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Abstract

This paper presents a compile-time scheme for partition-
ing non-rectangular loop nests which consist of inner loops
whose bounds depend on the index of the outermost, paral-
lel loop. The minimisation of load imbalance, on the basis
of symbolic cost estimates, is considered the main objective;
however, options which may increase other sources of over-
head are avoided. Experimental results on a virtual shared
memory computer are also presented.

1. Intr oduction

Cost estimates provided by symbolic analysis at
compile-timemayleadto robustcompile-timeschemesfor
mappingcertainclassesof loop nests;thesemaybepartic-
ularly helpful in thecontext of parallelising compilers [8].
Sucha scheme,balancedchunkscheduling,is suggestedin
[3] for mappingtriangularperfectloop nests(a loop nest
whoseiterationpoints,whendepictedonacartesiansystem
of coordinates,correspondto atriangleis calledtriangular;
conversely, a loopnestwhoseiterationpointscorrespondto
arectangleis calledrectangular); its maindisadvantagelies
in not distributingevenly theiterationsof theparallelloop,
which is oftenanon-desirableoptionin practice.

In this paperwe developa novel schemefor mappingat
compile-timeparallelloopsin thebodyof which thereare
loopswhoseexecutiondependson theindex of theparallel
loop. A brief definitionof load imbalance,whoseminimi-
sationis consideredthemainobjective, is givenin Section
2. Section3 analysesthe proposedschemeandconsiders
transformationswhich may be needed.Section4 presents
someexperiments,and,finally, Section5 epitomisesthere-
sults.

2. Background

With the term loop partitioning we refer to this stage
of themappingphasewhich dealswith the formationof �

groupsof loop iterationswhich canbeexecutedin parallel
by � processors.Whenforming thesegroupstheobjective
is to minimiseany overheads,thusincreasingperformance.
In this paper, we considerload imbalanceasthedominant
overhead;however, to avoid falsesharing,we requirethat
eachgroupcontainsasmany consecutive loop iterationsas
possible,while, to achieve scalability, we requirethateach
groupis assignedthesame(or almostthesame)numberof
iterationsof theloop to bepartitioned.

Assuming that the total amount of computation(i.e.
the workload) in a loop nestis ������� , which is distributed
amongst� processorsin sucha way that eachprocessor� ,�
	 ��� � , is assigneda workloadequalto ��
 (clearly,�������
���� ��
���������� ), thenwe saythat this distribution ex-
hibitsa load imbalance, � , equalto

����� �"!
$# ��
&% � ���'��)( �*�,+.-0/1% � ���'��32 (1)

where �,+.-0/4�5� �"! # �6� 2 � � 2878797:2 � ����� ( . When �;� � ,
thatis, for all � , �,
<�*�����'��= � , wesaythatthereexistsaper-
fect load balance. To assesstheimpactof load imbalance,
wealsointroducerelative load imbalance, �?> , definedas

� > � �
��+.-0/ �

� +.-0/ %@� ����� = �
��+.-0/ �BA.% � ���'�� �,+C-:/ 2 (2)

which takesvaluesin D � 2 AE%
A�= �GF ; valuescloseto zerode-
noteasmallimpactof loadimbalanceonperformance.

In orderto estimatethevaluesof � 
 in (1), weconsider
the numberof timesthat eachpartof the loop body is ex-
ecuted.Techniquesto computethis number(which corre-
spondsto the numberof integer points in a polytope)are
describedin [5, 6, 7]; they arebasedon the evaluationof
nestedsumswith eachsumcorrespondingto a loop.

Basedon theabove, the iterationsof a singleloop with
lower bound H andupperboundI canbepartitionedacross� processors,with processorJ , � 	 JK� � , executingaloop
whosebounds,HML , I�L , canbecomputedby INLO�;HML:P � %QA ,
for
� 	 J�� � %RA , I ����� ��I , and,either

HMLS�
HUT�JWVYX<= �GZ T[� \�] # X�� ^`_ � 2 J (02 or

HMLa�*HUTbJcVYX<= �UZ T[�d��! # � 2 Je% � T # X�� ^`_ � (f(07
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Figure 1. Partitioning non-rectangular itera-
tion spaces into 2 partitions of equal area.

