+h——— —
CP@ o Pash) O O] o |, ov |,
T—a Q(a;) h—0 Q(a+ h) h—0 a{Q} h—0 O{Q} 8{Q} 8{@}
Qa) +h—-= 0+h—F2
T | or |,._, oxr | _ or |,_,

8) Newton-Raphson method The crossing point between y = f(x) and X axis can_be estimated in an iterative manner as is shown in Fig. [5| The
(n + 1)th guess of the crossing point is obtained using nth guess as in Equation .

9) Multivariable higher order differentiation

[ (zn)

Tn+l1 = Tn —

42)



y = f(zo)(z — x0) + f(x0)

y = flw1)(z — x1) + f(a1)

The true place we would like to get

/ /35:2 /551 T X

Oth guess

2nd guess Ist guess
_ ! -
y = f(x) 0= f'(z1)(x2 — 21) EL f)(xl) 0= f(xo)(z1 xo}a’({)(%)
: 1 therefore x1 = xg —
therefore x9 = 1 — 1 0 ;
f(z1) f'(z0)
Fig. 5.  Estimation of the crossing point between y = f(z) and X axis.
, a{a{f(azy)}}
oz da 43)
{24z} )
an(.'E7 y) _ 837
yox Ay (44)

Please pay attention

O f(x,y) PRACICN) SRAbICN)):
Oyox oy or
Please also be aware the following difference: Let

f(z,y) = axy + ba + cy.

When we need o {fa(z’ v} , then you assume z and y are independent and we obtain
O @y} _ vy
Ox
0{y}

but if we need

for f(z,y) = 0, then f(z,y) = O tells you that = and y are dependent of each other and xy can be regarded as the
multiplication of two function x and y and then we obtain

o{(xv)} _ 010}
Ox Ox
- 0{azy + bx + cy} _

. 0
ox
. 0{=z} o{y}  ,0{=z} o{y} _
SOy YTy +b 9z 0w =0
‘._ay+ax3{y} A 7]
Ox ox
(aa:—l—c)a{y} =—ay—>

ox



L o{yy _ —ay -0
" Oz axr +c

10) Local minimum and local maximum
When f(z,y) has a local minimum or a local maximum at z = a and y = b, then f(x,y) satisfies:

0{f(x.0)) 2l Y
Ox r=a,y=b 8:!/ r=a,y=b
This does NOT mean that if 9 {fg;’ b} _ 0 ,8 {f((()ay, bk _ 0, then f(a,b) is a local minimum or a local maximum.
When 0{f(a,b)} =0 ,8{f(a, b)} = 0 is satisfied;
or oy

a) f(a,b) is the local maximum when

Pf(ab) Pf(ab) (b)) _
Ox? oy? _< Oyox ) ~

2
and%i’b)<0

x
b) f(a,b) is the local minimum when

Pf(ab) Pf(ab)  (Pf@b))
ox? 0y? Oyox
2
and % >0
¢) f(a,b) is a saddle point when

& f(a,b) &/ (a,b) (a2f<a, D)
ox? oyr Oyox )

d) We do not know whether or not f(a,b) is a local maximum or minimum when

9*f(a,b) 9*f(a,b) <82f(a, b)>2 .

0x? 0y? Oyox
2
Attention: % is different from % . %@J;}
Basic derivative:
8 {.’Ba} o a—1
or ar

Attention: When you see a fraction, get rid of a fraction such as x% immediately by changing it to z~°.

a{xa} a~a¢a71

ox
9{e*} o
oxr K
O{ln(kz)} 1
ox Tz
O{log,(kx)} 1
ox " zlna
0{a"} .
o =a"lna
0 {sin kz} — Jcos b
ox
9 {coskr} = —ksinkz
ox
0 {tan kx} k

2
Ox cos” kx

(45)

(46)

4N
(43)
49)
(50)
(51
(52)
(53)

(54)



VI. KEY POINTS ON INTEGRATION
Key points

1) Integral by Parts

/Uwrmmm (55)
Jror fooa] - (42 )

Hint: Let f(x) equate the polynominal part or logarithmic part of the intergral.

