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Abstract

This paper presentsa compile-time scheme for partition-
ing non-rectangular loop nests which consist of inner loops
whose bounds depend on the index of the outermost, paral-
lel loop. The minimisation of load imbalance, on the basis
of symbolic cost estimates, is considered the main objective;
however, options which may increase other sources of over-
head are avoided. Experimental results on a virtual shared
memory computer are also presented.

1. Intr oduction

Cost estimates provided by symbolic analysis at
compile-timemayleadto robustcompile-timeschemesor
mappingcertainclasse®f loop nestsithesemaybe partic-
ularly helpfulin the context of parallelising compilers [8].
Sucha schemebalancedchunkschedulingis suggestedh
[3] for mappingtriangularperfectloop nests(a loop nest
whosaeiterationpoints,whendepictedon a cartesiarsystem
of coordinatesgorrespondo atriangleis calledtriangular;
corverselyaloop nestwhoseiterationpointscorrespondo
arectanglas calledrectangular); its maindisadwantagdies
in not distributing evenly theiterationsof the parallelloop,
whichis oftenanon-desirabl®ptionin practice.

In this paperwe developa novel schemdor mappingat
compile-timeparallelloopsin the body of which thereare
loopswhoseexecutiondepend®n the index of the parallel
loop. A brief definition of load imbalance whoseminimi-
sationis consideredhe main objectie, is givenin Section
2. Section3 analyseghe proposedschemeand considers
transformationsvhich may be needed.Section4 presents
someexperimentsand,finally, Section5 epitomiseghere-
sults.

2. Background

With the term loop partitioning we refer to this stage
of the mappingphasewhich dealswith the formationof p

groupsof loop iterationswhich canbe executedn parallel
by p processorsWhenforming thesegroupsthe objective
is to minimiseary overheadsthusincreasingerformance.
In this paper we considedoad imbalanceasthe dominant
overheadhowever, to avoid falsesharing,we requirethat
eachgroupcontainsasmary consecutie loop iterationsas
possiblewhile, to achieve scalability we requirethateach
groupis assignedhe same(or almostthe same)numberof
iterationsof theloopto be partitioned.

Assuming that the total amountof computation(i.e.
the workload) in a loop nestis W;,;, which is distributed
amongsip processorén sucha way thateachprocessot,
0 < i < p, is assigneca workloadequalto W; (clearly,
S P o Wi = Wio), thenwe saythat this distribution ex-
hibits aload imbalance, L, equalto

Wiot Wiot

) = Wmaw - ) (1)
p

L = max(W; —

whereW,,, = max(Wy, Wi, ..., Wp_1). WhenL = 0,
thatis, for all i, W; = Wy, /p, we saythatthereexistsaper-
fect load balance. To assessheimpactof loadimbalance,
we alsointroducerelative load imbalance, L, definedas

L Wmaz - Wtot/p -1_ Wtot

L = =
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which takesvaluesin [0,1 — 1/p]; valuescloseto zerode-
notea smallimpactof loadimbalanceon performance.

In orderto estimatethevaluesof W; in (1), we consider
the numberof timesthat eachpart of the loop body is ex-
ecuted. Techniquego computethis number(which corre-
spondsto the numberof integer pointsin a polytope)are
describedn [5, 6, 7]; they are basedon the evaluationof
nestedsumswith eachsumcorrespondingo aloop.

Basedon the above, the iterationsof a singleloop with
lower bound! andupperboundu canbe partitionedacross
p processorsyith processok, 0 < k < p, executingaloop
whosebounds/y,, u, canbecomputedoy uy = lp41 — 1,
for0 <k <p—1,up_1 = u, and,either

, (2

Iy =1+ k|n/p| + min(n mod p, k), or
lp =1+ k|n/p] + max(0,k — p + (n mod p)).



Figure 1. Partitioning non-rectangular itera-
tion spaces into 2 partitions of equal area.

If n is a multiple of p, both the above relationsreduceto
I, =1+ kn/p. In this caseaswell asfor ary rectangular
loop nest,perfectioadbalances achieved.