If X is a multiple of � , both the above relationsreducetoHMLa�*HUTbJ`X<= � . In this case,aswell asfor any rectangular
loopnest,perfectloadbalanceis achieved.

3. Methodology

3.1. Generalities

In thecaseof a non-rectangularloop nest,thepartition-
ing schemesdescribedin theprevioussectionleadto ahigh
valueof load imbalance;for instance,for a triangularper-
fect loopnesttherelativeloadimbalancehasa lowerbound
of A�=hg . However, theseschemescan serve asa basisfor
a moresuitablepartitioningstrategy. In orderto illustrate
this, considerthe triangleandthetrapeziumshown in Fig-
ure1; thehorizontalaxiscorrespondsto theoutermostpar-
allel loop. Drawing lines parallelto BC (resp.CD for the
trapezium)which cut AC (resp.AD) into 4 equalparts,it
is possibleto dividethetriangle(resp.thetrapezium)into 2
partitionsof equalarea(thelight-shadedareaandthedark-
shadedarea);thiscanbegeneralisedfor any numberof par-
titions,aswell asfor a convex polygon(by dividing it into
trianglesandtrapeziums).This strategy is analysedin the
next sections.

3.2. Partitioning canonicalloop nests

The classof loop nestsexaminedin this sectionhave
the generalform of the loop nestshown in Figure2. The
DOALL constructdenotesa parallel loop which hasto be
partitioned. It is assumedthat the collective setsof state-
mentslabelledstatements.1, statements.2, and
statements.3 do not includestatementswhoseexecu-
tion dependsonthevalueof theindex of asurroundingloop
(this implies that they may includeDO 78787 ENDDO loops,
which perform the samenumberof iterationsregardless

DOALL iGj4kml0n�oGl
(statements.1)
DO p?jqksrfl�iut ksrvr9nwoxrfl�i�tdoyrvr

(statements.2)
ENDDO
(statements.3)

ENDDO

Figure 2. The general form of a triangu-
lar/trapezoidal loop nest.

DOALL iGj4kml0n�oGl
(statements.1)
DO p8lzjqkmlvl�iut kmlwr9n{o`lvl�i"t o`lwr

(statements.2)
ENDDO
(statements.3)
DO p|r}jqksrfl�iut ksrvr9n{oyrfl�i"t oyrvr

(statements.4)
ENDDO
...
DO p�~�jqk ~ l�iut k ~ r9nwo ~ l�i"t o ~ r

(statements.2m)
ENDDO
(statements.2m+1)

ENDDO

Figure 3. The general form of multiple trian-
gular/trapezoidal loop nests.

of the valueof I). It is also assumedthat the secondset
(statements.2) containsat leastonestatement.Then:

Definition 3.1 Consider the loop nest shown in Figure 2;
this loop nest is canonicalif and only if I ��� H � , I�� �O���HY� �
and, for all � , IN� � �NT�I����1�QHY� � �NTbHY�f� always holds.

Theorem3.1 Consider a canonical loop nest; if the index
of the outer loop can be partitioned into � � equal partitions,
then the loop nest can be partitioned into � partitions of
equal workload, where the J`� -th partition of the loop nest,��	 J`�z� � , consists of the J -th and # � � %�J}% A ( -th partition
along the index of the outermost loop.

Theorem3.1 makesuseof a propertyof canonicalloop
nests,namelythat, uponpartitioning into equalpartitions
along the index of the outermostloop, the J -th partition,��	 J�� � , hasaworkloadequalto ��JNTS� , � 2 � constants.
Basedon this property, we canextendthedefinitionof the
loop nestusedin Theorem3.1 to cover caseswherethere
aremorethanoneconsecutiveinnerloops:

Corollary 3.1 Consider the loop nest shown in Figure 3.
Assume that the body of the outer loop contains � , � � A ,
consecutive loops whose bounds depend on the index of the
outer loop and, for all loops and for all � and J , A 	 J 	 � ,HML � ��T@H �f� 	 I�L � ��T@INL � ; then, if the index of the outer loop
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C U1 is greater than L1
DOALL I=L1,U1

DO J=L1,I
(statements)

ENDDO
ENDDO

a) Unpartitioned loop nest.