/ sin” zdz and / cos” zdz can be obtained using “Integral by Parts™ in order to reduce the power as follows

/cosn rdr = /Cosnflxcosxdx = f(w)/g(x)dx /(6{f x)} / )
=cos" - /cosxdm —/ (8{6027:9:} ~/cosxd:c) dx = cos" 'z -sinx — / ((n—1)cos"*z(—sinz) - sinz) dx

=cos" 'z sinz 4 (n—1) / (cos" 2z -sin’z) dz = cos" 'z -sinz + (n — 1) / (cos" 2z (1 —cos’z)) dz
=cos" 'z sinz+ (n—1) / (cos"*2 z —cos" x) dx = cos" 'z -sinz + (n — 1)/(:05"72 zdx — (n — 1)/cos" zdx
" /cosn zdx + (n — 1)/cos" xdr = cos" 'z -sinz + (n — 1)/008"_2 xdx

1, —2
.',n/cos" xdxr =cos" z-sinz+ (n — 1)/005" zdx

/sin" zdx = /sin”71x~sinmd:c:f(ac)~/g(m)dx /(6{f z)} / d:c) dz
=sin" 'z /sinmdm - / (8{8112;_196} . /sinxdm) de =sin"" 'z (—cosx) — / ((n—1)sin" ?z(cosz) - (—cosx)) dz

= —sin"" 'z -cosz + / ((n —1)sin" ?z(cos’x)) dz = —sin" ' a - cosz + (n — 1)/ (sin" 2 2(1 — sin’x)) dz

= —sin" 'z -cosx+ (n—1) / (sin" 2 — sin” x)de = — sin" 'z -cosx+ (n— 1)/ (sin" 2 z)dw — (n—1) / (sin” z) dz
" /sin" xdx + (n — 1) / (sin" z)dz = —sin" 'z - cosx + (n — 1) / (sin" " 2) dz

n/(sin” z)dr = —sin" 'z -cosx+ (n—1) / (sin" ) dz

2) Integral by substitution
9{g(z)}
ox

/f daz—/h 8{9 )}dm (56)

_ /h(t)%i}dx - /h(t)dt

When a function f(z) can be written as h(g(z))

o4ty _ o{g()}

ox ox

, you can let t = g(x) therefore,

2m41
sin®™ ™ xdx , set t = cos z.

e For /sm xdx , set t = sinx.
o For /cost'*'1 zdx , set t = sinx.

« For /cos xdx , set t = cosz.
where m is an integer. But in case of even power such as 2m, it is better to decrease the power such as

Py )2(1—c052x>21—20052x+c0522x1—2(:05230 1

. 4 . 2
sin” x = (sm T + - cos” 2x

2 4 B 4 4
_1—2cos2z 11+4cosdx 2—4cos2x 14 cosdx _ 3 —4cos2x +cosdx
- 4 4 2 B 8 8 - 8
If the power is higher than 4, then use “Integral by Parts” as shown above.
TH
When we carry out f(z)dz, the procedure of ’integral by substitution’ is as follows
N e/ — e
a) set the new variable 6 for substitution such as x = 5
0, -0
b) find the relationship between dz and df such as dx = id@



¢) find the range for the new variable 6

el — 0

T, = — 0L = In(zr +4/22 + 1)
e — e

TH = — 0u = In(zu + /24 + 1)

d) manipulate the original function f(x) to remove x . f ( ) = g(0)

H
e) calculate the final modified integral such as / g(0) a —’_26 de
oL

3) Tntegral of f(x)kw for k= —1, ie., / J;'((x))d

LU e
|75 de = | f(2)] +

Ox
Proof:
Oln|f @)} _ O{In AT} .. 4 & iy = 24APO{IN AL O{f(2)} 1 _ I
Ox Ox ’ Ox 0A or A f(x)
AC ) _ o{In|f(®)}
" f(z ox
o[ L Bae - [ RO, */3(1n|f — In|f(z)|