3. Methodology
3.1 Generalities

In the caseof a non-rectangulaloop nest,the partition-
ing schemeslescribedn the previoussectionleadto ahigh
valueof loadimbalance;for instancefor atriangularper
fectloop nesttherelative loadimbalancehasalowerbound
of 1/4. However, theseschemesan sene asa basisfor
a moresuitablepartitioning stratgy. In orderto illustrate
this, considerthe triangleandthe trapeziumshavn in Fig-
urel; thehorizontalaxis correspondso the outermospar
allel loop. Drawing lines parallelto BC (resp.CD for the
trapezium)which cut AC (resp.AD) into 4 equalparts,it
is possibleto divide thetriangle(resp.thetrapezium)into 2
partitionsof equalarea(thelight-shadedareaandthe dark-
shadedhrea)this canbegeneralisedor any numberof par
titions, aswell asfor a corvex polygon(by dividing it into
trianglesandtrapeziums).This strat@y is analysedn the
next sections.

3.2 Partitioning canonicalloop nests

The classof loop nestsexaminedin this sectionhave
the generalform of the loop nestshavn in Figure2. The
DQALL constructdenotesa parallelloop which hasto be
partitioned. It is assumedhat the collective setsof state-
mentslabelledst at enent s. 1, st at enent s. 2, and
st at ement s. 3 do not include statementsvhoseexecu-
tion depend®nthevalueof theindex of asurroundingoop
(this implies that they may include DO ... ENDDO loops,
which perform the samenumberof iterationsregardless

DOALL % =1l1,u1
(statenents. 1)
DO j =I21% + l22,u21% + u22
(statenents. 2)
ENDDO
(statements. 3)

ENDDO

Figure 2. The general form of a triangu-
lar/trapezoidal loop nest.

DOALL % =11,u1

(statements. 1)

DO j1 =l11¢ 4+ li2,u11t + w12
(statenents. 2)

ENDDO

(statenents. 3)

DO j2 = l21¢ + la2,u21% 4+ u22
(statenents. 4)

ENDDO

DO jm = lm1t + lm2, Um1t + um2
(statenents. 2m

ENDDO

(statenments. 2m+1)

ENDDO

Figure 3. The general form of multiple trian-
gular/trapezoidal loop nests.

of thevalueof 1). It is also assumedhat the secondset
(st at emrent s. 2) containsatleastonestatementThen:

Definition 3.1 Consider the loop nest shown in Figure 2;
thisloop nest is canonicalif and only if uy > Iy, ug; # Iy
and, for all 7, ua1% + uas > la1i + loo aJways holds.

Theorem 3.1 Consider a canonical loop nest; if the index
of the outer loop can be partitioned into 2p equal partitions,
then the loop nest can be partitioned into p partitions of
equal workload, where the '-th partition of the loop nest,
0 < k' < p, consistsof the k-th and (2p— k —1)-th partition
along the index of the outermost loop.

Theorem3.1 makesuseof a propertyof canonicaloop
nests,namelythat, upon partitioninginto equalpartitions
alongthe index of the outermostioop, the k-th partition,
0 < k < p, hasaworkloadequalto Ak+ B, A, B constants.
Basedon this property we canextendthe definition of the
loop nestusedin Theorem3.1to cover caseswherethere
aremorethanoneconsecutie innerloops:

Corollary 3.1 Consider the loop nest shown in Figure 3.
Assume that the body of the outer loop containsm, m > 1,
consecutive loops whose bounds depend on the index of the
outer loop and, for all loopsandfor all i and k,1 < k& < m,
Ig1i + lag < upii + uge; then, if the index of the outer loop



C Ul is greater than L1
DOALL |=L1, U1
DO J=L1, |
(statenents)
ENDDO
ENDDO

a) Unpartitioned loop nest.