C ---assuming that MODULO(N,2*P)=0---
N=U1-L1+1

C*KSR* PARALLEL REGION(NUMTHREADS=P,
C*KSR*&PRIVATE=I,J,K,LK,UK)

K=IPR_MID()
LK=L1+K*N/(2*P)
UK=L1+(K+1)*N/(2*P)-1
DO I=LK,UK

DO J=L1,I
(statements)

ENDDO
ENDDO
K=2*P-K-1
LK=L1+K*N/(2*P)
UK=L1+(K+1)*N/(2*P)-1
DO I=LK,UK

DO J=L1,I
(statements)

ENDDO
ENDDO

C*KSR* END PARALLEL REGION

b) After loop partitioning.

Figure 4. Partitioning a triangular loop.

can be partitioned into � � equal partitions, the loop nest
can be partitioned into � partitions of equal workload.

Corollary3.1alsoappliesto loopnestswherethebound
of aninnerloop dependson theindicesof two outerloops.
Unrolling the innermostof the two outerloops,the result-
ing codehasthe generalform of the loop nestshown in
Figure3.
Example 3.1 Considerthe triangularloop nestshown in

Figure4.a. Basedon the generalform shown in Figure2,
thisexampleis aspecialcasefor HY� � � � , HY�f���*H � , IN� � �BA ,I������ � ; thesevaluessatisfytheconditionsfor a canonical
loop nest,as requiredby Definition 3.1. Thus, assuming
thatthenumberof iterationsof theouterloop, X , is amulti-
pleof � � , where� is thenumberof processorsused,thepar-
titioning schemedescribedby Theorem3.1 leadsto perfect
loadbalance;thepartitionedcodeis shown in Figure4.b

�
.�

l We usethe KSR directives to denoteparallelismin the code. Thus,
thecodeenclosedwithin thePARALLEL REGION andEND PARALLEL
REGION directivesis executedby all P processors,but usingdifferentdata
for eachprocessor;the latter is achieved by meansof a library function,
IPR MID(), which returnsan integer between0 andP-1 dependingon
which processorexecutesthecode.ThevariablesI, J, K, LK, andUK are
declaredasprivate,thatis, eachprocessorhasits own copy of thevariable.

The samepartitioningtechniquemay be appliedin the
generalcase,whereX is not a multiple of � � , providedthat
theouterloopis partitionedaccordingto oneof thetwo par-
titioning schemesdescribedin Section2. Then,a relatively
small valueof load imbalanceis expected;for instance,in
the caseof a canonicalperfectloop nest,the relative load
imbalancedoesnotexceedA�= # AcT�X<="� � ( [6].

3.3. Generalisedloop nests

This sectionre-considersloop nestshaving the general
form shown in Figure2, but without the restrictionsasso-
ciatedwith Definition 3.1. First, we prove that,if thereare
novaluesof � for which theloopnestis canonical,thenthe
loopnestis rectangular;it is assumedthat H � 	 I � .
Theorem3.2 Consider the loop nest shown in Figure 2;
then, either there is a subset of the iteration space of the
outer loop for which the loop nest is canonical, or the loop
nest is rectangular.

Theorem3.2providesthebasisfor partitioningany loop
nestof theformshown in Figure2 whethercanonicalor not.
If theoriginal loopnestis neitherrectangularnorcanonical
then,applyingindex set splitting [8, p. 312], it maybesplit
into a canonicalanda rectangularloop nest. Considering
againthe loop nestshown in Figure2, andassumingthat
therearesomevaluesof � for whichtheloopnestis canoni-
cal,thesemustsatisfytheinequalityI � � �8TeI �f� �QH � � �:T�H ��� .
Thus, if I � � � H � � , the � loop can be split into a loop
with boundsH � , �Y��� %;A anda loop with bounds �M�9� , I � ,
while, if I � � �;H � � , the � loop canbesplit into a loop with
bounds VY� Z T;A , I � anda loop with boundsH � , VY� Z , where�S� # HY���.%�I���� ( = # IN� � %�HY� � ( ; in eithercase,thefirst loop is
rectangularandthesecondiscanonical.Partitioningeachof
theresultingloopnestsby meansof anappropriatescheme
andusing� processors,in thecasewhereI�� ��� HY� � , perfect
loadbalanceis achievedif ��� # �Y����%eH � ( and�}� # I � %��M�9��T�A ( ,
while, in thecasewhere IN� � �QHY� � , perfectloadbalanceis
achievedif �}� # I � %�VM� Z ( and�}� # VY� Z %�H � T�A ( .