4) Integral of f(ac)ka{gix)} for k # —1

5) P(z) and Q(z) are the mth and nth order polynomials, respectively.

e When m > n, / ggg

a) Find the answer of A(x) and the remainer R(x) of P(m; which satisfy P(z) = Q(z)A(z) + R(x)

x
) . .
(a which satisfy R(z) =C - Q'(z) + E

o /gég x_/<A(x)+cg((f)> Q?JE))da::/A(x)da:-l—Cln\Q(:rﬂ—i—/%dax

e When m < n, / ggg

a) Find the answer of C' and the remainder of E of

dx can be obtained as follows:

b) Find the answer of C' and the remainder of E of

dx can be obtained as follows:
P(z)
Q'(z)

which satisfy P(x) = C - Q'(z) + E

b) /gg;dx:/<0%,((j)) +%> dw:Cln\Q(m)|+/%dm

6) Calculation of Area
a) Area bounded by the X-axis

4 ox
Jydz = /yadt

ydx
b) Area bounded by the Y-axis
Y T
dy I

dy X
xdy = [ r—2dt
[wdy = [z

¢) Area in polar coordinates

(57

(5%



A

Y

r-rdf] g
9 :;:" r

rod e o0,

/ 2 0Ot

7) Arc-length
Y

[

dx X
[ds 2 [ {(dw)? + (dy)?
N2

dx
dz\? dy2
dt
dt *( J

=/

8) Surface area of solid of revolution

a) Rotation about the X -axis
ds,

[ 2myds
= J2my\(dz)* + (dy)?

b) Rotation about the Y -axis
Y4

[2mxds X
= /QWy\(dx)Q + (dy)?
9) Volume of solid of revolution
a) Rotation about the X -axis

==

2w

b) Rotation about the Y -axis

1
‘ / 7ra:2dy /
|

dy

S— '

10) Line integrals of a function which has dx,dy, and dz.




Consider a curve C'. The position vector of a point on the curve C' is written as

x z(t)

<

Il

<
—~
o~
N2

Denote

and its derivative with respect to ¢ as

When a vector function is expressed as

a line integral of F(r) over a curve C is defined by

t=b Fac
t F,

I A G A € IR A G|
_l (Fo—g + By, + Fog = )dt (59

_ / (Fuda + Fydy + Fodz) (60)

=a

x=b
dy dz
Thus the procedure to solve the line integral is
a) Express z,y, z using ¢
b) Express F as the function of ¢

9{z}
ot
c) Express 8;:} = Léf} using ¢
o1z}
ot

d) Put all of them into [ F - %dt

11) Line integrals of a function (which does not have dx, dy or dz explicitly) with respect to arc length.
Consider a curve C'. The position vector of a point on the curve C' is written as

x z(t)
y | =1 v
z z(t)
a<t<b
Denoting
T
r=|y
z
and its derivative with respect to t as
9{x}
ot
ofry _ | oly}
ot ot
01{z}




the line integral of a function with respect to arc length is defined by

/f@w&ﬂs
C

s CORCORCOR
CIRCDRCTE

The procedure to solve this type of the line integral is

a) Express z,y, z using ¢
b) Express f(x,y,z) as the function of ¢

where

9{x}
ot
c) Express 6;:} = % using ¢
91z}
ot

d) Put all of them into

[ e () - () 4 (242

12) Multiple integration

b opd pf
I:///f(m,y,z)dmdydz

has the following range:

e<z<f
c<y<d
a<z<b
The procedure for the calculation is
a)
!
A= [ f(op 2o
b)
b pd
B= / / Ady
a c
©)

1= [ Ba
/
/ab/cd/effdacdydz;é/abfdmx/Cdfdyx/:fdz

Integrals of common functions.