C ---assum ng that MODULQ(N, 2*P) =0- - -
N=UL- L1+1
C*KSR* PARALLEL REGQ ON( NUMTHREADS=P,
C*KSR* &PRI VATE=I , J, K, LK, UK)
K=I PR_M D()
LK=L1+K*N ( 2* P)
UK=L1+(K+1)*N (2*P) -1
DO | =LK, UK
DO J=L1, |
(statenents)
ENDDO
ENDDO
K=2*P- K- 1
LK=L1+K*N ( 2* P)
UK=L1+(K+1)*N (2*P)-1
DO | =LK, UK
DO J=L1, |
(statenents)
ENDDO
ENDDO
C*KSR* END PARALLEL REG ON

b) After loop partitioning.

Figure 4. Partitioning a triangular loop.

can be partitioned into 2p equal partitions, the loop nest
can be partitioned into p partitions of equal workload.

Corollary3.1alsoappliesto loop nestswherethe bound
of aninnerloop depend®n theindicesof two outerloops.
Unrolling the innermostof the two outerloops,the result-
ing code hasthe generalform of the loop nestshown in
Figure3.

Example 3.1 Considerthe triangularloop nestshavn in
Figure4.a. Basedon the generalform shavn in Figure2,
thisexampleis aspeciakasdorly; = 0, las = I3, u21 = 1,
uge = 0; thesevaluessatisfythe conditionsfor a canonical
loop nest,asrequiredby Definition 3.1. Thus, assuming
thatthe numberof iterationsof theouterloop, n, is amulti-
pleof 2p, wherep is thenumberof processorssedthepar
titioning schemeadescribedy Theoren3.1leadsto perfect
loadbalancethe partitionedcodeis shavn in Figure4.b®.
O

1 We usethe KSR directives to denoteparallelismin the code. Thus,
thecodeenclosedvithin the PARALLEL REG ONandEND PARALLEL
REG ONdirectivesis executedby all P processordyut usingdifferentdata
for eachprocessorthe latter is achiezed by meansof a library function,
| PRM D), which returnsaninteger betweerD andP- 1 dependingon
which processoexecutesghe code.Thevariables , J, K, LK, andUK are
declaredasprivate,thatis, eachprocessohasits own copy of thevariable.

The samepatrtitioningtechniquemay be appliedin the
generakasewheren is notamultiple of 2p, providedthat
theouterloopis partitionedaccordingo oneof thetwo par
titioning schemeslescribedn Section2. Then,arelatively
smallvalueof loadimbalanceis expected;for instancejn
the caseof a canonicalperfectloop nest,the relative load
imbalancedoesnotexceed1 /(1 + n/2p) [6].

3.3 Generalisedloop nests

This sectionre-considerdoop nestshaving the general
form shown in Figure 2, but without the restrictionsasso-
ciatedwith Definition 3.1. First, we prove that, if thereare
no valuesof ¢ for which theloop nestis canonicalthenthe
loop nestis rectangularit is assumedhatl; < ;.

Theorem 3.2 Consider the loop nest shown in Figure 2;
then, either there is a subset of the iteration space of the
outer loop for which the loop nest is canonical, or the loop
nest isrectangular.

Theorem3.2 providesthebasisfor partitioningany loop
nestof theform shovnin Figure2 whethercanonicabr not.
If the originalloop nestis neitherrectangulanor canonical
then,applyingindex set splitting [8, p. 312], it may besplit
into a canonicaland a rectangulaloop nest. Considering
againthe loop nestshown in Figure 2, and assuminghat
therearesomevaluesof i for whichtheloop nestis canoni-
cal,thesanustsatisfytheinequalityus1i+uas > lo1i+12s.
Thus, if us; > I21, the i loop can be split into a loop
with boundsl,, [r] — 1 anda loop with bounds[r], u1,
while, if us; < l21, thes loop canbe split into aloop with
bounds|r| + 1, u; andaloop with bounddy, |r], where
r = (l22 — ua2)/(u21 — l21); in eithercasethefirstloopis
rectangulaandtheseconds canonical Partitioningeachof
theresultingloop nestshy meanf anappropriatescheme
andusingp processorsn thecasewhereus; > lo7, perfect
loadbalances achievedif p|([r]—1;) andp|(u; — [r] +1),
while, in the casewhereus; < l51, perfectload balances
achievedif p|(u1 — [r]) andp|(|r] — 11 +1).