Theorem3.2 canalsobeextendedto loop nestssuchas
thatshown in Figure3. In this case,in orderto find theap-
propriaterangesof valuesfor splitting theouterloop index� , weconsiderthevalueswhichmakeeachof theinnerloops
canonicalwith respectto theouterloop; thus,the � -th inner
loop, A 	 � 	 � , iscanonicalfor thosevalueswhichsatisfy
the inequalitiesH � 	 � 	 I � and H�� � �<TQH�� � 	 IG� � �<TRIU� � .
Repeatingthisprocedurefor eachof theinnerloops,thein-
terval D H � 2 I � F is split into amaximumof ��T[A subintervals
in eachof whichsomeof theinnerloopsarecanonicalwith
respectto theouterloop,while othersareexecutedandcan
beeliminated.This is illustratedin thefollowing example:
Example 3.2 Considerthe loop nestshown in Figure5.a.

Theinnerloopsdonotmeettherequirementssetby Corol-
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DOALL I=1,1000
DO J=200,2*I-1

(statements.1)
ENDDO
DO J=I+100,1000

(statements.2)
ENDDO

ENDDO

a) Unpartitioned loop nest.

DOALL I=1,100
DO J=I+100,1000

(statements.2)
ENDDO

ENDDO
DOALL I=101,900

DO J=200,2*I-1
(statements.1)

ENDDO
DO J=I+100,1000

(statements.2)
ENDDO

ENDDO
DOALL I=901,1000

DO J=200,2*I-1
(statements.1)

ENDDO
ENDDO

b) After index set splitting.

Figure 5. Transforming a non-canonical loop
nest into multiple canonical loop nests.

lary 3.1;thus,weconsiderthevaluesof I whichmakeeach
of the inner loopscanonicalwith respectto theouterloop,
namely A � A 	 I 	 A �y�u� for thefirst of theinnerloopsandA 	 I 	��y�u� for thesecond.Basedonthesevalues,theloop
nestcanbesplit asshown in Figure5.b. Assumingthatthe
numberof processors,� , divides � � , theresultingcodecan
bepartitionedsuchthatperfectloadbalanceis achieved.

Instead,if thepartitioningschemedescribedby Theorem
3.1hadbeenapplieddirectly to theloopnestshown in Fig-
ure5.a,andassumingthat � ��A � processorswereusedand
theamountof work in thebodyof eachof the inner loops
was � , a load imbalanceequalto

�y�u�u� � would result;
applyingthepartitioningschemesdescribedin Section2, a
loadimbalanceequalto gy�ug � �y� would result.

�

4. Evaluation and Experimental Results

A seriesof experimentsonavirtualsharedmemorycom-
puter, the KSR1, hasbeenconducted. Threebenchmark
programswhich comprisenon-rectangularloop nestswere
used.Thedifferentschemescomparedaredenotedby the
shorthandsKAP, MARS, BCS, and CAN; KAP corresponds
to themappingstrategy of theKAP commercialparallelis-
ing compiler, MARS correspondsto the mappingstrategy
of theMARS experimentalparallelisingcompiler[1], BCS

correspondsto balancedchunkscheduling,andCAN to the
partitioningschemedescribedby Theorem3.1.

Adjoint convolutionhasbeenusedto evaluatetheeffec-
tivenessof run-timeloop mappingschemes[2, 4], aswell
asbalancedchunkscheduling[3]. Theversionof thecode
usedisshown in Figure6. First,wecomputetheloadimbal-
ance,� , in termsof theworkassociatedwith theassignment

DOALL I=1,N
DO J=I,N

A(I)=A(I)+B(J)*C(J-I+1)
ENDDO

ENDDO

Figure 6. Adjoint Convolution.