Please be aware that

Some are very similar to the fundamental functions for differentiation. So please do not mix up!, especially signs such as + or —.

k"M 4

n # —1 and /k'a:ndx:

n=-1 and /kxndm:/gd:r:kln\aj—l—c

n+1

/cos kxdr = %Sin kx +c
/sinlmd:r = —%cosij—i— c

/tank:rdx = —%ln|coskx| +c

1
/e’”dm = Ee'" +c

kx
kx _a
/a dx—klna+c(a>0)

/cos2 (kz)dz = i (kz + sin(kz) cos(kz))

/ 1 do — tan kx
cos2(kz) ~  k

(62)

(63)
(64)
(65)
(66)
©67)
(68)
(69)
(70)

(71)



/ Lo
sin?(kx) T Tktanka
/sin2 (kx)dx = i(lm — sin(kx) cos(kx))

2k
/lnk:cd:v =zlnkx —x
dx o 1 /x
N cosh (k)
dxr . 1 /x
/ Wi sinh (E)
/7033: =sin~! (f)
Va2 k
/ dx = ltan_1 E)
22+ k2 k k

(72)
(73)
(74
(75)
(76)
77

(78)



VII. KEY POINTS ON SEQUENCES AND SERIES
Key points
1) Sequences and Series

a) Arithmetic progressions. Consider a sequence that starts at  and we add d each time. This forms the Arithemtic series as follows.

ay =r
azx=r+d
a3 =1+ 2d

as =71+ 3d

an =7+ (n—1)d
Here d is the difference or common difference between successive terms. The sum of an arthimetic progression is as follows.

Spn=a1+a2+a3+as+as+an
Sp=r+@r+d)+@r+2d+---+r+(n—-1)d

S, = o+ w (79)

b) Geometric progressions. Suppose we let the first term equal a and times each successive term by r then we get.

a;y =a
az = ar

2

asz = ar
3

as = ar
4

as = ar

n—1
an = ar

To find the sum of this progression to n terms, we sum all the terms up until n.

S, =a+ar+ar’+ar’® +ar’, 4 Far"!

Since r - S, is written as

2 3 4 1
rSp=ar +ar” +ar’ +ar’,+---+ar" " +ar”

Using these two equations, we calculate .S, — .S, as follows:

Sn—1rSp=a—ar"

This leads to : " | n
5, — a(r* —1) _a(l—7") 80)
r—1 1—r

If —1 < r < 1 therefore the sum to infinity of an geomteric series is given by the following

a
T 81)

Soo =
2) Taylor series with one variable.

A Taylor series is a series expansion of a function about a point. A one-dimensional Taylor series is an expansion of a real function f(x) about the
point z = a upto terms of degree n in h (|h| < 1) which is given by

fo=r@+e-w S| SR 2
+(x;7!a>3 % I:a+...+(x;7!a)" Zan B
or by substituing x = a + h into Equation @) we get the following taylor polynomial of degree n:
fa+h) = f(a)+h %L:aﬂ;—j v B (83)
3 93 n an
VI ot o,

If a = 0, the expansion is known as a Maclaurin series.
In the end, in order to obtain the taylor series

. Bf aZf anf
a) Obtain Bz * 9z’ Ban ) .
b) Substitute z = a into f(x), % , gTJ;’ gxf

c) Put all of them into Equation
3) Taylor series with two variables.



The taylor series for two variables is very similar to that of one variable the same method is used to find the series. The Taylor series expansion
about the point (a, b), where a and b are known constants, up to and including terms of degree three in h and k (|h| < 1 and |k| < 1) where, in
the usual notation, x = a + h and y = b + k is expressed as

fla+h b+ k)= (84)
o{f(z,y)} o{f(z,y)}
f(aab)+hTm:a +kT;p:a
y=> y=>
l Qan(m’y) (92f(x,y)
+2| Ox2 T =a + 2hk 8y8$ rT=a
y="> y=
O f(z,y)
+k dy? rT=a
y==>5
1 383f($7y) 2 agf($7y)
+§ h ox3 |T=a +3h7k Oyox2 |T=0a
y=> Y=
& f(x,y) & f(x,y)
2 ) 3 )
I gy |r=a HR g |r=a
y="> y=>