Theorem3.2 canalsobe extendedto loop nestssuchas
thatshavn in Figure3. In this casejn orderto find the ap-
propriaterangesof valuesfor splitting the outerloop index
i, weconsidethevaluesvhichmale eachof theinnerloops
canonicalith respecto theouterloop; thus,the j-th inner
loop,1 < j < m,iscanonicafor thosevalueswhichsatisfy
theinequalities); < ¢ < wy andljii + 1o < uji6 + ujo.
Repeatinghis procedurdor eachof theinnerloops,thein-
tenal [l1, u] is splitinto amaximumof m + 1 subintenals
in eachof which someof theinnerloopsarecanonicakith
respecto theouterloop, while othersareexecutedandcan
beeliminated.Thisis illustratedin thefollowing example:

Example 3.2 Considerthe loop nestshowvn in Figure5.a.
Theinnerloopsdo not meettherequirementsetby Corol-



DOALL 1=1, 1000
DO J=200, 2*1 -1
(statenents. 1)
ENDDO
DO J=I +100, 1000
(statenents. 2)
ENDDO
ENDDO

DOALL 1=1, 100
DO J=I +100, 1000
(statenents. 2)
ENDDO
ENDDO
DOALL 1=101, 900
DO J=200, 2*1 -1
(statenents. 1)
ENDDO
DO J=I +100, 1000
(statenents. 2)
ENDDO
ENDDO

DOALL 1=901, 1000
DO J=200, 2*| -1
(statements. 1)
ENDDO
ENDDO

a) Unpartitioned loop nest. b) After index set splitting.

Figure 5. Transforming a non-canonical loop
nest into multiple canonical loop nests.

lary 3.1;thus,we consideithevaluesof | which make each
of theinnerloopscanonicalwith respecto the outerloop,
namely101 < | < 1000 for thefirst of theinnerloopsand
1 < <900 forthesecondBasednthesevaluestheloop
nestcanbe split asshovn in Figure5.b. Assumingthatthe
numberof processorg, divides50, theresultingcodecan
be partitionedsuchthatperfectloadbalances achieved.
Insteadif thepartitioningschemealescribedy Theorem
3.1hadbeenapplieddirectly to theloop nestshavn in Fig-
ure5.a,andassuminghatp = 10 processorsiereusedand
the amountof work in the body of eachof theinnerloops
was W, a load imbalanceequalto 9690W would result;
applyingthe partitioningschemeslescribedn Section2, a
loadimbalanceequalto 48465W would result. m|

4. Evaluation and Experimental Results

A seriesof experimentonavirtual sharednemorycom-
puter the KSR1, hasbeenconducted. Threebenchmark
programswhich comprisenon-rectangulaloop nestswere
used. The differentschemegomparedare denotedby the
shorthandx AP, MARS, BCS, and CAN; KAP corresponds
to the mappingstratgy of the KAP commerciaparallelis-
ing compiler MARS corresponddo the mappingstratey
of the MARS experimentalparallelisingcompiler[1], BCS
correspondso balancedchunkschedulingandcaN to the
partitioningschemedescribedy Theorem3.1.

Adjoint corvolution hasbeenusedto evaluatethe effec-
tivenesoof run-timeloop mappingschemeg2, 4], aswell
asbalancedchunkschedulind3]. Theversionof the code
useds shavnin Figure6. First,we computeheloadimbal-
ance,L, in termsof thework associatedith theassignment

DOALL 1=1, N
DO J=I, N
A1) =A(1) +B(J) * C(J- 1 +1)
ENDDO
ENDDO

Figure 6. Adjoint Convolution.