Mapping Numberof processors
scheme 2 4 8 12 16   U¡    U¡    �¡    U¡    U¡
KAP/MARS 8000000.3336000000.4293500000.4672446889.4781875000.484
BCS 1653.000 1000.000 2114.001 3030.001 3417.002
CAN 0 .000 0 .000 0 .000 2336.001 0 .000

Table 1. Expected load imbalance and relative
load imbalance for adjoint convolution.

statementof the loop body, andthecorrespondingrelative
load imbalance,�?> , for N �¢� �u�y� ; the resultsareshown
in Table1. Theperformanceof thepartitionedprogramson
theKSR1,for thesamevalueof N, is shown in Figure7; the
ideal line correspondsto linear speed-up.KAP andMARS

performworstof all while BCS andCAN dobestof all; these
resultsareconsistentwith theanticipatedperformancefrom
thevaluesof loadimbalanceshown in Table1.

The secondbenchmarkexamined, a program adding
two, uppertriangular, Xb£�X matrices,hasbeenchosenas
an exampleof a loop nestwherethe size of the datain-
volved(asopposedto adjointconvolution) is considerably
larger; the correspondingcodeis shown in Figure8. The
loadimbalance,� , in termsof thework associatedwith the
assignmentstatementof theloopbody, andthecorrespond-
ing relativeloadimbalance,� > , for N ��A �u�u� , areshown in
Table2. TheperformanceontheKSR1is depictedin Figure
9; CAN performsbestof all, andKAP performsworstof all.
While this might have beenanticipatedfrom thevaluesof
load imbalanceshown in Table2, it appearsthat the latter
do not suffice to provide an adequatejustification for the
performanceof MARS and BCS. This is becausethe large
amountof timespentonmemoryhandling(dueto therela-
tively largesizeof thearraysinvolved)rendersloadimbal-
anceasmallfractionof theoveralloverhead.

Finally, weexamineTRED2, anapproximately140-line-
long routinefrom theeigenvaluesolver packageEISPACK.
In orderto parallelisethecodeweconsiderthreeloopnests
which accountfor over 99% of the overall executiontime
for a problemsizeN �¤A � �"g ; the first two loop nestsare
triangular, thusthe schemedescribedby Theorem3.1 can
beapplied.CAN performsbestof all leadingto animprove-
mentof up to 20% over MARS andup to 70% over KAP;
detailedresultsareshown in [6].
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Figure 7. Performance of mapping schemes
on the KSR1 for adjoint convolution.

DOALL J=1,N
DO I=1,J

A(I,J)=B(I,J)+C(I,J)
ENDDO

ENDDO

Figure 8. Upper Triangular Matrix Addition.

5. Concluding Remarks

This paperpresenteda strategy for mappingloop nests
in which,uponpartitioninginto � equalpartitionsalongthe
index of theoutermostloop,the J -th partitionhasacompu-
tationalloadequivalentto ��J�TQ� , � 2 � constants.It has
alsobeenshown how to apply index setsplitting to trans-
form certainloop nestsin a way that the above criterion
is satisfied.Our resultsindicatethat theproposedstrategy
outperformstechniquesusedby existing parallelisingcom-
pilers.

Although the strategy hasbeendevelopedon the basis
of minimising load imbalanceand evaluatedon a virtual
sharedmemorycomputer, it may also be applicableto a
distributed memoryenvironment. Consider, for instance,
thecodeshown in Figure8. Ourstrategy impliesthatif the
threearraysarepartitionedcolumnwiseinto, say, � � equal
partitionswith processorJ , �4	 J�� � , beingassignedtheJ -th andthe # � � %[J�%QA ( -th partition,thenno interproces-
sor communicationnor load imbalanceareexpected.The
advantageof this schemeis that thesamedatadistribution
canbeequallyefficient for a rectangularloopnest.

Mapping Numberof processors
scheme 2 4 8 12 16   U¡    U¡    U¡    �¡    U¡
KAP/MARS 320000 .333 240000 .428 140000 .467 86992 .449 75000 .484
BCS 254 .000 845 .003 499 .003 987 .009 800 .010
CAN 0 .000 0 .000 0 .000 467 .004 0 .000

Table 2. Expected load imbalance and relative
load imbalance for triangular matrix addition.
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Figure 9. Performance of mapping schemes
on the KSR1 for triangular matrix addition.
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