In the end, in order to obtain the taylor series

o Obain 2400} 01/(5.)
Ffla,y) O fla,y) 0°f(x,y) 8°f(z,y)
ox3  Oydx? T Oy20x Oy’
{f(x )} 9{f(z.y)} flzy) & flz,y)

Ox ’ Oy T 9z2 7 Oyoxr
Pf(z,y) flz,y) & f(a,y) 8 f(z,y) 0°F(z.y)
Oy? ° dxz® 1 Oydx?_ 0y20x T Oy?
¢) Put all of them into Equation (84).

& f(x,y) & f(x,y) 0°f(z,y)
0x2 ° Oydr = Oy?

and if you need the second degree, then obtain as well, and if you need the

as well.

third degree, then obtain

b) Substitute x = a and y = b into




1y

2)

3)

VIII. KEY POINTS ON ORDINARY DIFFERENTIAL EQUATIONS
Key points

o{y} _
or

f(x)g(y) may be found from separating the variables and integrating

/ﬁdy:/f(x)dw

The solution of the equation

Procedure:

a) Allocate f(x) and g(z)
b) Calculate

/le)dy:/f(az)dx

o{y} _
9. =

/%:/idm:lnm—i—c

When f can be written as a function of y/x £ 2, the solution of the equation y/x) may be found as

Procedure:
a) Find f(%)
b) Calculate

/% 29(2)

¢) Set In(z) + ¢ = g(z)
d) Replace z with s that In(z) + ¢ = g(¥) is the answer

/e B - _ {yy _ 94z} O{«z} _ 0{z} oyt _ _ .
Proof: y/x £ z can be written as y = zz. Thus 9 = 9z " +z 9 " om + z. Thus B fly/x) = f(z) can be written as

of{=t _
. 2%}H—f(z)
0{z
. ox :fl(z)fz
. de = mdz

.'./ﬁdz:/édx:lnerc

When the differential equation can be written as f(x,y)dz + g(z,y)dy = 0 and if

0{f(z,v)} _ 0{g(z,y)}
dy ox ’

then there is a function U(z,y) which satisfies

0{U(z,y)} 0{U(z,y)}
Ep dz + By dy
= f(=,y)dz + g(z,y)dy =0

dU($7 y) =

dU (z,y) = 0 gives
Uz,y)=c

which is the answer. In order to find U(z,y), we first perform

UG,y = [ flaw)da +hy)
then we find h(y) from

0{U(z,y)} _ 04[ f(z,y)dz + h(y)}
oy oy
= g(ac, y)

The alternative approach to obtain U(z,y) is

x y
UG = [ fawde+ [ gy
o Yo
where z and yo are arbitrary constants. Please be aware of g(zo,y) which is not g(z,y)
xo and yo can be added into ¢ in Equation (89) as they are arbitrary constants.
Procedure:
a) Allocate f(x,y) and g(z,y)
b) Confirm
9 {i(,y)} _ 9 {g(x.)}
oy ox

z y

9) Apply/ f(x,y)dw+/ g(zo,y)dy = ¢

d) Merge alzlothe terms whicﬁohave zo and yo

(85)

(86)

87

(88)

(89)

(90)

oD

92)



Proof: Let’s assume there is a function

U(w,y)I/I f(w,y)der/yg(fvo,y)dy:c ®

Yo

When you calculate ffo f(z,y)dx, you assume y is a constant and let it be yo. Thus we can write

f(z,y)dz = | f(z,yo)dz £ F(z,y0) @
/ /

In the similar way we can write

/g(wo,y)dy 2 G(zo,y) O
By putting @ and @ into @, we get

U(z,y)
= F(z,y0) — F(z0,%) + G(z0,y) — G(zo,y0) =¢ @

Since U(z,y) = ¢ from @, we can write

ZLICRY) SR

_ 0{U(=,y)}
oU(x,y) = p dz + By
Using @, we obtain O{U(,y)} and O{U(,y)} as follows:
ox dy
o{U(z,
T S
o{U(z,y)} _
oy g(zo,y) @
By putting ® and @ into ®, we get
oWy}, . o0U@Y},
ox oy

= f(z,yo0)dx + g(xo,y)dy =0  ©

Now since

O{f(z,y0)} _ 9{g(=o, )} _
oy - o 0@

we can conclude that @ satisfies ® and @. In other words, when ® and @ are given, we can say @ is valid.