Mapping Numberof processors
scheme 2 [ 4 [ 8 [ 12 [ 16

L Lr]| L Lgr| L Lg| L Lg| L Lg
KAP/MARS [8000000.3336000000.4293500000.467/2446889.4781875000.484|
BCS 1653.000 1000.000 2114.001] 3030.001 3417.002
CAN 0.00Q 0.00q 0.000 2336.001 0.000Q

Table 1. Expected load imbalance and relative
load imbalance for adjoint convolution.

statementf the loop body, andthe correspondingelative

load imbalance,Lg, for N = 8000; the resultsare shovn

in Tablel. The performanc®f the partitionedprogramson

theKSR1,for thesamevalueof N, is shovnin Figure7; the
ideal line correspondso linear speed-up.KAP and MARS

performworstof all while Bcs andcaN dobestof all; these
resultsareconsistentvith theanticipatederformancdérom

thevaluesof loadimbalanceshavn in Table1.

The secondbenchmarkexamined, a program adding
two, uppertriangular n x n matriceshasbeenchosenas
an exampleof a loop nestwherethe size of the datain-
volved (asopposedo adjointcorvolution) is considerably
larger; the correspondingodeis shavn in Figure8. The
loadimbalance L, in termsof thework associatedvith the
assignmenstatemenof theloop body, andthecorrespond-
ing relatveloadimbalanceL g, for N= 1600, areshavnin
Table2. TheperformancentheKSR1is depictedn Figure
9; cAN performsbestof all, andk AP performsworstof all.
While this might have beenanticipatedrom the valuesof
loadimbalanceshownn in Table 2, it appearghatthe latter
do not suffice to provide an adequatgustificationfor the
performanceof MARS andBcs. This is becausdhe large
amountof time spenton memoryhandling(dueto therela-
tively large sizeof the arraysinvolved)renderdoadimbal-
ancea smallfractionof theoverall overhead.

Finally, we examineTRED2, anapproximately140-line-
long routinefrom the eigervaluesolver packageEi SPACK.
In orderto parallelisethe codewe considetthreeloop nests
which accountfor over 99% of the overall executiontime
for a problemsize N = 1024; the first two loop nestsare
triangular thusthe schemedescribedby Theorem3.1 can
beapplied.caN performsbestof all leadingto animprove-
mentof up to 20% over MARS andup to 70% over KAP;
detailedresultsareshavn in [6].
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Figure 7. Performance of mapping schemes
on the KSR1 for adjoint convolution.

DOALL J=1, N
DO =1,
AL, J)=B(1,3)+C(1, J)
ENDDO
ENDDO

Figure 8. Upper Triangular Matrix Addition.

5. Concluding Remarks

This paperpresentedh stratgy for mappingloop nests
in which,uponpartitioninginto p equalpartitionsalongthe
index of the outermostoop, the k-th partitionhasa compu-
tationalload equivalentto Ak + B, A, B constantslt has
alsobeenshovn how to apply index setsplitting to trans-
form certainloop nestsin a way that the above criterion
is satisfied.Our resultsindicatethatthe proposedstrateyy
outperformgechniquesisedby existing parallelisingcom-
pilers.

Although the stratgyy hasbeendevelopedon the basis
of minimising load imbalanceand evaluatedon a virtual
sharedmemory computey it may also be applicableto a
distributed memoryervironment. Consider for instance,
thecodeshown in Figure8. Our stratg)y impliesthatif the
threearraysarepartitionedcolumnwiseinto, say 2p equal
partitionswith processok, 0 < k < p, beingassignedhe
k-th andthe (2p — k — 1)-th partition,thennointerproces-
sor communicatiomor load imbalanceare expected. The
adwantageof this schemas thatthe samedatadistribution
canbeequallyefficientfor arectangulatoop nest.

Mapping Numberof processors
scheme 2 [ 4 8 12 16

L Lrg| L Lr| L Lg| L Lr| L Lg
KAP/MARS | 320000 .333[240000 .428| 140000 .467| 86992 .449( 75000 .484
BCS 254 .000] 845 .003] 499 .003] 987 .009| 800 .010|
CAN 0 .000 0 .000 0 .000] 467 .004] 0 .000

Table 2. Expected load imbalance and relative
load imbalance for triangular matrix addition.
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Figure 9. Performance of mapping schemes
on the KSR1 for triangular matrix addition.
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