O{y} + P(x)y = Q(x) then the answer is

4) When the differential equation can be written as 3
7

1
D(x)

y= L/ D(2)Q(x)dz + ¢ 93)
where
B(z) = of P@)de (94)

Procedure:
a) Allocate P(x) and Q(x)
b) Calculate A = /P(m)dw
¢) Obtain &(z) = ¢*
d) Calculate B = /@(m)Q(m)dw

e) Obtain the general solution y =

o(z)

1 . . .
@ [B + ] in order to find out ¢ and thus the particular solution
x

[B + ]
f) Apply the condition to y =

Proof:

When we multiply % + P(z)y = Q(z) with ®(z), we get:

@(m)% + ®(z)P(x)y = ®(z)Q(x). Since,

olawy _ 2{ "}

ox oz
ox

_ ef P(I)dIP((L')
= ®(z)P(z),



5)

2()Q() = o) 21 4o

®(x)P(z)y
ot 00}
(@) Ox ox
- M
ox
because ;y} + P(x)y = Q(x) an 8{35[;)} = ®(x)P(x).
When we integrate { ( )i = &(z)Q(x) with respect to z,
/ a{yq’ / ®(2)Q(x)dz
y¢@>=/'<>QWMx+c
o1
Sy = (@) [/@(x)Q(x)dx + c}

The solution of Jean Bernoulli equation

0 @
W)y ey =aap (@ #0,1)
is obtained by solving
o{Y
UYL 4 (1~ @)y = (1 - o)
x
where
Yy =y
In other words, Y ( = y1 %, be aware that this is not y but Y'!!) is obtained from
Ucp dx+c] where ®(z) = ¢/ @9 and P(z) = (1 — a)p(x) and Q(z) =

a) allocate p(x) and g(x)
b) identify the value of «
¢) allocate P(z) = (1 — a)p(x) and Q(z) = (1 — a)q(z)

d) calculate | P(x)dz
e) calculate ®(z) = ¢/ F(®)d®
f) calculate '~ = L [/(P(x)Q(x)dx +d

[e3

=q(z)

®(z)
Proof:
Q) 4 payy = atayy
g y’aagy} +p(x)y -y
; y’a% +p(z)y' ™ = q(z)
Since

o{y'™"} _o{y""}o{n

or o dy or
_ _ l—a—1 8{y}
=(1-a)y R
(1 a2y
=1 -a)y "
N SR €A R ()
"1—a Oz oz
we can manipulate the equation as follows:
—aa{y} l—a _
y ", TP@y " =al)
1 8 yl [e% Ca
e 11— CM{T} +p(z) e = q(z)
8 yl a e
: {ax i + (1= a)p(x)y’
= (1 —a)q(@)
o{Y
UYL 4 (1 - ap@)y = (1~ a)ae)

(1 — a)g(z). The steps to the solution are:

95)

(96)

en)

9%
99)



6) Clairaut type

can be solved as (gollows
a) Allocate f( })

b) Write down tf?e general solution of

=i (24

y=az+ f(a)

which is the answer!. State a is a constant value.

¢) Differentiate

with respect to a

y=az+ f(a)

d) Express a as a function of z, let’s say a = g(z)
e) Insert a = g(z) into the general solution to get a particular solution of

Proof:

Thus we obtain

or

2

From % = 0 we obtain

y=x-g(z)+ f(g9(z))

oy} ‘9{ B ”( o

or oz
:%%”%J’ 0z
Lo oy Vo)) )
ox ox? 3{%} ox
a0
ot 0 +8{;{<afy%})}gig
ox
s UG o,
e 3{8§g}} 922
0
bEE)
0=|z+ 8{83{2}} by
oy
Ox?

%y
Ox?
9 { 9 {y} }
) ox —0
ox o

8(%) =00z

.‘./d(%):/ﬂd:p

Co{yy _
T Ox
dy =a-dx

/dy—/a dx
Sy=ax+b

C0{y} O0{ax+b}
© o ox oz B

a




7

where a and b are the arbitrary constants. Substituting y = ax + b and % = a into the original equation, we get
0 19}
-t (24)
sar+b=z-a+ f(a)
sb= f(a)
Therefore
y =azx + f(a)

is a general solution with an arbitrary constant of a. Furthermore, when we take the differentiation of the equation with respect to a, we get

oy} _ 0faz+ (@)}
da da
PRLICINO)
9{f(a)}
0

0=+ —
a

9{f(a)}

We solve the equation for a. Let’s assume a = A(z) satisfies z +
y = azx + f(a) to obtain a particular solution of Equation (102).
y=A(x) -z + f(A(z))
In order to solve second order differential equations
oy . d{y}
922 TV e TV =@
where v, w are the constant values,

a) Production of an auxiliary equation by forcing r(x) to 0
By substituting

Ox? T Oz
into the original original equation, forcing r(x) to zero, we solve the auxiliary equation of

2

Mtor+w=0
and we obtain the answers A = « and (3.

b) Set complementary function as follows:
i) « and (3 are real and o #

Set the complementary function Y7 (z) as
Yi(z) = ae®® + be””

where a, b are constant value which is found from the initial condition.
il) « and (3 are real and o = 8
Set the complementary function Y7 (z) as

Yi(z) = ae™® + bxe®”

iii) « and (8 are complex numbers and p + jq (where p, ¢ are real)
Set the complementary function Y7 (z) as

Yi(z) = ¢P*(acos gz + bsin qx)

¢) Check the characteristics of (z) and set the particular integral
i) r(z) is proportional to ¢°®, where c is a constant value

A) a#cand B #c
Set the particular integral Y>(x) as

Ya(z) = ge™*
where g is a constant value which is found from Equation (T03).
B) a=c
Set the particular integral Y>(x) as
Ya(z) = ga¥e™”

where kis lor2or3 ...
ii) r(x) is nth order polynomial
A) a#0and B #0
Set the particular integral Y2(x) as
Ya@) = 3 g™
m=0

where g, is a constant value which is found from Equation (T03).
B) a=0
Set the particular integral Y>(x) as

Ya(z) = z" (Z gmacm>

(101)

= 0. The resultant expression of a using x, which is A(x) is put into

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)



d)

f)

2

where kis 1 or2or3 ...
iii) r(x) is in the form of P(x)e” where P(z) is the nth order polynomial.

A) a#cand B #c
Set the particular integral Y>(x) as

(g
m=0

where g, is a constant value which is found from Equation (T03).
B) a=c
Set the particular integral Y2(x) as

Ya(z) = ¢S P <Z gmxm>
m=0

where kis lor2or3 ...
iv) r(x) is the combination of cos wz and sinwzx
A) a # t+jw and B # +jw
Set the particular integral Y2(zx) as

Y2 (x) = gcoswz + hsinwz

where g and h are constant values which is found from Equation (103).
B) aa=tjw
Set the particular integral Y2(x) as

Ya(x) = 2" (g coswz + hsinwz)

where kis 1or2or3 ...
v) r(z) is the combination of ¢°” coswz and ¢°” sinwx
A) a#ctjywand §# c+ jw
Set the particular integral Y2(x) as

Ya(z) = ¢““ (g coswz + hsinwz)

where g and h are constant values which is found from Equation (T03).
B) a=ctw
Set the particular integral Y>(x) as

Ya(z) = e (g coswa + hsinwz)

where kis lor2or3 ...
Find the constant values g and h by

GQYQ(I) 0 {Yz(l’)}
ox? Tt ox

Find the constant values a and b

d{y}

Usually there are initial conditions for y(0) and —~=|,—o. Using these conditions, a and b are found.

The particular solution is y = Y7 (z) + Ya(z).
3{y}

Summary Procedure of 2nd order ODE LANIYLA L 2 wy = 7r(x)

a)
b)
c)

d)

€)
f)
2)

Ox2
Produce and solve an auxiliary equatlon by setting r(z) =0
Set the complementary function Y7 (z) with the unknown variables a and b
Set particular integral Y2(x) with the unknown variables g and h
0?Ya(x 0{Yax

;g ) +wv { ; i + wYa(z) = r(x)
Get the general solution y = Y7 (z) + Y2(z) with unknown a and b
Find a and b using the initial conditions
Get the particular solution y = Y1 (z) + Y2(z) with known a and b

Find g and h from

8) Lookup table for 2nd order ODE

+ wYs(z) =

r(z)

e) Get the general solution of The general solution is y = Yi(x) + Y2(x) leaving a and b unknown.

(113)

(114)

(115)

(116)

(117)

(118)

(119)



r(z)

particular integral Y5(x)

C‘”,oz;«éc,ﬁ%c gecx
e a=c gzFe®
D pma™ @ #0,540 > gma™"
m=0 m=0
Z pmx™, a0 =0 " Z ™
m=0
“mex atef#c Y gma”
m=0
szpmx a=c xkecngmxm
m=0

p1 COSWT +p2 smwx a # fyw, B # Fjw

gcoswr + hsinwr

p1 COSWT + po SINWT, v = £jw

2*(g coswx + hsinwr)

“prcoswr + pesinwzr),a # c+ Jw, B # ¢+ jw

“(gcoswz + hsinwz)

“I(p1coswx + pesSinwe), = ¢ £ Jw

7¥e® (g coswx + hsinwr)

TABLE I

PARTICULAR INTEGRAL FOR THE SECOND ORDER ODE




9) Summary for 1st order ODE

Equation type

Procedure to follow

a) Allocate f(x) and g(z)
b) Calculate
O} _ fa)gly) : 1
ox mdy = [ f(z)dz
a) Find f(¥)
b) Calculate
o} _ v [ 2 et
or T f(Z) -z
¢) Set In(z) + ¢ = g(z)
d) Replace z with = so that In(x) + ¢ = g(¥) is the answer
z
a) Allocate f(x,y) and g(z,y)
Y o O (w)) _ 0t}
x,Y)s g\r,y
a;y}:_fngys oy o
x g(z,y . v
o Aoply [ fa)do+ [ gleo,n)dy =c
d) Merge allthe terms which have zo and yo
a) Allocate P(z) and Q(z)
2y} b) Calculate [ P(z)dx
Ysr _
o —P(z)y + Q(2) ¢) Calculate ®(z) = ¢/ P(@4®
1
Icul = — (]
d) Calculate y () {/ (2)Q(x)dx + c}
a) allocate p(x) and ¢(z)
b) identify the value of «
¢) allocate P(z) = (1 — a)p(x) and Q(z) = (1 — a)q(x)
88{1/} = —p(z)y + q(z)y® d) calculate /P(x)dx
* e) calculate ®(z) = of V(@42
1
leulate y'~* = P
f) calculate y () [/ (2)Q(z)dz + (]
a) Allocate f(ﬁg})
b) Write down tf?e general solution of
y=az+ f(a)
which is the answer!. State a is a constant value.
oyt _y 1 / <3{y}> ¢) Differentiate
Ox z Ox y =az + f(a)
with respect to a
d) Express a as a function of z, let’s say a = g(z)
e) Insert a = g(z) into the general solution to get a particular solution of

y=x-g(x)+ f(9(x))
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